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Abstract: In this manuscript, we discuss the existence, uniqueness, estimate and stability of solutions for nonlinear
hybrid fractional g— differential pantograph equations. The existence and uniqueness of solutions are derived from
Banach contraction principle, while the estimate of solutions is proved via generalization of Gronwall’s inequality.

Stability of solutions is also established. An illustrative example is presented.
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1. Introduction

Fractional differential equations involving fractional calculus operators and fractional g— integral calculus opera-
tors have attracted the attentions of many scholars working in a variety of disciplines, due to the development and
applications of these equations in many fields such as engineering, physics, mathematics, etc, see [2, 5, 13, 15, 20]
and references therein, one of the motivating topics in this area is the study of the existence and uniqueness
of solutions, see for example [2, 9, 12, 18, 22]. Pantograph type equations have attracted the attention of
many authors working in a variety of disciplines due to the development and applications of these equations
in many fields such engineering, electro-dynamic, biology, control, see [11, 23, 24]. Moreover, fractional-order
pantograph differential equations have been considered by many researchers, for instance, see [1, 3, 8, 16] and
the references cited therein. The Ulam stability of differential equations with fractional derivative has been in-
vestigated by different authors, we refer the reader to the papers [6, 12, 13]. Recently, the stability of fractional
pantograph differential equations has been investigated by many researchers, we refer the reader to [1, 3, 4, 17].
More recently, fractional hybrid pantograph differential equations have also been studied by several authors,
for instance, see [10, 19]. In [10], the authors studied the existence solutions of the following hybrid fractional

pantograph equation

« u(t _
Dg WLW)) =Y (tu(t),u(nt)),0<t <1,
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where a, A\,n € (0,1) and D, denotes the Riemann-Liouville fractional derivative. In [19], the authors studied

the following hybrid generalized fractional pantograph equation

a u(t) —
Dg+ [m =y (tu(t),up(t)),0<t<1,

where a € (0,1), D§, denotes the Riemann-Liouville fractional derivative and 6, p : [0,1] — [0,1] are given

functions. In this work, we study the existence, uniqueness, Ulam-Hyers-stability and Ulam-Hyers-Rassias

stability of solutions for the following hybrid Caputo fractional g— differential pantograph equations

z (t)

= |
S 01 (1 (1), (A1)

5 o (e o Do 2 () M
_Zizlﬁpz (t, (t)’ (ﬁt)qu [Zf_1¢i(t,$(t),x(kt))‘|> 70<>\777< 17

2 (0) + ¢ (z) = zp,20 € R,

where 0 < ¢,a < 1, D¢ is the Caputo fractional g—derivative,t € J = [0,7], ¢; € C (J x R2, R — {0}) and
p, € C (J X R3,R) ,8=1,...,k, k € N*. The operator Dg is the fractional ¢—derivative in the sense of Caputo
[7, 25], defined by

Def(t)=In="Df (), a >0,

Dyf (t)=f(t),

where n is the smallest integer greater than or equal to a. The fractional g—integral of the Riemann-Liouville

type [7, 25] is given by
t a—
Ifff (t) = rq%a) fo (t— qs)( Y f (S) dqsaa >0,

) =1,

where the g—gamma function is defined by I’y (o) = %, a € R\{0,—1,-2,...} and satisfies
1—4qg°
Lg(a+1) =[a]glq (@), [a]q = 1—q a € R

We need the the following lemmas [25].

Lemma 1.1. Let o, >0 and f be a function defined in [0,1]. Then the following formulas hold
— + _
ISIPF(8) = ISP £ (t) and DYISf (t) = f(t).

Lemma 1.2. Let o > 0 and o be a positive integer. Then the following equality holds

o—1

ISDIf(t) = DIISf (1) —
q qf() q-q () ;Fq(a"*']_a"i_l)

tocfaJrj

DIf(0).
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Lemma 1.3. For a« € Ry and 8 > —1, we have

afp_p®] = _LaB+D @ts)
I‘Z[(t )}_Fq(aJrﬁle)(t ) '

In particular, for x =0 and § =0, we have

1

— (™),
Ly (a+1)

Iy 1] =
We give the following generalization of Gronwall’s lemma for singular kernels [21] which will be used in

the following sections.

