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Abstract:

In this paper we study to solve additive functional inequality with 2n— variables and their Hyers-Ulam type
stability. First are investigated results with a direction method of group homomorphism and last are investigated in ring
homomorphism. Then I will show that the solutions of inequality are additive mapping. These are the main results of

this paper .
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1. Introduction

The study of the functional equation stability originated from a question of S.M. Ulam [23], concerning the

stability of group homomorphisms. Let ((G, *) be a group and let (G/ , O,d) be a metric group with metric

d(-, ) . Given € > 0, does there exist a 6 > 0 such that if f: G — G’ satisfies

(1) r(e) 2 50)) <0

for all z,y € G then there is a homomorphism h: G — G’ with

(1)) <

for all x € G 7, if the answer, is affirmative, we would say that equation of homomorphism h(x * y) =

h(y) o h(y) is stable. The concept of stability for a functional equation arises when we replace functional

equation by an inequality which acts as a perturbation of the equation. Thus the stability question of functional
equations is that how do the solutions of the inequality differ from those of the given function equation? Hyers[13]

gave a first affirmative answes the question of Ulam as follows:
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Theorem 1.1. (D. H. Hyers) Let ¢ > 0 and let f be a function defined on an Abelian group (G, —|—) with

values in Banach spaces (Y, —|—) satisfying

|r(e+v) = 1() = 1(v)] <=
for all x,y € G and some € > 0. Then there exists a unique additive mapping T : G — Y, such that
Hf(x) —T(x)H <eVxeG.

Next Th. M. Rassias [20] provided a generalization of Hyers’ Theorem which allows the Cauchy difference to be

unbounded:

Theorem 1.2. (Th. M. Rassias.) Consider E,E' to be two Banach spaces, and let f:E — E' be a mapping

such that f(tx) is continous in t for each fived x. Assume that there exist § >0 and p € [0,1] such that

o)1) -10)

then there exists a unique linear L : E — K’ satifies

o) - 2(6)

Next Badora in [6] provided the following result concering the stability of a ring homomorphism:

<l + o) e

P
< 272p||ac\| ,x € E.

‘ 20

Theorem 1.3. Let R be a ring and Y be Banach algebra and €,5 > 0. Assume that f: R — Y satisfies

Hf(m) 1) - 1)

<e

and

<5

i

i) - (2)500)

Va,y € R. Then there exists a unique ring homomorphism T : R — Y such that

Hf(x) —T(z)H <eVreR.

The stability problems for several functional equations have been extensively investigated by a number
of authors and and there are many interesting results concerning this problem. Such as in 1978, Rassias in [20]
prove a generalization of Hyers’ theorem the Cauchy difference to be unbounded and R. Badora in [6] prove

generalization the result on a ring homomorphisms next in [24] proved the generalized Hyers’ theorem and
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Badora’ theorem. Recently, in [6, 13, 20, 24] the authors studied the Hyers-Ulam stability for the following

functional inequalities

Hf(Zxk) — f(xk) <eVe>0
k=1 k=1 Y
and
Hf(l'[x])r[f(x]) <85 >0
j=1 j=1 ¥

in group and ring homomorphisms. So that we solve and proved the Hyers-Ulam type stability for functional

inequalities
Hf(ijJrlzan‘)_Zf(mj)—z:f(xnﬂ) < Ve 0 "
J=1 ni i=1 = n ,
and
Hf<ij+1H%+j>Hf(xj)Hf<M> <5,Y5>0 (2)
j=1 n j=1 -1 i1 n y

ie the functional inequalities with 2n-variables. Under suitable assumptions on spaces X and Y, we will prove
that the mappings satisfying the functional inequalities (1) and (2). Thus, the results in this paper are gener-
alization of those in [6, 13, 20, 24] for functional inequalities with 2n-variables.

The paper is organized as followns: In section preliminaries we remind some basic notations in [3, 4, 14] such

as solutions of the inequalities.

Section 3 is devoted to prove the Hyers-Ulam type stability of the additive functional inequalities (1)
when X be an Abelian group and Y be a Banach space.

Section 4 is devoted to prove the Hyers-Ulam type stability of the additive functional inequalitie (1) and
(2) when X be a ring and Y be a Banach algebra, X be an Abelian group and Y be a Banach space

2. preliminaries

2.1. Banach spaces.

Definition 2.1. Let {xn} be a sequence in a normed space X.

oo o

in a space X is a Cauchy sequence iff the sequence {an — xn} converges to zero;

. A sequence {xn}

n=1

o0
. The sequence {mn} is said to be convergent if, there exists = € X such that, for any € > 0, there is a

n=1

positive integer N such that
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Then the point x€ X is called the limit of sequence x, and denoted by lim, .., z, = x;

Ty —xH <eVn > N.

