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The duals of *-operator frames for End’(H)
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Abstract: Frames play significant role in signal and image processing, which leads to many applications in differents
fields. In this paper we define the dual of *-operator frames and we show their propreties obtained in Hilbert A-modules

and we establish some results.
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1. Introduction

Frame theory is recently an active research area in mathematics, computer science, and engineering with many
exciting applications in a variety of different fields. They are generalizations of bases in Hilbert spaces. Frames
for Hilbert spaces were first introduced in 1952 by Duffin and Schaeffer [6] for study of nonharmonic Fourier
series. They were reintroduced and developed in 1986 by Daubechies, Grossmann and Meyer [5], and popularized

from then on.
The aim of this papers is to study the dual of x-operator frames.

The paper is organized as follows:

In section 2, we briefly recall the definitions and basic properties of operator frame and *-operator frame
in Hilbert C*-modules.

In section 3, we introduce the dual x-operator frame, the x-operator frame transform and the *-frame
operator.

In section 4, we investigate tensor product of Hilbert C*-modules, we show that tensor product of dual

x-operator frames for Hilbert C*-modules H and K, present a dual x-operator frames for H ® K.

2. Preliminaries

Let I and J be countable index sets. In this section we briefly recall the definitions and basic properties of
C*-algebra, Hilbert C*-modules, operator frame and x-operator frame in Hilbert C*-modules. For information
about frames in Hilbert spaces we refer to [2]. Our reference for C*-algebras is [3, 4]. For a C*-algebra A, an

element a € A is positive (a > 0) if a = a* and sp(a) C RT. A" denotes the set of positive elements of A.

Definition 2.1. [8]. Let A be a unital C*-algebra and H be a left .A-module, such that the linear structures
of A and H are compatible. H is a pre-Hilbert .A-module if H is equipped with an A-valued inner product
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(94 :HxH — A, such that is sesquilinear, positive definite and respects the module action. In the other

words,

(x,z)4 >0 for all z € H and (z,2)4 =0 if and only if x = 0.
(ax +y,2) a4 =al{x,2) 4+ (y,2) 4 for all a € A and x,y,z € H.

(T, y)a = (y,x)% for all z,y € H.

For 2 € H, we define ||z|| = ||(z,z)4||z. If H is complete with ||.||, it is called a Hilbert .A-module or a

Hilbert C*-module over A. For every a in C*-algebra A, we have |a| = (a*a)? and the A-valued norm on

H is defined by |z| = (m,x>i for z € H.

Example 2.1. [12] If {Hr}ren is a countable set of Hilbert A-modules, then one can define their direct
sum ®renHr. On the A-module ®renHi of all sequences x = (xg)ken : xx € Hi, such that the series

Y ken(Th, T) 4 is norm-convergent in the C* -algebra A, we define the inner product by

<£L’, y> = Z<xka yk>.A

keN

Jor x,y € ®renHr .
Then ®renHi is a Hilbert A-module.

The direct sum of a countable number of copies of a Hilbert C* -module H is denoted by 1*(H).

Let H and K be two Hilbert A-modules. A map T : H — K is said to be adjointable if there exists a
map T* : K — H such that (Tx,y) 4 = (x,T*y) 4 for all x € H and y € K.

We also reserve the notation End%(H,K) for the set of all adjointable operators from H to K and
End’(H,H) is abbreviated to End’(H).

Definition 2.2. [7]
A family of adjointable operators {7;};c; on a Hilbert A-module H over a unital C*-algebra is said to
be an operator frame for End’(H), if there exist two positive constants A, B > 0 such that

A, ) a <Y (Tix, Tiw)a < B, )4, Va € H. (1)
el

The numbers A and B are called lower and upper bound of the operator frame, respectively. If A = B = A, the
operator frame is A-tight. If A = B =1, it is called a normalized tight operator frame or a Parseval operator
frame.
Definition 2.3. [9]

A family of adjointable operators {T;}ic; on a Hilbert .A-module H over a unital C*-algebra is said to

be an x-operator frame for End% (), if there exist two strictly nonzero elements A and B in A such that

Az, z) 4 A" <Y (Tyx, Tiw) 4 < Bw,z)aB*, Vo € H. (2)
el
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The elements A and B are called lower and upper bounds of the x-operator frame, respectively.
If A= B = )\, the x-operator frame is A-tight. If A = B = 14, it is called a normalized tight *-operator
frame or a Parseval x-operator frame. If only upper inequality of hold, then {T;};c; is called an *-operator

Bessel sequence for End’ (H).