Lemma 1.4. Let z : J — [0,400) be a real function and F (.) is a nonnegative, locally integrable function on
J and there are constants a >0 and 0 < o, q < 1 such that

then, there exists a constant 0 = 6(«) such that

t

z(t) < F (t) —|—9a/ (t — qs)(a_l) F (t)dgs, teJ.

0

Also, we present the equivalence of the problem (1). The proof of the following Lemma can be as similar

to the proof of Lemma 6.2 given in [14].

Lemma 1.5. Let i = 1,...,k and 0 < a,q < 1. If ¢; € C(J xR2,R—{0}) and ¢; € C (J x R3,R). Then

the fractional problem (1) is equivalent to nonlinear fractional Volterra integro-differential equation

k
e(t) = wo—(@)+ Y diltx(t),z (M) (2)
i=1

/ tqu 5”(5)
X 7 , L S D qu,
0/ Zw( o) lzz 01 (5,2 (s) <As>>D

where t € J and k € N*.

Let C(J,R) denote the Banach space of continuous functions from J into R with the norm |jz| =

Sup;e(o,7) |2 (1) . For § >0 and g: J — R*, we consider the following inequalities

Do l 10 ]
CIEE 6y ).y ()

k
- % ta t7 taD y(t) ]) <67
2.7 ( VO [ZI Loty (w0 ] )
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and

Do [ 10 ] @
TS ety )y ()

(®)

£ o y
e (t’y(t)’y(m)’])" lzf_l@ ty@.oon]) =00

Definition 1.1. The problem (1) is Ulam-Hyers stable if there exists a real number 84, > 0 such that for all

0 > 0 and for each solution y of the inequality (3), there exists a solution z of the problem (1) with
ly (t) =z ()] < Byp0, t € J.

Definition 1.2. The problem (1) is generalized Ulam-Hyers stable if there exists Uy , € C(Ry,R;), ¥y, (0) =
0, such that for all solution y of the inequality (3), there exists a solution x of the the problem (1) with

ly(t) —z ()] < Ty (8), t €

Definition 1.3. The problem (1) is Ulam-Hyers-Rassias stable with respect to g € C (J,R,) if there exists
a real number 4,4 > 0 such that for all § > 0 and for each solution y of the inequality (4), there exists a
solution x of the problem (1) with

ly (t) — 2 ()| < Bpp,g09 (1), t € J.

Remark 1.1. A function y € C (J,R) is a solution of the inequality (3) if and only if there exists a function
w:J — R such that
lu(t)] <ot el

and

(o3

[ y (t) 1
ISRty (1), y (M)

k
_ Aty e y(t)
2 (t vy, by [zf_m (ty (1) 9 (O\0)

)—l—u(t),te.].

2. Existence and uniqueness results

In this section, we establish the existence and uniqueness of solutions to the fractional problem (1) and prove
the estimate of solution of (1). For the sake of convenience, we impose the following conditions.

(Ch) : There exist constants @, such that for all t € J and u;,v; € R (j =1,2), we have
|¢7, (t7u17u2) - ¢l (t,Ul,U2)| < wi (|U1 - ’U1| + ‘UQ - ’U2|)7i = 1’ ak
(C3) : There exist constants w; such that for all ¢ € J and u;,u; € R (I1=1,2,3), we have

“Pi (tyula uz, U3) — ¥ (tvvla V2, ’1)3)|

S wi(|ul7’01‘+|U27’02|+‘U37U3|),Z‘:1,...,k‘,
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with Zle w; < 1.
(C3) : There exist A;, B; € RT such that
|p; (t,u,v)] < A; and |p; (t,u,v,w)| < Bi,i=1,...,k,

for each t € J and u,v,w € R.
(Cy): ¥ :C([0,T],R) = R is a continuous function satisfying the condition

[ (u) — o (v)] <Y |lu—2|, forall u,v € C(J,R),d < 1.

