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Abstract: In this paper, we study to solve the Hyers-Ulam-Rassias stability of generalized homomorphisms in quasi-
Banach algebras, associated to Jensen type additive functional equation with 2k-variables. furthermore we investigated

the generalized Hyers-Ulam-Rassias stability and superstability of generalized homomorphisms in quasi-Banach algebras.
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1. Introduction
Let X and Y are two linear spaces on the same field K, and f : X — Y be a linear mapping. We use the

notation“ . HX (H . HY ) for corresponding the norms on X and Y. In this paper, we investigate the stability
of generalized homomorphisms when X is a quasi-algebras with quasi-norm || . HX and that Y is a p- Banach
algebras with p-norm H . HY

In fact, when X is a quasi-Banach algebras with quasi-norm H . Hx and that Y is a p- Banach algebras with

p-norm H . ||Y we solve and prove the Hyers-Ulam-Rassias type stability of generalized Homomorphisms in

quasi-Banach algebras, associated to the Jensen type additive functional equation.
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The study the stability of generalized homomorphisms in quasi-Banach algebras originated from a question of

S.M. Ulam [22], concerning the stability of group homomorphisms.
Let (G, *) be a group and let (G’, o,d) be a metric group with metric d(-, ) Geven € > 0, does there exist
a 0 > 0 such that if f: G — G’ satisfies

d(f(:z: * y),f(ac) o f(y)) <yVreG
then there is a homomorphism h : G — G’ with

d(f(z), h(z)) < e.¥z € G
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Hyers gave a first affirmative answes the question of Ulam as follows:

D. H. Hyers [8] Let ¢ > 0 and let f : E; — Ea be a mapping between Banach space and f satisfty Hyers

inequality

[f(z+y) = flz) = f(y)] <e

for all z,y € E; and some € > 0. It was shown that the limit

T(w) = lim f(2”x)

n—oo 2N

exists for all € E; and that T : E; — Eg is that unique additive mapping satisfying
||f(x) — T(x)” <eVreE;.

If f(tz) is continuous in the real variable ¢ for each fixed x € E;, then T is linear and if f is continuous

at a single point of E; then T : E; — Es is also continuous.

Next
Result was proved by J.M. Rassias [15]. J.M. Rassias assumed the following weaker inequality

£ (@ +v) = £(2) = Wl < [l="ly]]", ¥,y € Bx

where # > 0 and real p,q such that r = p+ q # 1, and retained the condition of continuity f (tx) in t

for fixed x.
And J.M. Rassias [16,17] investigated that it is possible to replace in the above Hyers inequality by a non-

negative real-valued function such that the pertinent series converges and other conditions hold and still obtain
stability results. The stability phenomenon that was introduced and proved by J.M. Rassias is called the
Hyers-Ulam-Rassias stability.

The stability problems for several functional equations have been extensively investigated by a number
of authors and and there are many interesting results concerning this probem. Such as in in 2008 Choonkil
Park [10] have established the and investigateed the Hyers — Ulam — Rassias stability of homomorphisms in

quasi-Banach algebras the following Jensen functional equation

r+y

2f( 5

)= f(z) +1(y)

and

next in 2009 M. Ehaghi Gordji and M. Bavand Savadkouhi [9] have established the and investigateed the ap-
proximation of generalized stability of homomorphisms in quasi-Banach algebras the following Jensen functional
equation

r+y

rf(==) = f(2) + ()

Recently, in [3,9,10] the authors studied the on Hyers-Ulam-Rassias type stability of generalized

homomorphisms in quasi-Banach algebras, associated to following Jensen type additive functional equation.
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ie the functional equation with 2k-variables. Under suitable assumptions on spaces X and Y, we will
prove that the mappings satisfying the functional (1). Thus, the results in this paper are generalization of those
in [3,9,10] for functional equation with 2k-variables.
The paper is organized as followns:

In section preliminarie we remind some basic notations in [6,10,11,12,13,14,15,17] such as quasi-Banach
algebras, p-Banach algebras, the important lemma of linear space and solutions of the Jensen function equation.

