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Abstract: We investigate the effect of the restriction and induction functors on the indecomposable modules of finite
cyclic p-group algebra over a field of characteristic. Such functors are significant in studying modules in blocks with

cyclic defect groups.

Key words: Cyclic p-groups, Restriction Functor, Induction Functor, Vertex, Source, Cyclic defect.

1. Introduction

It is known that the cyclic p-group G = Cy =<z : 29 =1 > ; ¢ = p® and p is a prime number has ¢
non-isomorphism classes of indecomposable modules over a field of characteristic p (Higman [6]). The Green
ring of G has been a subject of studies by many authors such as Green [5], Srinivasan [12] and T. Ralley [11].
The aim of this paper is to determine the effect of the induction and restriction functors on the indecomposable
kG-modules. The induction functor is straightforward (Theorem 3.1); thanks to the Green indecomposable
theorem, while the restriction functor turns out to be less obvious. We also determine the vertices and sources
of the indecomposable kG-modules (Theorem 3.5). Restriction and induction of indecomposable modules for

cyclic groups are essential in dealing with modules in blocks with cyclic defect groups (see for instance [9], [7]).

2. The indecomposable modules

Let G = Cy =< x : 27 = 1 > be the cyclic group of order ¢ = p® for some prime p and let k& be a
field of characteristic p. We then have kG = Zg;ol kxt = kG = Eg;é k(z — 1), On the other hand, since
(= 1)1 = Y geicg(=Da07 " =29 — (1)277 ' + .- — (1)9. we conclude, by taking u = (z — 1). that kG =
k—alg < u/u? =0 >. It is known, by Higmann criterion (see [2], Theorem 62.21), that such a group algebra is

of finite representation type and has ¢ classes of indecomposable kG-modules V; = (V#);i=1,2,....q. where
Vi, = kG/(z — 1)'kG.dimV; = i.

Theorem 2.1. FEvery indecomposable kG -module is isomorphic to one of V; = (V*);i=1,2,....q.

Proof. 1. V; has a k-basis
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where 4 = u+ (r — 1)’kG. We notice that zt = z((z — 1) + v'kG) = (z — 1) + v'kG + (z — 1)? + u'kG = u + 6>

Hence zu® = 4’ + u° !, therefore relative to the basis (1) we get a matrix representation

— =
— =
I

s

—

8

N

T

Note that zu'~! = @'~ 144’ = @'~ ! since @’ = u’'+u’kG = 0. So if you look at the commutant (endomorphism)

algebra of V;

S Q
IS

B(p) = {T € M,(k)/Tp(x) = plx)T} Ja,b,....c,d € k}

ISTRISIE
a -
>

a

we notice at once that it is a local algebra, since F? = F;F € E(p) = F = 0V F = I, Hence V; is
indecomposable.

2. It is clear that if ¢ # j then i = dimyV; # dimV; = j and so V; 2 V}.

3. To show that Every indecomposable kG-module is isomorphic to one of V; = (V,*);i =1,2,...,q, we
note that kG = k — alg < u/u? = 0 >= k[t]/t9k[t], where k[t] is the polynomial ring in ¢ with coefficients in
k. Therefore any kG -module U can be considered a left k[t] -module by the action (k[t] x U — U;[(f,u) —
(f +tik[t))u]) and U =V;, @ Vi, @ V;, , where i; € {1,2,....¢q}. Since the polynomial ring k[t] is a principle
ideal domain, we have U = k[t]* ®k[t]/ f1k[t]D. .. k[t]/ f-k[t] with s =0 ; since kG is torsion, also f; is non-unit
and f;/fix1;Vi=1,2,...,r —1 (See [3],theorem2(10.6)). It follows that U = k[t]/f1k[t] ® ... k[t]/ frk[t]. Now
U = 0 = t9(k[t]/ fik[t]),Vi = t2k[t] C fik[t] = t? = f;a.a € k[t]. But since k[t] is a unique factorization
domain, we have f; = AM*, A € k7,1 < s < q. Hence f;k[t] = t°k[t] and k[t]/f:k[t] = k[t]/t°k[t] = V. This
completes the proof. O

. It is easy to deduce that V; is projective kG-module if and only if ¢ = w,in which case V; =V, = kG.

