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Abstract: In this work, we introduce a new class of analytic functions defined by a combination of two operator. We
obtain univalency condition of the new class, its integral representations, sufficient inclusion conditions and coefficient

inequalities.
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1. Introduction

Let A denote the class of analytic functions of the form

f(2) =z+ax2? +azz®+--- (1)
in the unit disk {U = |z| < 1}. Let P denote the class of the functions

p(z) =1+crz+c2®+ - (2)

analytic in U, satisfying Rep(z) > 0 and by P(5) if p(z) > 8 for some real number 0 < 5 < 1..
It is well-known that f(z) € A is a starlike function of order 3, if

denoted as S*(8) (see [18]) and Ref (z) € p(3) denoted as R(S) referred to as the class of bounded turning
of order f, (see [17]).
In [1], Abdulhalim generalized the class of bazilevic function consisting of functions satisfying the geometric

condition

Dn «
Re% >0,z U. (3)

denoted as B, (), where D" f(z) = D(D""1f(z2)), n € Ny = NU {0} and proved that the class contains only

univalent functions in the unit disk.
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A further generalization, T.¥(3), was introduced by Opoola [11] which consists of functions satisfying the
geometric condition
D™ f(z)*
Qe
amz®
He proved the inclusion property and the univalency of functions in the class.

Using the salagean differential operator D™ f(z) and and inverse of integral operator

£ 2) = LD [CltogT) o
(see [8], [16]), on f(2)*, we have
DHEeal (7)==t t Z (CHZI;H) (= 1) Ag(a) (@

where Ay for kK =2,3,--- depends on the coefficients ay of f(z) and the index «.
We denote
Loy (D" f(2)%) = D" (Lon [(2)%) = Ly, f(2)™. ()

ne NU{0},0>0,v>—-1, a>0.
Remark 1.1. L?, = D" f(2)*, LY, = Df(2)* = 2f (2)*. If a =1, then LYy = zf (2).
From the series expansions of the operator L, on f(z)*, we have the recursive relation
Z(ﬁa,'yf(z)a) = (a + 7)‘Cﬂ+1,'yf(z)a - pyﬁa,'yf(z)a' (6)
Applying D™ on (6), we have

Lyt f(2)™ = (a+ 1)Ly 4 f(2)" = vLy , f(2)°. (7)

2 I f(t
Using the salagean anti-derivative define as I,, = I(I,,—1f(z)) = [, 1Tf()dt and

o' y—1
Ton () = O o109y (1, (see 18], [16]) on f(2)e.
Therefore
I @\ i - « +ry 7 Ak(a) a+k—1 8
n(jo,’yf(z))_an—"_z Ol-f—’)’-’-k—l (a—i—k—l)”z . ()
k=2
We denote
In(ja,'yf(z)a) = ja,—y(-[nf(z)a) = J;L,-yf(z)a~ (9)
It can be seen that
Ly (Jg, f(2)) = g\ (Lg f(2)%) = f(2) (10)

The concept of combining operators in theory of geometric function has been a very useful tool and this has
been considered by many researchers to introduce subclasses of analytic and meromorphic functions, (see [2-7]).

Using the operator L | we introduce a new class defined as follows:

o,y
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Definition 1. An analytic function f € A is said to belong to the class Bg:9(53) if and only if

Ly, f(2)"

amze

> B. (11)

ne NU{0},0>0,v>—-1, a>0.

Remark 1.2. I[f o =1, v=0,n=0 and o =1 we have the class of analytic function satisfying

Refl(z) >0 (12)

which is the class of functions of bounded turning of order § denoted as R(S).

2. Prelimary Lemmas

Lemma 2.1. [9] Let p(z) be holomorphic in E with p(0) = 1. Suppose that

Re<1+zp(Z)>>3ﬂ—1_

p(2) 26

Then

Rep(z) > 215 < B<1l,zel. (13)

N | =

and the constant 275 is the best possible.

Lemma 2.2. [10] Let u = uy + ugi, v = vy + vai and ®(u,v) a complex valued function satisfying

(i) ®(u,v) is continuous in a domain Q of C2.

(i) (1,0) € Q and Re®(1,0) > 0.

(iii) Re®(B + (1 — Bugi,v1) < B when (8 + (1 — Blugi,v1) € Q If p € P such that (p(z),2zp (2)) € Q and
Re(p(2),zp (z)) > B for z € U. Then Rep(z) > 8 in U.

Lemma 2.3. [12] Let p € P. where p(z) =1+ c12 + paz? + -+ -, then

Lemma 2.4. [11] Let p € P. then for any real or complex number 1, we have sharp inequalities

2

P2 — | < 2max{L, |1 - uf}. (15)
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3. Main Results
Theorem 3.1. Let f € Bp:¥(B3), then f(z) has the integral representation

Q=

f(z) = J3,[a"2"(p(2))]
Proof. Since f € B:(8), then there exists p € P(8) such that