Section 3 is devoted to prove the Hyers-Ulam-Rassias type stabilityof generalized homomorphims in quasi-

Banach algebras of the Jensen type additive functional equation (1) when X is a quasi-Banach algebras with

quasi-norm H . Hx and that Y is a p — Banach algebras with p-norm H . HY

2. preliminaries
2.1. Quasi-normed space - Quasi-Banach algebras.

Definition 2.1. Let X be a real linear space. A quasi-norm is a real-valued function on X satisfying the

following :

. HazH >0 for all z € X and Hm” =0 if and only if z = 0.
. H/\xH = ’)\|HxH for all A € R and all z € X.

. There is a constant K > 1 such that
=+ yl| < K (||| +[[y]]), ¥,y € X.

The pair (X,

. H) is called a quasi-normed space if H . H is a quasi-norm on X.
The smallest possible K is called the modulus of concavity of H . H
A quasi-Banach space is a complete quasi-normed space.

A quasi-norm H . H is called a p — norm (O <p< 1) if

Hx + pr < Hpr + HprVx,y € X.

In this case, a quasi-Banach space is called a p — Banach space

Notey: Given a p-norm, the formula d(x,y) = Hx — y”p gives us a translation invariant metric on X.
By the Aoki-Rolewicz Theorem [18] (see also [6]), each quasi-norm is equivalent to some p-norm. Since it is
much easier to work with p-norms, henceforth we restrict our attention mainly to p-norms.

Notey: every homomorphism is a generalized homomorphism, but the converse is false, in general. For
instance, let X be an algebra over C and let f: X — X be a non-zero homomorphism on X. Then, we have

if (myz =if (x)f(y) . This means that ¢ is a generalized homomorphism.
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Definition 2.2. Let (X, H . H) be a quasi-normed space. The quasi-normed space

(

. ||) is called a quasi-normed algebras if X is an algebras and there is a constan K > 0 such that
-yl < Kl [[y]

Definition 2.3. A quasi-Banach algebras is a complete quasi-normed algebras.

If the quasi-norm H . H is a p-norm then quasi-Banach is called a p-Banach algebras.

2.2. Some concepts of generalized homomorphism

Definition 2.4. A C-linear mapping ¢ : X — Y is called a homomorphism in quasi-Banach algebras if
¢: X — Y such that <Z)(:cy) = ¢(x)¢(y) for all z,y € X.

Definition 2.5. A C-linear mapping ¢ : X — Y is called a generalized homomorphism in quasi-Banach
algebras if there exists a homomorphism ¢’ : X — Y such that (/ﬁ(a:y) = ¢(J:) @' (y) for all z,y € X.

Lemma 2.1. Let X and Y be linear spaces and let f: X — Y be an additive mapping such that f(aac) =
af(:c) for all z,y € X and all « € L' := {a e G |a| = 1} Then the mapping f is C-linear.

2.3. Solutions of the equation.

The functional equation

20(*3 ) = £(@) + 1(v)

is called the Jensen equation. In particular, every solution of the Jensen equation is said to be an Jensen —

additive mapping.

3. Stability of generalized homomorphisms quasi-Banach algebras
Now, we study the generalized homomorphisms related to equation of (1). Note that for (1), when X is a
quasi-Banach algebras with quasi-norm H . HX and that Y is a p— Banach algebras with p-norm H . HY Under
this setting, we can show that the generalized homomorphisms mapping relate to (1). These results are give in
the following.
Here we assume that m is a positive integer and 3 € L!
Theorem 3.1. Let f: X — Y is a mapping with f(O) = 0 for which there exist a mapping g : X — Y with
g(O) =0, g(l) =1 and a function