The first notion need to be investigated is the projective cover of nonprojective indecomposable kG -modules.

Theorem 2.2. ([2], Exercise 6 page 829) For all 1 < i < q we have:

Proof. 1. Define ¢; : V(2 kCy) — V; as follows: (1) = 1+ u'kG.It is clear ¢; is a kG-epimormism with
Kere =V,_; < J(Vy). since J(Vg) <maz V4. Therefore ¢; is essential and so V(= kCy) is the projective cover
of each V; and Q(V;) = Kere; = V,_;.

2. By the same procedure as in (1), we see that Q%(V;) = V;. O
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It follows from 2.2(1) that the indecomposable modules V;,V,_;; being the two ends of the minimal
projective presentation 0 — V,_; — V(= kCy) — V; — 0. have the same vertices (we shall determine Vertex
(V;) lately in this paper). It is known that all the subgroups of the cyclic group G = C, are cyclic and are
indexed by the divisors of the number ¢ (see [10], Theorem 4). We now study the effect of the induction and

restriction functors on the modules V; = (V*);i =1,2,....q.

3. The induction functor

Now let H = G =< aP” >= {1,2P" 2%p°, ... ,a:(p(a_a)_l)pa}. Then it is clear that G, < G = Cy(= C,), and
G=HUHzU---UHzP"~! with | G : G4 |= p®. We start by investigating the effect of the induction functor.
According to theorem 1.1, the group H = G, have indecomposable kH -modules Vj(a);j =1,2,....p%7%. By
the Green indecomposability theorem (see[1], Theorem 19.22] the induced kG-module (Vj(a_a))G(as G/G,is
p-group) is indecomposable of dimension j | G : H |. Hence, by 2.1 (Vj(afa)) 16 V'(TG:HI' Summarizing we

J
have:

Theorem 3.1. (Vj(afa)) G Vg = Vipe

The following theorem determines the subgroups G, of G = C, for which the module V; = V,* is relative

projective which is a step towards finding the vertices of the indecomposable modules V; = V,*.
Theorem 3.2. The module V; = V1 <i <p® is a G, -projective, where G, =< xP” > if and only if p® | 4.

Proof. V; = Vi* is Gy -projective if and only if V; | (V) TG for some 1 < j < p®~*. But by Green’s theorem
Vj(a*a) is indecomposable kG-module of dimension j | G : G, |= jp®. Hence V; = V2 is G,, -projective if and

only if V; & Vj(afa). Comparing dimensions, we then have V; = V* is G,-projective if and only if ¢ = jp®,

that is if and only if p* | i. O

We now consider the vertex vx(V) and the source sc(V) of indecomposable K(g = C;)-modules. We
shall use the following known general fact which relates the dimension of an indecomposable kG-module to the

index of its vertex in a Sylow p-subgroup of G.

Theorem 3.3. ([1],Theorem.19.26) If V € indec(kG) and S € va(V) then | G, : S || dimV . So if p{dimV
then G, € vz(V).

The previous theorem implies at once the following;:
Lemma 3.1. If ptdimV; =i then va(V;) = G =C,.

It remains then; in order to determine the vertex of the indecomposable kG-modules V;, to consider

vz(V;) in the case when p | dimV; =i
Theorem 3.4. For V; = V;(a) € indec(kG) we have

1. vz(V;) =< 277" >
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se(V;) = Vl‘;;f (Note:i/p™ < p®~® = p®/p® since i < p*)
Proof. (1) We need to distinguish two cases:
If ptdimV; =i then va(V;) = G = C, =< 297" >, since hcf(q,q—i) = 1 which implies that O(z97%) = O(z).