. If every sequence Cauchy in X converger, then the normed space X is called a Banach space.

2.2. Solutions of the inequalities.

The functional equation

H(er)=1(2) +1(9)

is called the Cauchuy equation. In particular, every solution of the Cauchuy equation is said to be an additive
mapping .

3. Stability of Approximate Group Homomorphisms
Now, we first study the solutions of (1). Note that for this inequalitie, X be an Abelian group and Y is a

Banach spaces. Under this setting, we can show that the mapping satisfying (1) is additive. These results are

give in the following.

Theorem 3.1. Let X be an Abelian group and Y be Banach space. If e >0, neN, n>2 and f: X =Y
such that

Se 3)
Y

Hf(ZJUj + 1an+j> - Zf(xj) - Zf(xnﬂ>
j=1 i j=1 j=1 "

for all x1,xs,...,x9, € X, then there exists a unique additive mapping H : X — Y such that

|f@) - @), < e vrex. (4)
Proof. We will show that
f((en)e) k
H(2n)k - f(m) <e Zl (2n)~™ Vz e X. (5)
Y m=

for any positive integer k and for all x € X. The proof of (5) follows by induction on k. With k¥ = 1 and
letting z; = z,x,4; = nx for all j =1,2,...,n by the hypothesis (3), we have

0

2n

il |f(2n:c) —an(x) | < %E,Vﬂf e X.
Y

|_2n
Y

Assume now that (5) holds for k¥ and we want to prove it for the case k + 1. Replacing = by 2nz in (5) we

obtain

k
<ed (2n) " VreX

Y m=1

fl(@2n)* - 2na
) o
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therefore
f ((2n)k+1m) 1 k+1
H(%L)k+1 - %f(%w?) <e Z (2n)"™, Vo € X.
Y m=2
Now, using the triangle inequality we deduce
F ((2n)k+1z> F ((2n)k+1;z:) ) )
O R e 10 R ECORNO
k+1
< o +e Z (2n)~™
m=2

k+1
<ed (2n)"
m=1

Y

Thus, (5) is valid for all £ € N. Since an:l (2n)™™ is increasingly convergent to 51—, we get from (5)

that

<

e, Vr € X.

(2n)k+1 2n—1

e

Y

Fixing an x € X, for all h,k € N with h > k, we have, from (6) that

fl@2n)ha
H ((2n)h L ! ((2”)kx)| = || g (2n)") = 1((2n) )
N Y
< 1 . 1
=n)F 2 —1°
Therefore
fl@2n)ha
h}éigloo <(2n)h ) - (2;),€f((2n)ka:) . =0.

f ((%)’“z)
Since Y is Banach space, the sequence {(271)’“ converges. Set

H(x) — lim f((%)%) vz € X.

k— oo (2n)k ’

(7)

Then we obtain a mapping H : X — Y. From (10), for all z1,zs,...,22, € X and for all k € N, We compute

that
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Hf(@mk<§:ﬁf¥i§:$ww>E:f(@nV$J§:f<@nﬁx2H> <e

j=1 i=1 =1 j=1 Y

and so
1 Il (2n)* ix—f—liw 1 —i:f((%z)kx)—zn:f (Qn)kM < L €.
(2n)k = J n i e = J = n v (2n)k

We will prove that H is additive.

Consequently,

i) S

j=1 j=1

(2711)kf<(2”)k <Z% + % an+j>>
i=1 i=1
n 1 n 1 Tot
=3 G (@0)) = X e ! <(2n)kn+>

j=1 j=1

= lim
k—o00

Y

It follows from (7) that

Hence
H(ZJC] +:ZZZEH+]> :ZH(I]) +ZH<IT;L+]>,
j=1 j=1 j j

for all T1,%2,...,Ton € X.
Clearly, H (0) =0 and so H is an additive mapping. From (6) and (7) we see that (4) is valid. Now we prove

the uniqueness of H. Assume that H; : X — Y is an additive mapping such that

li(s) - ()

Since both H and H; are additive, we deduce that, for each V& € X and for all n € N,