If the sum in the middle of (2.1) is convergent in norm, the operator frame is called standard. If only

upper inequality of (2.1) hold, then {T;};c; is called an operator Bessel sequence for End’(H).
Lemma 2.1. [1]. Let H and K be two Hilbert A-modules and T € End*%(H,K).

If T is injective and T has closed range, then the adjointable map T*T is invertible and
()~ | iy S T°T < ||T* I
If T is surjective, then the adjointable map TT* is invertible and

(TT*) 7|7 e < TT* < ||T I

3. Dual of x-operator Frame for End*(H)
We begin this section with the following definition.
Definition 3.1. Let {T;};c; C End%(H) be an *-operator frame for 7. If there exist an *-operator frame

{Ai}ier such that © = >, TXA;x for all @ € H, then the x-operator frames {A;};cr is called the duals

x-operator frames of {T}}cr.

i€l

Example 3.1. Let A be a Hilbert A-module over itself, let {f;};es be an *-frame for A.
We define the adjointable A-module map Ay, : A — A by Ag, f = (f, fj). Clearly, that {Ay, }jes is an

x-operator frame for A.

Theorem 3.1. Every x-operator frame for End*% (M) has a dual *-operator frame.

Proof.
Let {T;}ier C End’y(H) be an *-operator for End’(H), with x-frame operator S.
We see that {T;S1};c; is an *-operator frame.

Or, Yz € H we have :
Sz = ZTi*Tix

iel
then
T = Z T'T;S 'z
i€l
hence {T;S~'};cr is a dual x-operator frame of {T;}icr.

It is called the canonique dual x-operator frame of {T;};cr. O
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Theorem 3.2. Let {A;}icr be an *-operator frame for End’y(H) with x-pre-frame operator 6, the *-frame
operator S and the canonical dual *-operator frames {AZ‘}Z’GJ.

Let {Q;}ier be an arbitrary dual -operator frame of {A;}icr with the x-pre-frame operator n; then the

folowing statements are true:
(1) 0*n=1.
(2) Q=1ILn foralliel.

(3) If n : H — I2(H) is any adjointable right inverse of 0* then {IL;n }ier is a dual *-operator frame of {A;}ier

with the *-pre-frame operator 77/ .
(4) The *-frame operator Sq of {Qi}icr is equal to S~ +n*(I — 0S~10%)n.

(5) Every adjointable right inverse 17/ of 0* is the forme :
n =051+ (I —0S710%) for some adjointable map 1 : H — 12(H) and vice versa.

6) There exist a x-bessel operator {A;}icy in End* (H) whose x-pre-frame operator is n and yields:
353 A
Q=M+ 05—,  MAAL Y €T
Proof.

(1) For f,g € H we have :
(0"nf,g9) = (nf.09)

= uf, > Nig)

el el

= Z<Qif7 Aig) = Z<A?Qif’ 9)
iel iel

= (D Aiuf.9) = (f.9)
il

then 6*n =1
(2) The proof is clear from the definition

(3) Since 1" is adjointable, we have {II;n }ics is a *-bessel sequence in .

Also, since (nl)*tﬁ) =1; (n/)* is surjective, by lemme 1.5, for f € H we have:

10 YN £ < (0 forl £y = St £, i f)

il
clearly, ' is the %-pre-frame operator of {Hml}ie[
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Sa=n"n
_ 77*951—1 +77*77 _ 77*951—1
— 77*0571 _’_77*77 _ 77*05710*77

=008~ + 0" (I —0S~10%)n
(5) If " is such a right inverse of @, then
0S™' + (I —0S7'0")y =05~ + 0 — 08710 =05~ +4/ —0S' [ =1