Now, we discuss the existence and uniqueness of solutions for the problem (1) by means of Banach’s contraction

mapping principle.

Theorem 2.1. Assume that the continuous functions ¢; : J x R2 — R —{0},¢; : J xR® - R,i = 1,...,

satisfy (C1) — (C3) and suppose that (Cy) holds. If the inequality
k k
|B;| T(*) |A|T<> w; 1-9
< )
I i P R

is valid, then the problem (1) has a unique solution.

Proof. We have
e (1)
! [Zle ¢i(t,x(t),z

by Lemma 1.5, we can write

k

z(t) =m0 —1 () + Y ¢ (tx(t), o () I [z ()]t € J k€N,

i=1

where

zz (1)

Now, we define a fractional integral operator O : C' (J,R) — C (J,R) b

t

k B s<°“ 1)
Ox(t):xo—w(x)—l—z:éi(t,m /t as) 2z (8) dys.

0

For z,y € C (J,R), we have

|0z () — Oy (1)]

< JY(w) =¥ (y)]
k ¢ t—qs (a 1)
#3010t (0,2 00) = 61ty (0. )] [ CEL e (9] dys
=1 0
k ¢ tqu (a 1)
3 I |/ 120 (5) — 2y (5)] dys.
=1 0

k k
Z Pi (t,xo —¢(z) + Z(b (&, (t) 2 (M) Ig [22 (D)] 2 (nt) , 2 (t)> :

k,
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Using (C; )J 12,34 We get

o Bi(t—qs) @™ &
0z (t) =0y (1)] < ﬁnx—ynwz/r—@zmux—yu
=17y 4 i=1

k S §) @D
+2ZA1/“’(L)|Z$ (5) = 2, (5)| dys.
0

Also, we have

|22 (1) = 2 (1)]
k k

= Dowitat), ),z (1))=Y @ity t),y ),z (1)

=1 i=1

m m
2> wille gl + Y wilze — 2l
=1 =1

IN

which implies that

k
Zlant @y

52 (0 = 2 (0] < T

By (9) and (10), we have

Oz (t) — Oy (¢)

k tB (a 1
z9||x—y||+22/ ’ sznm—yn
0

<
=1
a—1)
qs) 22 1 Wi
+2ZA/ S o=yl dys
L (@) 1=2 i wi
< ﬁllx—yll+2ZB +1 sz\lx yll
T)“” 23, wi
+2Z = lz—yl.
17214:1001'
Hence
k k
B;T(®
10z -0y < 19+2ZF @D Zwi
T(a) k W
4 —vyll.
+ Z NCEY Zlfzi;lwi Iz — y

(10)
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By (5), we conclude that O is contractive. Consequently, by Banach fixed point theorem, O has a unique fixed

point which is a solution of (1). O

Next, we prove the estimate of solution of the fractional problem (1).

Theorem 2.2. Suppose that ¢; : J x R2 — R —{0},p; : J x R — R,i = 1,....k, are continuous functions
satisfying the conditions (C1) — (C3) and assume that (Cy) and (5) hold. If x is a solution of problem (1),
then

k ()
< ‘x0| +M + ZAZ - Zz:l NZT
(1 - 19) i=1 (1 - Eizl wi) 1_‘q (Ot + 1) (1 - 19)

k @
+9ZA1' . 23 i wil - (11)
S (1-Shiw) 0-9’T (1)

) Zf:l NiT(a)
— (1 -k wi> Ty (o+1)

)

where M = |1 (0)| and N; = sup,c s |pi (¢,0,0,0)|,i=1,...,k k € N*.