If p|dimV; =i ;say i = p™t, m is maximal, then hcf(q,q —1i) = p™ # 1 and so O(x97%) = q/hcf(q,q — i) =
p»~™. Hence < 277" >= G,,. On the other hand V; = (V,*~™) 1¢ and < 297% >= @, is minimal subgroup
with this property by the choice of m. this completes the proof.

(2) Clear since Vi‘;;ao‘ =V =V*; by 2.1 O

i/p>.p>
As a corollary to the previous theorem we have the following:

Corollary 3.1. va(V;) = va(Vy—;)

Proof. va(V;) =< 297t >=< 2927 >=< x7! >=< 2’ >=< 27717 >=vzx(V,_,). O

4. The restriction functor

We now take H = G, =< a?" >= {1,27" 22p®, ... @ " DP*} Then G, < G with | G, |= O(x)/p® =
p*/p* =p**,G=HUHzU---UHz"" ! and | G : G, |= p*. Consider the restriction module (V) [y to
the subgroup H = G,. Let v = 2" —1 = (z— 1)’)0 =uP" € kH, then v*" " = 0 and the element v generates
the group algebra kH = kG, of H = G, ; i.e.kG, =< v = u?" /(uP")?" " = 0 >. We need to know how
v acts on basis 1 of V; = V. We have via® = v 4% = a°TP" and so 1+ @, @ — a'P", ... .etc. Write
i =1dp+i1p+iop? + - +iu,p®,0<ir <p—1. Hence the generatorv = P’ — 1= (x — l)pa = u?" € kG, of
kG is represented on V; = V,* by the matrix:

1

1 Note that: vl = w?'1 = @ ,va = v T oa? = "2, . val—D—P" =

1

e e =4 . ia _ e aal el
@ ont P =1,0@ P T = g, 0ut P T2 = g2 vt (et PP D) = g = Pt !

Example 4.1. (1) p=2,¢q =24 H |=p*“ =p =2(a =3),H =< 2% > (- 1)% = ud € kH and ;
kH =k —alg < u® >, Vy(= V9(4)) =< 1,a,u?%,...,u8 >;u=u+u’kG. Consider the restriction (V9(4))<ms> to

Cs =< 28>, (note that | C3 |= 243 = 2 hence the largest dimension of an indecomposable kCs3-module is 2).

Since ubu’ = u't8, and since @® = 0, the generator u® of kH is represented on V9(4) by the matrix:

1

1
1
ud 1
1
1
1 1
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It is clear that 281 = 1+ u® also 2%u = @ since @% = 0 in V.. The fact that xu® = u° + u’+' and

char(k) = 2 implies that ' = u + @'T*. Therefore 28u? = w2, 28%u% = @®,..., 28" = @”,2%u® = @® which

implies that (Vi) cpss = (k1 + ku®) @ kud a2 @ kud @ - - @ kud.
1

so (1) 00 Q.-

Hence (1/9(4)) I V2(1) ® Vl(l) @@ Vl(l) — V2(1) o 7V1(1) '

(2) Similarly we consider the restriction of (‘/;,(4)) to Cy =< a* >, (note that | Cy |= 2472 = 4 =22 hence the
largest dimension of an indecomposable kCy-module is 4. The following matriz represents the Cy =< z* >-

action on (V9(4)) .

1
11
1
w1
1
1
11

Hence 2*1 = 1+ 4,202 = @® + a5, 23 = ud + a7, 2%t = u* + 0, 2%° = @°, since w0 = 0 in (V).
Also 2*a8 = @® ; since w0 = w%u = 0u = 0 and z*07 = ' ,2%6® = w. Therefore (Vi*)epas =
(k1 & ku* @ ku®) @ (ku & u°) & (ku® & kub) @ (ku & ku').

1

ey JeG el )e( )

Hence (‘/'9(4))<m4> = V3(2) o 3‘/2(2).