@ X% L R

such that

H ( Z%Jr Z$k+y+ Hm%ﬂxfﬂk-w)
= j=1

x>

k k
- 5Zf($j) - BZ Thtj) H Tok+5)9(T3045)
j=1

Jj=1

Y

§go(xl,...,xk,...,xzk,...,xgk,...,:mk) (2)

10
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k k k k
9(3 H TjThy; + B H $2k+j$3k+j) - B H 9(z;)9(wrs;) — B H 9(w20+5) 9(T38+5)
J=1 j=1 j=1 j=1 v
S (@1, oo Ty ey T2y oo T ooy T (3)

and
6(x17"'7xk7"'ax2k7"'7$3k7"'7x4k)
_ i @((Qk)ixl, o (2k)ixk, . (2k)ix2k, o (2k)ix3k, e (Qk)ix%) e
i=1 (Qk’)Z

for all x;, Tpij, Tok+j, T3kt; € X forall j =1 — k. Then there exists a unique generalized homomorphism
H:X =Y such that

(4)

Hf(:c) — H(z) HY < i(ﬁ(z, ey Ty ey Ty 0,..,0), V€ X, (5)

Proof. Case I: Putting m = 5 = 1.
Letting ; = xx4; = ¢ and Zapy1 = x3k4; = 0 for all j =1 — k by the hypothesis (2), we have

‘f(?lm) —2kf(z)|| <e¢(z,..,z,...,2,0,..,0,..,0). (6)
Y
for all x € X. So
f(2k‘x) 1
|| T f(z) ., < %go(x, s @y ey T,0,.0,0, .., 0). (7)

(22)1 (') - (2;)mf((2k)mx)) )
| 1 J 1 i+1 !
= 2 | (09) - gy ()|
. (2;)17 2’; oP ((2k)z, ..., (2k)j:zc2,];;.).;J(2k)jx,0,...,O,...,O). ®

for all x € X. Sence Y is a p — Banach algebras

for all nonnegative integers m and 1 with m > | and Vo € X. It follows from (8) that the sequence

{Wf ((2k)nx) } is a cauchy sequence for all z € X. Since Y is complete, the sequence {Wf(@k) ”x) }
coverges.
So one can define the mapping H : X — Y by

H(x) = lim (2;1)” ((2k)"2)

11
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for all x € X.
Case II: Putting o4, = 23x4; = 0, m = 1. and replacing x;, x4, by (2k)"x;, (2k)" k4, respectively,

o
FlEpm(BShya + B o)) (k) s F((2R) )
| gt g

in (2) and multiply both sides of (2) by

k)" 2@ T
@((2/{3)”,%1, oy (2K) Mgy oy (2K) 20k, ,...,07...70)
< )" 9)

for all B € L', z;, xpyj, Toktj, Taktj € X for all j =1 — k. Pass the limit as n — oo in (9) we have

k k k k
H(BZxﬁﬁme) =BZH(a:j)+ﬁzH(xk+j) (10)

Jj=1

for all B € L', zj, wptj, Toktj, Takt; € X for all j =1 — k. By lemma 2.6 the mapping H is C-linear
Now we prove the uniqueness of H. Assume that H; : X — Y is an additive mapping satisfing (5).

Then we have

— (211) H((2k)"2) + Hy((2k)"2) |

w (|7 () ") = s (@r)"0) ||, + | £((20)"2) = m((28)"0) )

)
)QWH ?((2k)"z, ..., (2k)"z, ..., (2k)"2,0, ...,0, ..., 0) (11)
which tends to zero as n — oo for all x € X. So we can conclude that H(m) = H, (x) for all z € X.