Ly, f(z)"

anz®

=p(2)
and
Ly f(2)* = a"z%p(2)

applying the antiderivatie operator J7. , we obtain

o0

f(z) = J2 Ja"2"(p(2))] =

O
Theorem 3.2. By (3) C T (B), for a > 0.
Proof. Let
_ D f(x)
plz) = =3
Then , from (11), we obtain
Re (p(z)2 + 7zp(zzyp (z)) > 4.
We define
O(u,v) = u® + @,a > 0.
a
Clearly, ®(u,v) satisfies the condition of Lemma 2.2. whenever 2v; < —(1 — 3)(1 + u3), we have
1—8)(1+u3
Re®(8+ (1~ Buni,vn) = 57 — (1 - gy - L= AUH ) g
Hence by lemma 2.2, we have Rep(z), implies that Re D;fii)a > 3 and the proof completes. O
Corollary 3.1. For n > 1, the class By (8) consists of univalent functions.
Theorem 3.3. If f € A satisfies
Ln+1 2 ) -1
Re g,y f( ) > a/B + 5 . (16)
Ly f(z) 2p
Then
L f(2)® 1
ReL() >217F —<fB<1,zel.
anzn 2
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Proof. Let
n+1 «@
Lyt f(2)
anzm

= p(2),

then we have that
' (2) _ Lt f(2)°
p(z) Ly f(2)*

By the condition of the theorem,

' (2)) ot f(2)” 36-1
Re<1+ p(z)>_Re<L”7 702 a+1>>

and this is equivalent to

L”'*'1 o 28+ 5 —1
mf 28 '

Thus by lemma 2.1, Rep(z) > 1= % <1l,zeU.

Q\»—I

Corollary 3.2. If f € A satisfies the condition, then f € Bg;ﬁf(Ql_%).
If n=0, a =0, we have

Corollary 3.3. Suppose

Then

If n=0, a=1/2, we have

Corollary 3.4. Suppose

Re (Zf (ZZ) +1> > 3@& L)

Then
Ref (z) > 2= %

If n=0, a=1 and 8 =1/2, we have

Corollary 3.5. Suppose

. Then
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Theorem 3.4. Let f € By (B), then

20" 71 (1-8) (_aty |7
|a’2| < (a41)™ a+vy+1

|CL |< anil(a+’y)g(17ﬂ)
U (a+2n(aty +2)7

maz{1, | M|} (17)

2+ 1) (a+v+1)%7 + (1 — a)a™(a+ ) (a+2)"(a + v+ 2)°
(a+1D)?(a+vy+1)2%

The bounds are best possible. Equalities are obtained also by

f(2) = {J;‘ﬁ [a <B+(1 B)ifj)} }“

o™ a+y 7 9
=z+ 2%+
(a+1)" <a+’y+1>

am(a +7)° {(a + 1) (a+7+D* + (1 —a)a™(@+7)7(e+2)"(a+y+2)7 } B
(a+2)*(a+7+2)° (o + 1) (a+ v+ 1)%

where My =

Proof. Let f € B’\'())), then there exists p € Pp such that

Ly, f(2)"

amze

=p(2)=1+1—=PB)crz+ (1= B)eaz? + (1 — Besc® + -+ (18)

Ly f(2)* =a"2% +a™(1 — B)er 2z +a(1 = B)eaz®2 + (1 — B)ezz®™3 + a1 — B)egz™ + -

Using the anti-derivative of the operator Ly . denoted as Jg ., we have that

o,y

_ a™(1-8) +v \7 +1 . o"(1-8) +v \’ +2
f(Z)a =2+ (at+1)m (ai’yll) 1z + (a42)m (ai’yzﬂ) coz®

a"(1-5) aty \° CazOt3 4 a™(1-8) aty \7 s T
(a+3)™ a+vy+3 3 (a+4)™ a+vy+4 4

Given that

—1 ala—1)(a—
f(2)* =2+ aaz®tt + (aag + oz(oz2)a%> zot2 4 (aa4 + ala — 1)agas + w(ﬁ) zot3

+ (aag, + aa — 1)agay + “(”‘;”ag + (”(“*12?(‘**2)@3% + —a(aq)(?;z)(a—z’)) a%) ot L

By comparing the coefficient , we have

an—t a+y Uc
ao =
2 (a+ 1" \a+~v+1 !
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By Lemma 2.3, we obtained the bound of as, also

o _aMaty)(1-8) [ am(a-D(a+y) 7@+ (atr+2)7 ¢
ECERECEREP (a +1)2 (o + 9 +1)% 2

a"(a—=1)(a+7)7(a+2)"(a+7+2)7
(a+ 12 (atq+1)%

By Lemma 2.4 and with p = , we obtained the bound on the third

coefficient of these function. By letting

142
= 1 —
p(2) =B+ (1= F)1—
from the integral representation we have the equality attained by the extremal function given. O

Theorem 3.5. Let f € Bp¥(3). Then

a" 11— p)(a+9)7

2
as — pas| <
a3 pﬂ—(a+mwa+7+ma

maz{l, |Ma|} (19)

2@+ 1) (a+y+1)2 +(1+20—a)a™ Ha+v)(a+2)"(a+ v +2)°

here Mg =
e (o Doty + 1%

Proof. From the computation and by comparing coefficient with respect to z, then

a" t1-8) [ a+vy \°
as = c 20
N CESIT (a+7+1) ' (20)
and
a"(a +7)%¢ (1= )" D(a+7)* cf
as = + 5 S~ (21)
(@+2)(a+y+2)7  (a+1)*(a+y+1)* 2
Hence
> a"Ha+7)7 (@ —1+2p)(a+2)"a"Ha+7)7(a+y+2)7 F
las — pad] = ¢~ en % P
(a+2)"(a+vy+2)° (a+1)?(a+~v+1) 2
by lemma 2.4 we have the required inequality. O

4. Conclusion

In this work we have been able to determine the univalency condition of the new class, its integral representa-
tions, sufficient inclusion conditions and coefficient inequalities of a subclass of analytics functions defined by
combination of two operators.
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