Now consider the restriction of (V9(4)) to Gh =< 2% >. It follows that « = 1,p® = 2 and that | G1 |= 8.
We also have (V9(4))G1 = Vg(l) é Vl(l). Note also that in the previous two cases, the number of indecomposable
summands of (Vi(a)) la.;1<i<p*=gq. (with possible repetition) equals p* provided that i > p®.

What about the case when i < p®. Consider the following case:

Now we consider the restriction of (V5(4)) to the subgroup Gy =< z® > has k-basis 1,u,u?, u3,u*. As we

saw before we have: /i = @+ @t and so 2/ut = at + Wt 281 =14+ a® =1, since u® =0 as w° =

280 = 1,28 + 12 = 6%, 28 + 43 = @, 28 + ut = at. Therefore (V\Y) la,=5(V\?)

In order to study the restriction of the indecomposable kG'-module V; to a subgroup we need to investigate

the action of the group generators on the basis elements of V;. First we have the following lemma:

Lemma 4.1. In V;, 291 =3"7_, ())a*.

1+ 4u + 6u> + 4u® + a*,. ... Hence 271 = izo(j)ﬂs. O
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Also we have

Lemma 4.2. In V;, we have /@' = ¥7_ (7)at+s.

Proof. We have: zii! = x(x —1)! + (z — 1)'kG = (z — 1)(z — 1)t + (z — 1) + u'kG = @' + @', 220t = z2u® =
x(at+at+1) — /at +'L_Lt+1 _’_ﬂt+1 +,L—Lt+2 — ,at_’_2,at+1 +'l_lzt+2, x?),at — xeEt — x(ﬂt+2ﬁt+1 +ﬂt+2) — at+,at+1 +
2(,L—Lt+1 +'L_Lt+2) +'L_l,t+2 +ﬂt+3 — /at _’_3,L—Lt+1 +3ﬂt+2 +at+3’ :L'47._Lt — xl’B'L_Lt — x(at _’_3,at+1 _’_3,at+2 +at+3) — ,at +
,L—Lt+1 +4(7._Lt+1 +,L—Lt+2)+6(ﬂt+2+ﬂt+3)+4(ﬂt+3+ﬂt+4)+at+4+at+5 — ’[_j,t—’—57__l,t+1+10ﬂt+2+10ﬁt+3+5ﬂt+4+’at+5.
Hence zfu' = Y7 (D)a'*s. O
Remark 4.1. We can deduce the formula 271 = ZZ:O (7)u* of 4.1 from the formula x?ut = Eizo ()yuatts of
4.2 by letting 1 =u°.

Corollary 4.1. In V;, we have z*"1 =1+ "

Proof. Apply the formula in 4.1. O
—t —t+p® . « -
: PP I if t+p*<i-—1
Corollary 4.2. In V;, we have 2P 4 { at if thpt i1
Proof. From the previous lemma we have: zP”at = iio (I’:)QHS = ' + u'*P", since (p:) = 0(modp). Now

we have two cases:
CIf t4p® <i—1 then 2P @t = @t + attP”

CIf t4p® >4 —1 then 2P @t = @, since @' = 0, we have @!tP" = 0.

Lemma 4.3. Suppose that t #i—1. Then 2P @' =@t <=t +p* >i—1

5. Main results

We now summarize the results in the previous section and present the main results in this paper which determines
the number of indecomposable direct summands for the restriction of indecomposable k(G = C;) -modules
to a subgroup of G. The following theorem determines the number of indecomposable summands in such
decomposition.

Theorem 5.1. The number of indecomposable k(Gy)-summands of (V®) L, is: { pz‘ z}c z iga

In the second case all the indecomposable summands are trivial. The following theorem determines basis
for the indecomposable summands of the restriction module:
Theorem 5.2. (V) lg,= Yo' @(ViY). Infact: (V) =< Ta7",... 0" > & <aar ", a+or"

G @<al T et Pt T e g S where ij 15 the least number with j—i—ijp(a) < 1. Note that
when i < p* this forces i; to be 0 and hence every direct kG, -summand in the above decomposition would be

one dimensional in this case.
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