This proves the uniqueness of H. Thus the mapping H; : X — Y is a unique homomorphism satisfying (5).
Case III:
Putting z; = zp4+; =0, 8 =m = 1. and replacing Tok4j, T3k+; by (2k)k"x2k+j7

% we get

(k)

Hf((%)m(n?—l L2k T3k+j ) ﬁ f(( $2k+g) ((2k)"@31+5)

2k)F 245 i respectively, in (2) and multiply both sides of (2) by
+J

j=1 Y

©(0,...,0,...,0, (2k)F " Top 41, ..o, (k)" 23041, ..., (2k) " 241,
(2k)2kn

IN

for all xogtj, 23645 € X for all j =1 — k. Pass the limit as n — oo in (12) we have

12
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k

k k
H( H I2k+j173k-+j) = H H (z2k+5) H Hy(z35+45) (13)

j=1
for all g € Ll, Ty ThtjsT2k+j,T3k+j5 € X for all j=1— k.

Next we claim that H; is homomorphism.
Case 1V:
Putting z4; = 2351+, = 1 for all j = 1 — k , and replacing z;,z254; by (2k)*"x;, (2k)*" 2oy, ; respectively,
in (3) and multiply both sides of (3) by —L

(zk)k"

g((Zk)k" (ﬁ H?:l TjTptj + B H?:l x2k+j$3k+j)) H?:l g((2k)r ;)

15—y 9((2k)* ) ae)

-8 (Qk)k-n

S (@1 ees Ty vy Ty oo Ty ooy T (14)
Y

for all z;, w051 € X forall j=1—k and 8 € L'. Pass the limit as n — oo in (17) we have

k k k k
H1(5H$j+5na?2k+j> =B8] Hi(z;) + B]] Hi(js2r) (15)
j=1 j=1

j=1 j=1

By lemma 2.6 the mapping H is C-linear

Case V:
Putting xory; = 23645 =0 forall j=1—=Fk =1 1in (3)

k

g( H $j$k+j> - f[l!](xj)g(xkﬂ')

Jj=1

< go(xl, ooy Ty Thoa 1y vy T2k, 0., 0, .0, 0, ...,0) (16)
Y

forall zj,zp4; € X forall j=1—k%

and replacing zj,z54+; by (2k)*"x;, (2k)* 211 ; respectively, in (3) and multiply both sides of (3) by
1

g(@r2n (TH_ywsmers)) 1, g(@R)Fa;) T, 0((26) 25 45)

< 80((2]?)”%7 ) (2k)nx(k2ak)2ak(3k)nx2kv Oa () 07 ) 0) (17)

for all z;,zr4; € X for all j =1 — k. Pass the limit as n — oo in (17) we have

13
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l’j+k (18)

k k k
Hl(ij H$k+j> = HH
j=1 j=1 j=1

for all z;,zk+; € X for all j =1 — k. It then follows from (13) that H is a generalized homomorphism. [

n":]ar

Corollary 3.1. Suppose f: X — Y is a mapping with f(O) = 0 for which there exist constant € > 0,p # 0
and a mappig g : X =Y with g(O) =0, g(l) =1 and a fuction

Y X4k 5 R
such that

B k ,8 k 1 k
Hmf(m >+ - D i+ o 11 $2k+j$3k+j)
j=1 j=1 j=1

k k k

- ﬁz f(fﬂj) - 5Zf($k+j) - H Fl@2n+s)9(zar4s)
j=1 Jj=1 Jj=1 Y
< (ol + S el S e+ X o) 19
j=1
k k k
(ﬁ H TiTpts + P H -T2k+jx3k+3) B H 9(x;)9(wrss) — B H 9(w2r4;)9(T3n+5)
j=1 j=1 j=1 Y
< (Sl + X vl 3 ][+ 22 s ) 2
j=1 j=1 j=1 i=1

for all xj, ®Tptj, Toptj, Taky; € X forall j =1 =k and B € T'. Then there exists a unique generalized
homomorphism H : X — Y such that

[t 1), < o o)
forall x € X

Corollary 3.2. Suppose f: X — Y is a mapping with f(O) = 0 for which there exist constant X > 0,p # 0
and a mappig g: X — Y with g(O) =0, g(l) =1 and a function