<
—2n—1

e, Vr € X.
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2n H(:E) le(x) = HH(?n:ﬂ) +H1(2n:r)
Y Y
< HH(an) — f(an) + f(2nx) + Hy (2nx)
Y Y
2¢
< 9. 1°
“2n—-1
so that
2¢
H(z)— Hy(x < —
H ) 1( ) Y n(2n—1>
for all x € X and hence H(:c) =H; (x) for all x € X. This completes the proof. O

Corollary 3.1. Let X be an Abelian group and Y be Banach space. If ¢ >0, n € N, n > 2, f(O) =0 and
f:X =Y such that

<e

<e (®)

Y

(Eetm) S0 £()

Jj= j=1

for all x1,x9,...,xa, € X, then there exists a unique additive group homomorphism H : X — Y such that

) 1)

< X.
Y_Qn_le,VxE (9)
4. Stability of a Ring Homomorphism
Now, we first study the solutions of (2). Note that for this inequalitie, X be a ring and Y is a Banach algebra

and X be an Abelian group and Y is a Banach spaces. Under this setting, we can show that the mapping

satisfying (2) is additive. These results are give in the following.

Theorem 4.1. Let R be a ring and Y be Banach algebra and €,§ > 0 and n € N, n > 2. If a mapping
f:R—=Y satisfies

<e (10)

f(Zl“j + lzxnﬂ‘) - Zf(ﬂﬁj) - Zf(xnﬂ>
j=1 i j=1 j=1 "

and

n

’f(HfﬂjJrinfnﬂ')—Hf($j>—Hf<w7;jj>‘ <9 (11)
=1 j i=1 =1

) v

for all xy,xo,...,x9, € R , then there exists a unique additive mapping H : R — Y such that
(T o) =TT o) + I (2 12
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for all x1,xa,...,x9, € R and

|#@) - H @), < 5oqeve e 13

Proof. Theorem 3.1 show that there exists a unique additive mapping H : it — Y satisfies (13). By the proof
of Theorem 3.1, we see that the mapping H is give by

H(x) = klig)lo (Qi)k f((2n)kx),vgc eRn (14)

for all z1,xza,...,x2, € R, let

onenne) =7 ( T+ 2T ) - D) - T (222

Jj=1 Jj=1 Jj=1 Jj=1

The using inequality (10), we get

lim

k
Jim (2n)kh<(2n) T1, X9, ...,mgn) =0.

Therefore

| | | I T+ — ( crrdn n+1l4nt2 " ° n)
H (] L n j) 12 Tn + n.lf 1z 2 X2

Il
?

1 K 1
kf<(2n) (mlxg cee Ty + ﬁxn+1m+2 e xzn)

! kh(((Qn)kzl):rg cee Xy %((Zn)kmw_l)zm_g cee mgn))

= kli_{go (2:L)k lh((?n)kxl,xz, ...,x2n> + f((Qn)kxl)f(@) . f($n>

V1, 2o,...,Ton € R.
From the last equation and the additivity of H we see that, for all £k € N
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and so

Sending k to to infinty, we see that

o) ()1 () (o) (o 222 () 22

1
:H x1x2"'xn+ﬁxn+1xn+2"'$2n ,

Vaq,T9,..., Lo, € .
Suppose that

H (o) H (22 1 (1) -+ 1 (22 )7 () +H<x,;+1>H<x,:2>H<x,g3>

)

1
= H<I1172 ce Xy + EI"+1IH+2 < Top |,

(16)
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Va1, 21, ..., Lo, € RN. Then, from (16), we get that, for all £ € N.

(2711)kH(1‘1)H(332)H($3) s H(mn,l)f(@n)kmn>
R OLOIORIENIEE
= @H((%)k (xlxz c T+ %$n+1$n+2 e $2n>>

1
= H(:clxg R E$n+1wn+2 . x2n> . (17)

By letting k — oo we see that
i) (on)in (o) (o) (220 i (222 () 22

1
=H (mlxg ceexy + —Tn41Tnt2 -x2n>. (18)

V1, Ta, ..., Tay, € R which is the desired identity (12) O

Theorem 4.2. Let X be an Abelian group and Y be Banach space. If € >0, Vk € N, and ¢ : X xXxX = X
such that

2k50<1'7y72> = QP(ka,yaZ) = (p(ﬂC,Qky,Z) = cp(xaya2kz>

Vk e Nyx,y,z € X
and P :Y XY XY =Y be a continuous mapping such that

Qk’(/J (x,y,z) = z/J(Qka:,y7z) = w<x,2ky,z) = w(;my,ka)

