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Abstract: In this article we have introduced some new types of sets such as pun strongly dense, pun strongly nowhere
dense, un strongly first category sets, pun strongly nowhere residual sets and their attributes are explained briefly. Also

by making use of these we have retrieved pun strongly Baire space and its properties are to be described.
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1. Introduction

Zadeh’s concept of fuzziness has a huge impact on all fields of mathematics. C.L.Chang][3] later combined the
ideas of fuzziness with topological spaces, laying the groundwork for the theory of fuzzy topological spaces.
K.T.Attanasov[l] discovered intuitionistic fuzzy sets, and with his friend Stoeva[2], he expanded his research
to reveal a generalisation to intuitionistic L-fuzzy sets. F.Smarandache[7] directed his attention to the degree
of indeterminacy and proposed the neutrosophic sets. Following that, A.A.Salama and Albowi[13] discovered
the neutrosophic topological spaces using neutrosophic sets. We[12] created Generalized topological spaces via
neutrosophic sets using all of the works as inspiration and named it as TS. In px TS the concept of Baire space

was putforth by us and here we extended our research ideas into the strong natures of py Baire space.

2. Necessities

Definition 2.1. [14] Let X be a non-empty fixed set. A Neutrosophic set | NS for short | A is an object
having the foom A = {< z, pa (2 ), oa(z), yva(2z) >: © € X} where pag (z), oa (z) and
~v4 ( ) which represents the degree of membership function, the degree of indeterminacy and the degree of

non-membership function respectively of each element = € X to the set A.

Remark 2.1. [1}] Every intuitionistic fuzzy set A is a non empty set in X is obviously on Neutrosophic sets
having the form A = {< pa (z), 1 —(ua (x)+0oa (z)), yva(xz) >: x € X}. Since our main
purpose is to construct the tools for developing Neutrosophic Set and Neutrosophic topology , we must introduce
the neutrosophic sets On and 1y in X as follows: On may be defined as follows

(01)0y =4{< 2,0,0,1 >: 2z € X

(©Asia Mathematika, DOI: 10.5281/zenodo.7120723
*Correspondence: rakshaarun218@gmail.com

48


https://orcid.org/0000-0003-1208-8620
https://orcid.org/0000-0002-0561-1287
http://www.asiamath.org/article/vol6iss2/AM-2208-6205.pdf

1.

N.RAKSHA BEN and G. HARI SIVA ANNAM

1y may be defined as follows
(L)ly =4{< 2,1,0,0 >: z € X

Definition 2.2. [14] Let A = {< pa, 04, 74 >} beaNSon X, then the complement of the set A [C' (A)
for short] may be defined as three kinds of complements :
(C1)YC(A) =A={ <z, l—pa(x),l=oa(z),l—qa(x) >: z € X}

Definition 2.3. [14] Let X be a non-empty set and neutrosophic sets A and Bin the form A = {< z, pa (z),
oa(x),va(x) >: 2 € X}and B = {< z,ug (z), 0 (z), yv6 (x) >: & € X}. Then we may
consider two possibilities for definitions for subsets ( A C B).

A C B may be defined as :

(A C B) < pa(z)<pp () oa(z)<op(2) va(2)>p(2)¥e € X

Proposition 2.1. [14] For any neutrosophic set A, the following conditions holds:
On € A4, On C On
A C 1y, 1y C 1N

Definition 2.4. [14] Let X be a non empty set and A = {< =z, pa (z ), oa ( = ),
Ya(z) >: oz € X} B = {< z,up(x), op(z),yg(xz) >: = € X} are NSs. Then
A N B may be defined as :

(h)ANB =<z pa(x) App(z) oa(z) Nop(z) ya(z)Vap(z)>

A U B may be defined as :

(L)AUB =<z pa(z)Vpp(x) oa(z)Vop(z) yalz)Ays(z) >

Definition 2.5. [12] A ux topology is a non - empty set X is a family of neutrosophic subsets in X satisfying

the following axioms:

(tn,)ON € i
(4, ) union of any number of py open set is uy open.

Remark 2.2. [12] The elements of un are py -open sets and their complement is called un closed sets.
Definition 2.6. [12] The ux- Closure of A is the intersection of all ux closed sets containing A.
Definition 2.7. [12] The ux- Interior of A is the union of all uy open sets contained in A.

Definition 2.8. [13] A neutrosophic set A in NTS is called neutrosophic dense if there exists no neutrosophic
closed sets B in (X,T) such that A C B C 1.

Definition 2.9. [13] The puy Topological spaces is said to be py Baire’s Space if pyInt(

U2, G;) = 0n where G;’s are uy nowhere dense set in (X, un).
Proposition 2.2. [13] Let (X, un) be a pn TS. Then the following are equivalent.

(X, un) is pn Baire’s Space.

2. unInt(A) =0n, for all uy first category set in (X, un).

3. unCl(A) =1, for every uny Residual set in (X, un).
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3. un Strongly Nowhere Dense sets:
Definition 3.1. Let (X, un) be a puy Topological Space. A neutrosophic sets ¢ defined on (X, uy) is called
pn strongly nowhere dense set in (X, uy) if ¢ AC is a uy nowhere dense set in (X, uy). That is, ¢ is a pyx

strongly nowhere dense set in (X, uy) if unInt(uxCL(CNC)) =0n in (X, un).