@ : X% 5 R
such that
k k
B f 1
Hmf(Zl'J + 7Zxk+j — H$2k+j.’£3k+j)
m j=1 m j=1 j=1
k k k
=By flx5) =B flanes) = [] fwansg)g(wansy)|| <A (22)
j=1 j=1 j=1 Y

14
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k k k
g(,ﬁ’ [Tz +8]] 932k+j333k+j) =BT 9(xi)g(znss)
Jj=1 j=1 j=1
k
-8 H 9(wor4;)g(zanes)|| <A (23)
j=1 Y

for all xj, Tpij, Toktj Taks; € X forall j =1 — k and B € T'. Then there exists a unique generalized
homomorphism H : X — Y such that

(24)

forall x € X

Theorem 3.2. Suppose f: X — Y is a mapping with f(()) = 0 for which there exist a mapping g : X - Y
with g(O) =0, g(l) =1 and a function

@ X4 5 R
such that
H ( Z:L'] + — Zl‘k+j + — H x2k+]$3k+])
] 1
k k k
*52]’1(%‘) *52 Ik+g H I2k+] I3k+j)
=1 =1 j=1 Y
< P(T15 oo Ty oo T2k, ovy Ty ooy Tk (25)
k k k k
9(5 H TjTrtj + B H $2k+j5€3k+j) - B H 9(x;)9(wrss) — B H 9(zarts)9(warrs)
Jj=1 Jj=1 Jj=1 Jj=1 Y
< gp(xl,...,xk,...,xzk,...,m3k,...,x4k) (26)
and

@(xh vy Ly ooy L2k ey L3k .-.7334k)

=3 @Ry T ) <o (27)

2k)" T (2k) T (2k)" T (2k)" T (2k)"

for all xj, Tpij, Toktj Taks; € X forall j =1 — k and B € T'. Then there exists a unique generalized
homomorphism H : X —Y

Proof. The proof is similar to the proof of theorem 3.1.

15
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Theorem 3.3. Suppose p # 1,¢ > 0 and f: X — Y is a mapping with f(O) = 0 for which there exist a
mapping g : X — Y with g(O) =0, g(l) =1 such that

k
Hmf(ﬂ Zgjj Zkaﬂ H$2k+]$3k+3)
j=1 = Jj=1
k k k
- B Z f(xj) -8 Z xk-&-J H $2k+J $3k+j)
i=1 =1 j=1 Y
k
<ey Hf($2k+j)HY (28)
j=1
k k
(5 H TiThtj + B H I2k+ﬂ3k+y) B1T 9(xi)g(xers) = B[ 9(@2n15)9(wans)
Jj=1 Jj=1 Jj=1 Y
k k k k
< e( Do llosllse + X2 lonallie + D2 wawslc + 3 sy ) (29)
=1 =1 =1 s

for all T, Tpij, Tok+j, T3kt € X forall j=1—k and all B € L. Then there exists a unique generalized
homomorphism H : X —Y

Proof. In this theorem I only prove the case p < 1 and the case p > 1 the proof is similar.

Case I: Putting zog+; = T3k4+; = 0, m = 1. in (28)

k k k k k
(3485 ) 53 1) -5, < S0 =0

j=1 j=1 j =1

for all B € L', z;, xyj, Toktj, Taprj € X for all j =1 — k. Thus we have

k

k k k
P8 ws+ 8% wnrs) =B f) + 8 F(wnrs) (31)
j=1 j=1

j=1 j=1
for all B € L', zj, optj, Toktj, Takt; € X for all j =1 — k. By lemma 2.6 the mapping f is C-linear

Case II:
Putting z; = 254, =0, B =m = 1. in (28)

L o

k k
Hf( H I2k+j$3k+j) - H f(x2k+j)g(x3k+j)
j=1

j=1

< ézk: Hf(l'2k+i)
Y Jj=1

16
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and replacing @og+j, Tak+j by (2k)*" @k j,