VkeN,z,y,z€Y and €, > 0.
If f:X =Y satisfies

<e (19)

for all x,y,z € X and

) (20)
Y

(o)) o150 509)

forall x,y,z € X
. Then there exists a unique additive mapping H : X = Y such that

SR CORIORIC) o)
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for all z,y,z € X

|#@) - H# @), < jevrex (22)
Proof. We will show that
‘V(Zx)fﬁﬂ 36532”TVx€X. (23)
]

for any positive integer k and for all € X. The proof of (23) follows by induction on k. With & = 1 and

letting = y = z by the hypothesis (19), we have
U I TRe

2
Assume now that (23) holds for k¥ and we want to prove it for the case k + 1. Replacing = by 2z in (23) we

€, Vx € X.

N |

<
Y

Y

obtain
f(2k-2x> b
B2 i) ceomweex
Y m=1
therefore
f(2k+1sc) 1 k+1
Y m=2

Now, using the triangle inequality we deduce

Sl Te
Y

L))

2k+1

2k+1
Y

e

k+1

Thus, (23) is valid for all k¥ € N. Since 2:1:1 27™ is increasingly convergent to 3, we get from (23) that

1
< §e,v:1c € X. (24)

Y

R

ok+1

Fixing an « € X, for all h,k € N with h > k, we have, from (24) that
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f(2"
22 -4
Y

1
2k 2
Therefore

)
Since Y is Banach space, the sequence { 5% converges. Set

H(z) = lim (2)

] ok , Ve € X.
—00

(25)
Then we obtain a mapping H : X — Y. From (19), for all z,y, 2 € X and for all k¥ € N, We compute that

o) o) ) =
) ) o)k

and so

1
f— 2k .
¢
We will prove that H is additive.
Consequently,
(55tes) (7)< ()
¢
ST Iy Y it I Y PV ) I Y VN
oo || 2k 2 2k 2 2k .
< I L =0
hoo || 2K T

It follows from (25) that

Hence
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for all z,y,2z € X.
Clearly, H(O) =0 and so H is an additive mapping. From (24) and (25) we see that (22) is valid. Now we

prove the uniqueness of H. Assume that H; : X — Y is an additive mapping such that
1
< ie,Vx € X.

(o) -m ()] <

Since both H and H; are additive, we deduce that, for each V2 € X and for all k € N,

k

H(z) — H; (:L')

= ||H(k:x) + Hy (kx)

Y Y

<

H(ka) = f(ke)|| +||7 (ko) + Ha (k2)

Y

Y

so that

for all z € X and hence H(x) = H; (m) for all z € X.

Next to show that the mapping H satisfies (20), us define

Qe0.2) :f(@(x,y,z» _¢<f(x),f(y),f(2)>,w,y,z ex

Then from condition (20), we see that

N U
kli>ngo 27kQ(2 xay>z) :Oavxay7z € X.

Thus, by (25) we have for all z,y,2z € X

(o)) = o oo (o(2e))
- lim 1<w<f(2kx) ,f(y),f(Z)> ¥ CW)

2k 2k
= <H(fﬂ), f), f(Z)>
From the last equation and the additivity of H, we obtain that

H(gp(xyz)) _ ;kH(go(x,y,T“z)) - Q/J(H(;c),f(y),;kf@kz))

Letting k — oo yields (21). This completes the proof. O
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From proving the theorems we have corollarys:

Corollary 4.1. Let R be a ring with a unit 1 and Y be Banach algebra with a unit e and €,6 >0 and n € N,
n > 2. If a mapping f: RN — Y satisfies

| f(ZIj + 1Z$n+]‘> - Zf(xj) - Zf(xnﬂ>
j=1 i j=1 j=1 "

<e (26)

and

‘f(ﬁxj—&-iﬁxnﬂ')—ﬁ (xj)—f[f<x";f>‘ <6 (27)

Jj=1 Y

for all x1,x9,...,x9, € R and f(l) = e, then there exists a unique ring homomorphism H : R — Y such that

|#@) - H @), < 5oqeve e (28)

Corollary 4.2. Let X be an algebra, Y be Banach algebra and €, > 0. If a mapping f: X — Y satisfies

() 30 )
and for all x,y,z € X

HERIRORONC) Nt (RS RORORIC

then there exists a unique additive mapping H : X — Y such that

1([ewne]) = (o) 1 (s). 1 (2)], (Tesp.f(mw) ~ () o () of(z)>, 1)

for all x,y,z € X and

) <6, (30)
Y

Hf(m)—H(x)Hyge,VmEX. (32)
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