Proof. By Lemma 1.5, we can write

k
z(t) ::vofd)(x)Jngbi (t,x (t) & (M) I3 [z (8)] .t € J,k € N™.

Then, for all ¢ € J, we have

k
[z (@) < \xo|+W(w)\+Z|¢i(t,x(t)w(At))|}L?[Zx(t)H

k
< ool [ (&) = (O) + [ ()] + 3 A 17 [=2 ()]
k
< fwol + 0zl + M+ AN [z (1]

i=1
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On the other hand, for all ¢ € J, we get

k
‘Zaa (t)‘ = Z"pi (tax(t)vx(nt)’zz (t))‘

k k
< D> itz ),z (), 2z (1) — @i (£,0,0,0)] + Y i (£,0,0,0)|
=1 =1
k ! k
< 2) willal+> willzl+ YN
i=1 =1 =1
< 2 Zf:l Wi Zf:l Ni

L o+

1= wi 11— Z?:l wi.

Consequently
(@) < |zl + 9 |2fl + M
LS 2 gy, Zg _zfz_izv;] ~
i=1 i=1Wi i=1Wi
Therefore

k k

Y N, T(@

A=) e @] < lool+ M+ AL
Pt (1 —k wi> Ty (o+1)

k 257w
A; =1t I (1 -9z .
3 ST (1= 9) |2 @)]

Then Lemma 1.4 implies that for each ¢t € J
(1=9) |z ()]

k k
Zi:l N1
< lwol + M4 A .
i=1 1-37 jwi)Tg(a+1)

2 Zle wlT(")
S yw) (1= 9) T, (a+1)

k
+0;Ai (1_

m k
Y N;T@
< | (ol + M)+ A Zk%:l
i=1 (1 — i1 Wi) Ly(a+1)

)

where 6 = 0 («) is a constant.
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So,
k k
H95|| ‘LL’()| +M ZA Zi:l NZT(Q)
= (1-hiw) e+ )a—d)
k
—I—HZA 2% iy T
(1- Sk w) (=9 Ty (a+1)
k k
YN, T@
< (ol +20) + 3 A2
i=1 (1 — Zi:l wi) Fq (Oé + 1)
This completes the proof. O

3. Ulam-Hyers-Rassias-stability

This section is devoted to the investigation of the Hyers-Ulam-Rassias stability of our proposed problem.

Lemma 3.1. Let ¢; : J x R2 - R — {0} and p; : J x R® - R,i =1,...,k, are continuous functions satisfying
(C3). If y € C(J,R) is a solution of the inequality (3), then y is a solution of the following inequality

k
()
| < 12
()= 0y ()] < 3 Ay (12
where § > 0.

Proof. Let y € C (J,R) be a solution of the inequality (3). Then using Remark 1.1, we obtain

Do [ y (?) ]
S 6ty 1),y (M)

e Do y () D: |
Z*"(” v, [zlmz(ty()yw)) #0

where |u (t)] <6, t € J.

Thanks to Lemma 1.5, we can write

, _ ge)@ D
x(t)—xo-l-w(x)—Zd)i(t,x(t),a:()\t))/%

@ 2z (8) dgs

k t (a—1)
(o (l).x =09 " (5)dys
D201t (0. ) / P h () s,

where z, is given by (7).
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By (C3), we obtain

- [ (t—g9)@Y
O -0yl = [Soita ). 00) [EEL S ey,
i=1 ) q
k T(a
z:: (a + 1) J
which is satisfied inequality (12). O

Theorem 3.1. Let ¢; : J x R2 - R—{0},¢; : J x R = R,i = 1,....k, are continuous functions satisfying
the conditions (Cy) — (Cs) and assume that (Cy) and (5) hold. Then the problem (1) is Ulam-Hyers stable and

consequently, generalized Ulam-Hyers stable.