(2k)*" 23,4, respectively, in (28) and multiply both sides of (28) by s we get

(2¢)
Hf((%)?’“"(Hﬁ_lwzwmﬂ)) L 7 (@025 ) g (20)" 515 )

(Qk)an (Qk)kn (Qk)kn

Jj=1 Y

.

k
< i 2 /(09 e

for all zogt;, 36+, € X for all j =1 — k. Pass the limit as n — oo in (34) we have

b k 9((2k)"$3k+j>

Hf( H 9C2k+j$3k+j) - H f(ffzkﬂ‘) (%)kn

Jj=1 Jj=1

= (2]4:6)’“1 i [#(2e)
j=1

HY

for all xog4j, 23645 € X for all j =1 — k. Pass the limit as n — oo in (34) we have

k k k

f( H 332k+j$3k+j) = H f(z2r+45) H f1(z3045)

Jj=1 j=1 j=1
for all B e L', Tj, Thtjs Tok+js T3kt+j € X forall j=1—k.

Next we claim that H; is homomorphism.
Case III.
Putting xj4; = x3r+; = 1 for all j =1 — k , and replacing z;, zort; by (2k)F"a;, (2k)*"zs

in (29) and multiply both sides of (29) by ( L

9((2k)k" (»3 H§:1 TjTpys+ P H?:l $2k+j$3k+j)) BH;LI g((2k)kmz;)

(2k)kn (2k)kn

H?:l 9((2k)kn$j+3k)
(Qk)kn

—-B

< — (ol el + > R
(2k) 5= =1

Y
k k

+ 2110 ok  + D 2R )
j=1 j=1

for all z;, o5 € X forall j=1—k and € L'. Pass the limit as n — oo in (36) we have

k k k k
H, (5 H z;+ H £E2k+j) =p H Hy(z;) + B H Hi(2j421)
j=1 j=1

Jj=1 Jj=1

By lemma 2.6 the mapping H is C-linear

L

k+j respectively,

(37)

17
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Case IV.
Putting z; = x44; =0 forall j=1—k, =1 in (29)

k

9(H$2k+j9€3k+g‘) H $2k+g x3k+j)

j=1 j=1

E

k

k
(D lwarssll + 3 lwseslli) (38)
j=1

=1

for all op4j, 23645 € X forall j=1—%
and replacing sk, Z3k+; by (2k)k"m2k+j7 (2k)k"x3k+j respectively, in (29) and multiply both sides of

(29) by W

g((Qk)an ( H_];:l m21<:-‘rjsc3k’-i-j)) H_];:l g((?k)k”xgk_,_j) H?:l g((2k’)kn$3k+j)

k k
R (Z Vi + D[R asslly)  (39)
j=1 j=1
for all xog4j, 23645 € X for all j =1 — k. Pass the limit as n — oo in (36) we have
k k k k
Hl(Hl‘j sz"'j) = HH H xj+k (40)
j=1  j=1 j=1 =1

from (3.4) that f is a generalized homomorphism. Similarly, one can show the result for the case p > 1.

References

[1] T. Aoki, On the stability of the linear transformation in Banach space, J. Math. Soc. Japan 2(1950), 64-66.
[2] J.M. Almira, U. Luther, Inverse closedness of approximation algebras, J. Math. Anal. Appl. 314 (2006) 30-44.

[3] Ly Van An, Generalized Hyers-Ulam type stability of the additive functional equation inequalities with 2n-variables
on an approximate group and ring homomorphism Volume: 4 Issue: 2, (2020) Pages: 161-175 Available online at
www.asiamath.org.

[4] R.B. R. Badora, On approzimate ring homomorphisms, J. Math. Anal. Appl.276, (2002), 589-597 .