(6) Let {A;}icr be an s-operator bessel sequence for End%(#) with the preframe operator 7. For ¢ € I, let
Q=AM+ A — doker /{iAZAk Let S and 6 be the x-frame operator and the preframe operator of {A;};er,
resp. we define the linear operator v : H —— [2(H) by ¥ f = (Qif)icr. clearly, 1 is adjointable, for every
1 € I, we have

i =

=NSTHH A - MSTEY D AGA,

kel
=AST =D AA,
kel

=108 + mn — m0S0%n

=m(0S™  +n—0S710%n)

then
Y =05""+n—-05"10"

by parts (3) and (5) of the theorem; {£;};cr becomes a dual of x-operator {A;}icr

Example 3.2. Let A be a Hilbert A-module over itself, let {f;};cs C A.

We define the adjointable A-module map Ay, : A — A with Ay,.f = (f, f;), clearly {f;};jers is a *-frame
in A if and only if {Ay,}jes is a x-operator frame in A.

In the folowing, we study the duals of such *-operator frame.

(a) Let {gj}jes C A forall fe A :

ZA;jAfjf = Z(f, figi = Z(f,gﬁfj = ZA*jAgjf.

jeJ JjeJ JjeJ JjeJ

Therefore, {g;}jes is a dual *-frame of {f;};ers if and only if {Ay,}jes; is a dual x-operator of {Ay,}jcs
(b) Let S and Sy be the x-frame operators of {f;}jes and {Ay,, A}jes respectively.
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For all f € A we have:

SN =S FFE=3 WL 1) =3 A Ay f.

JjeJ jeJ jeJ jeJ

It follows that S = Sy
(c) It is clearly to see that {h;}je; C A is an x-bessel sequence if and only if {Ap;, A}jes is an *-bessel
operator.

(d) for a *-bessel sequence {h;};jcs we define

95 =87 i+ by = (ST fidhe

keJ

then the sequence {g;}jcs is a dual *-frame of {f;}jes.

By the last theorem, the sequence {I';}jes is a dual *-operator frame of {Ay, }jcs, where
= Agy Moy + DAL AG ARV €T
keJ

now we clain that I'; = Ay,

In fact, Vf € A we have
Dif =Rp f+Mnf=> A A5 An f

kedJ
=Ap ST+ An f = Ap STUAG (f, e
keJ
= (STU L) A (o) = D (STIAG(F a)s f)
keJ
= (ST L) A+ (Foh) = D (STIAG A f )
keJ
= (ST L) A+ (Fohg) = > (ST A S 1)
keJ
= (STU L)+ (o) = D> (ST S 1)
keJ
= (F,S7TU) + (o hy) = D (Fhifes ST )
keJ
= (£,S7 5+ hy) = Y iheST )
keJ
= (oS8T 4 by = Y (ST, fudha)
keJ
= <fvgj> = Agjf'

therefore, every *-operator frame of {Ay, };cs has the form :

A/~\fj —+ Ahj — Z IN\fjA}kAhk
kelJ
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where {h;}jecs is a *-bessel sequence in A.

4. Tensor product

In this section, we study the tensor product of the duals *-operator frames.

Theorem 4.1. Let H and K are two Hilbert C* -modules over unitary C* -Algebras A and B respectively, let
{Ai}ier € Endy(H) and {T';},es C Endi(K) are an x-operators frames. If {A;}ier is a dual of {A;}ier and
{fj}jeJ is a dual of {T';};cs then {A; ® fj}iel7j€J is a dual *-operator frame of {A; @ T} ier jes -

Proof. Let x € H and y € K, we have :

Y. e hiel)@ey) = Y (Afel})(hzely)

i€l jeJ iel,jeJ
= Y (AjAz®T;Ty)
iel,jeJ
S aie YT
iel jeJ
then
Y e (Kol =1
iel,jeJ
hence {A; ® T';}icr jes is a dual x-operator frames of {A; ® T'j}ier jes - O

Corollary 4.1. Let (A;j)o<i<n:jes be a family of *-operator and ([Xij)ogign;jej its their dual, then (]\oj ®
Alj R...&Q [\nj)jEJ S a dual Of (AOj X Alj RX...& Anj)jGJ .
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