Proof. Let y € C (J,R) be a solution of the inequality (3). Then for all ¢ € J, we have

k
_Zd)i(tvx / t—qs m(s)dqs
i=1

0
= [y () —Oy(t)+ Oy(t) — Ox ()]

< Jy(t) = Oy ()| + 0y (t) - Oz (t)].

Thus by (Cy),(Cs) and Lemma 3.1, we get
k

()
ly (t) —z (t)] < ;Aimﬂ

iy ey
+ 1 m x Yl
P Iy(a+1) P 1->" wi
We obtain by (5)
(@)
Zf:l Airj(1a+1)
gyl < == talatl
o -yl < SEE,
where
k k k
B T( W
A=9+2 wi+4) A : ) 13
S S e T ®
Then, for each t € J, we have
(e)
Zf:l AiFTa 1
(1) —y ()] £ =g = 5 0.

1-A

Hence, the problem (1) is Ulam-Hyers stable. By putting ¥y ., (6) = 54,9, ¥4, (0) = 0 yields that the problem
(1) generalized Ulam-Hyers stable. O
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For the next stability results, we introduce the following condition.

(Cs) : There exists an function g € C(J,R4) and there exists v, > 0 such that for any ¢t € J

bt — qs)(a b
——————qg(s)ds < y49(t). 14
| sty < vy (14)
Lemma 3.2. Let ¢; : J x R2 - R — {0}, : J X R3 = R,i=1,..,k, are continuous functions satisfying the

conditions (Cs) and suppose that (Cs) holds. If y € C(J,R) is a solution of the inequality (4), then, y is a
solution of the following inequality

k
ly (t) = Oy ()] < Aidveg(t). (15)
i=1
Proof. Using Remark 1.1, we can write

[e3

b l y () ]
! Zf:l ¢z (tv Y (t) Y (At))

S (ot y (t) D: 5.
Zw(‘” v, D [ztlaz(,(),yw)) w0

where y € C(J,R) be a solution of the inequality (4) and |u (¢)| < dg(t), t € J. Applying Lemma 1.5, we obtain

k t (a—1)
b0 =0y (0 =3 61t 0) 0 0) [ LT () s
i=1 0
Since |p (t)] < dg(t), t € J, then we have
[ (t—gs)"
-0yl <= Yloilta ))0/ s ()] dys
[ (= gs)*Y
< Yot (t),x () / P ol
Thanks to (C3), we obtain
(a1
90— 0y (0] < 5ZA /(’a)g@)dqs.
So, by (C5), we have
k j (a—1)
(t —gs)
) —Oy)| <dy A | ——F— < A
CREOEDY / P (e Z 00,
which is satisfied inequality (15). O
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Theorem 3.2. Suppose that ¢; : J x R2 — R — {0} and ¢; : J xR3 = Ri = 1,...,

k, are continuous

functions satisfy (C1) — (C3). Furthermore, assume that (Cy),(Cs) and (5) hold. Then the problem (1) is

Ulam-Hyers-Rassias stable.

Proof. For y € C(J,R) and t € J, we have

() 2 ()
= (O - -7+ ¥ (@)
k o §)@=D
> et 0.2 ) [ (5,
i=1 0
= 1y(6)~ Oy (t) + Oy (1) - Oz (1)
< Iy - 0y (1) + |0y (1) ~ 0= ()

Thanks to (15) and (5), we obtain

B, T
194_22:F (a+1) Zwi

+4§ij- (AT o SR
P qu(a+1) izll—zm Ws ’

i=1

which implies that

k
lz =yl (1= A) <> Adygg(t).

i=1
Thus

k
A,
(0 - (0] < =500 = 5, g (1), e

Hence, the problem (1) is Ulam-Hyers-Rassias stable.
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4. Example
Consider the following hybrid problem given by

e l z () ]
B ;—7 cos (x (t)) + % cos (x (%t)) + % + 2—3533 (t) + %x (%t)

= & (sinz (t) +sinz (3t) + 3)

cos (t
N ()()
x(t
6+D3 1 t t 1 t 2¢ el 4 3 (¢t 3 (3¢
37005()x()+37cos()x(5)+11+25x()+25x(4)
e ! 1 e " 2
tarE t @t (tl) + %e-sinx (gt)
! (0
x(t
o \i [1cos(t)x(t)+1cos(t)x(2t)+et sz (t) + 5z (5t) + ¢
37 37 5 11 T 25 257 (1 11

where 1 <t <ty <..<t, <1 and d;,l =1,2,...,n are given positive constants with E;L:l d; < é.