[5] C.Baak,D.Boo. C. Baak, D. Boo, Th.M. Rassias, Generalized additive mapping in Banach modules and isomor-
phisms between C x —algebras, J. Math. Anal. Appl. 814 (2006) 150-161. .

[6] Y.Benyamini, J.Lindenstrauss. Y. Benyamini, J. Lindenstrauss, Geometric Nonlinear Functional Analysis, vol.
1, Colloq. Publ., vol. 48, Amer. Math. Soc., Providence, RI, 2000. .

[7] Pascus. Gavruta, A generalization of the Hyers-Ulam -Rassias stability of approximately additive mappings,
Journal of mathematical Analysis and Aequations 184 (3) (1994), 431-436. https://doi.org/10.1006/jmaa.1994.1211

[8] Donald H. Hyers, On the stability of the functional equation, Proceedings of the National Academy of the United
States of America, 27 (4) (1941), 222.hitps://doi.org/10.1073/pnas.27.4.222,

18



[9]

[15]

= —
B e A =2

- = = = =
©

o

[23]

[24]

LY VAN AN

M. Eshaghi Gordji and M. Bavand Savadkouhi Approximation of generalized homorphisms in quasi-Banach algebras
An. S t. Univ. Ovidius Constant a Vol. 17(2), 2009, 203-214.

Choonkil.Park. Hyers -Ulam-Rassias stability of homomorphisms in quasi-Banach algebras Bull. Sci.math.132
(2008) 2, 87-96.

C. Park, On the stability of the linear mapping in Banach modules, J. Math. Anal. Appl. 275 (2002) 711-720. States
of America, J. Math. Anal. Appl. 275 (2002) 711-720. States of America,,

C. Park, Homomorphisms between Poisson JC*-algebras, Bull. Braz. Math. Soc. 36 (2005), 79-97.

J.M. Rassias, On approximation of approximately linear mappings by linear mappings, J. Funct. Anal. 46 (1982)
126-130.

J.M. Rassias. J.M. Rassias, On approximation of approximately linear mappings by linear mappings, Bull. Sci.
Math. 108 (1984) 445-446.

Themistocles M. Rassias, On the stability of the linear mapping in Banach space, proceedings of the American
Mathematical Society, 27 (1978), 297-300. https: //doi.org/10.2307 /s00010-003-2684-8.

J. M. Rassias. Solution of a problem of Ulam, J. Approx. Theory 57 (1989) 268-273.

J. M. Rassias, Solution of a stability problem of Ulam, Discuss. Math. 12 (1992) 95-103.

S. Rolewicz, Metric Linear Spaces, PWN-Polish Sci. Publ., Warszawa, Reidel, Dordrecht, 1984.

J.M. Rassias,Complete solution of the multi-dimensional problem of Ulam, Discuss. Math. 14 (1994) 101-107.

Rafiquddin and Ayazul Hasan Homomorphisms and direct sum of uniserial modules Asia Mathematika Volume: 6
Issue: 1, (2022) Pages: 14 — 22 Available online at www.asiamath.org.

M. Rossafi, A. Bourouihiya, H. Labrigui and A. Touri. The duals of *-operator frames for End} g, Volume: 4
Issue: 1, (2020) Pages: 45 — 52 Available online at www.asiamath.org.

S M. ULam. A collection of Mathematical problems, volume 8, Interscience Publishers. New York,1960.

Ying Zhuang, Ziyang Zhu and Xiaojin Zhang Syzygy functions for self-injective algebras Volume: 3 Issue: 3, (2019)
Pages: 23-33 Available online at www.asiamath.org.

V. Yegnanarayanan On Certain Distance Graphs and related Applications Volume: 3 Issue: 2, (2019) Pages: 34-52
Available online at www.asiamath.org. .

19



	Introduction
	preliminaries
	Quasi-normed space - Quasi-Banach algebras.
	Some concepts of generalized homomorphism 
	 Solutions of the equation. 

	Stability of generalized homomorphisms quasi-Banach algebras