Consider the hybrid fractional problem with « = %, q= %, and for z1,x9,23 €R, t € [0,1], we have

cos (t cos (t
o1 (t,xy,m0) = 37( )331 + 37( )332-

oo (t ) = i—i—i —|—ix
2T T2) = g T e T 9T

(t ) t (. . Jr1 n cos (1)
T1,T9,T3) = — (sina; +sinzg + = ,
1 T1, T2, T3 36 ' *72) " 6+ ]
et 1 —5t
(t,21,m2,23) = x1 + sinzg + ———
P25 T, T2, 25 ' (25 +1) 25 5+ Jas]
and
¢<$1)=Zdl$1(tl).
1=1
So, for t € [0,1] and (z1,2), (y1,92) € R?, we have
1
|p1 (t, 21, 22) — @1 (£, y1,92)] < ﬁ(‘xl_yl|+|x2_y2|)a
3
o1 (821, 02) = b1 (byn )l < op (o —wnl + o2 —g2)),

(16)
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and for t € [0,1] and (21,72, 23), (y1,y2,y3) € R3, we have
1

o1 (t 1,22, 03) — o1 (ByL,y2,y3)l < g (lon = yal + 22 — vl + s —wsl)

1
lo1 (t, w1, 22, 23) — 01 (L, y1,y2,y3)] < 2% (lz1 — yil + 22 — yo| + |23 — y3]),

Hence, the conditions (C7) and (C3) hold with w; =
all z1, 22 € C([0,1]), we have

1 _ 3 _ 1 _ 1 :
35, We = 55, W1 = 3z and wy = 5¢ respectively. Also, for

Y (r1) — ¢ (22) = Zdixl (t;) — Z dizo (t;)] < Zdi |z1 — x2] .
i=1 i=1 i=1

Thus, the condition (Cy) is satisfied with ¥ = 7" | d; < . For ¢ € [0,1] and 1,22, 23 € R, we have

2 91
t < — t < —
‘¢1( 7x17x2)| =37 ‘¢2( ax17x2)| = o75”
and
e (2, NS o lwa(t )|<*8
X1,L9,T r1,L9,T .
1 1,42,43 = 216 2\byL1,4L2,4L3 = 95

Now, using the given data, we find that
= |B| T ) |A T G~ w
S AL S sy IS

1—9 1-1
~ 0.17789<T= 6

~ 0.416 67.

By Theorem 2.1, we conclude that the problem (16) has a unique solution on [0,1] and by Theorem 3.1, we
deduce that (16) is Ulam-Hyers stable.

Now, if we take g(t) = p, p > 0, we have

1 ' (a—1) _ pt® 1
T, (a)/o (t—gs) g(s)ds = T, (D) < r, (%)p—vgg(t).

Thus condition (Cj5) is satisfied with g(t) = p and vy = —5~, it follows from Theorem 3.2 that the problem

(16) is Ulam-Hyers-Rassias stable.

5. Conclusion

In this work, we have discussed the existence, estimate and Ulam-type stability of solutions for nonlinear hybrid
fractional g— differential pantograph equations with fractional Caputo g—derivative. We have establish the
existence and uniqueness results applying the Banach fixed point theorem. Also the estimate of solutions have
been proved via generalization of Gronwall’s inequality. Moreover, the Ulam-Hyers stability and the Ulam-
Hyers-Rassias stability have been discussed. To illustrate our theoretical results we have given an example.
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