Proposition 3.1. If ¢ is a uy nowhere dense set in a puy Topological Space (X, un), then ¢ is a puy strongly

nowhere dense set in (X, un)

Proof. Let ¢ be a puy nowhere dense set in a ux Topological Space in (X, uy), then uyInt(unCIi(¢)) = On
in (X,pun). Since (AC C ¢ in (X, uy). We obtain that uyInt(unCI(CNC)) C unInt(unCI(¢)) and hence
pnInt(unCl(¢NE)) € O0n. That is, unInt(unCl({NC)) =0xn. Hence ¢ is a uy strongly nowhere dense set
in (X, pn). O

Proposition 3.2. If { is a uy nowhere dense set in a uy Topological Space in (X, uy), then ¢ is a pyn

strongly nowhere dense set in (X, un).

Proof. Suppose that ( is a yuy nowhere dense set in a 1y Topological Space in (X, un), then uyInt(unyCI(()) =
On in (X, pun). Since (NC¢ C ¢, unInt(unCl(CNE)) C punInt(unCl(C)) and hence pnInt(unCl((NE)) C On
that implies us pxInt(uxyCIl((N()) = Oy . Hence ¢ is a uy strongly nowhere dense set in (X, ). O

Proposition 3.3. If unCl(unxIntl) = 1y, for a neutrosophic set ¢ defined on (X,un), then ¢ is a pn

strongly nowhere dense set in (X, un) .

Proof. Suppose that punCl(unxIntl) = 1y in (X, uy). Then we deduce that uyCl(unInt¢) = Ox which

implies us punyInt(unCIl{) = On. We obtain unInt(unClIl¢) = On. Thus, ¢ is a puy nowhere dense set in
(X, un). By using proposition 3.2, ¢ is a py strongly nowhere dense set in (X, un). O

Proposition 3.4. If ¢ is a puy strongly nowhere dense set in (X, un), then C is also a uy strongly nowhere

dense set.

Proof. Let ¢ be a ux strongly nowhere dense set in (X, ) which entails us that uyInt(uxCI((NC)) = Oy
in (X, pn). Now pnInt(unCUCN Q) = pnInt(unCLUC N C)) = 0y. This implies us ¢ is also a py strongly

nowhere dense set in (X, un). O

Proposition 3.5. If ( is a uy nowhere dense set in uy Topological space then ¢ is uy strongly nowhere

dense set in (X, pn).

Proof. Let ¢ be a uy nowhere dense set in (X, un). Now by using Proposition 3.2 we get ¢ is a uy strongly

nowhere dense set in (X, uy) and by proposition 3.4 we obtain that { is uy strongly nowhere dense set in
(X, pn)- O

Proposition 3.6. If ¢ is a ux strongly nowhere dense set in (X, uy), then uyCI(CUC) = 1y.
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Proof. Let ¢ be a py strongly nowhere dense set in (X, puy) then we obtain that uyCI(CU() = Oy =

pnCl(uyInt(¢N Q) = 1y = pnCl(uyInt(CNC)) = 1y. But pnCl(uyInt({ U C)) € unCIUEUC) = 1y C
punCIl((UC). Hence we get unyCI(CUC) = 1y. O

Proposition 3.7. If unIntP is a pun dense set, for a neutrosophic set P defined on a uy TS (X, un) then

P is un strongly nowhere dense set in (X, un).

Proof. Suppose that unIntP is a uxn dense set in (X, uy), then unyCl(pyIntP) = 1y in (X, uyn). Then
m = On. This implies us pnInt(unyCIP) = Oy in (X, uy). Since PNP C P we deduce that
pnInt(unCUPNP)) C unInt(unyCIP) and hence puyInt(unyCI(PNP)) C Ox . That is uyInt(uxCI(PNP)) =
Oxn which implies us that P is puy strongly nowhere dense set in (X, un). O

Proposition 3.8. If P is a neutrosophic set defined on (X, un) such that pyInt(uyEFr(P)) =0y in a pn

Topological space then P is a py strongly nowhere dense set in (X, un) .

Proof. Let P be a neutrosophic set defined on (X, un) such that puyInt(unyFr(P)) = 0y. Since pyFr(P) =
unCIl(P)NunCI(P) and we know that uyCI(PNP) C unyCI(P)NunCIL(P). Now unyCI(PNP) C uyFr(P) =
punInt(unCUP NP)) C puxInt(uyFr(P)) = 0x. Hence we get muyInt(uyFr(P)) = Oy that implies us P

is a puy strongly nowhere dense set in (X, uy). O

Definition 3.2. A neutrosophic set in a py Topological space is called py simply open set in (X, uy) if
unFr(P) is pny nowhere dense set in (X,un). In otherwords, P is uy simply open set iff
pnInt(unCl(un FrP)) =0y in (X, un).

Proposition 3.9. If P is a uy simply open set in a uy Topological space (X, un), then P is a un strongly

nowhere dense set in (X, un).

Proof. Let P be a simply open set in (X,un). Then unInt(unCl(unyFrP)) = Oy in (X,un). But
unInt(unFrP) C unIntunCl(pn FrP). From this we obtain that uyInt(uyFrP) = 0y in (X, un). Then
by using proposition 3.8 we obtain that P is a uy strongly nowhere dense set in (X, un). O

Remark 3.1. The converse of the above proposition need not be true. This can be illustrated in the example

given below.

Example 3.1. Let (X,un) be a uy TS where X = {a,b} and we define neutrosophic sets
5 = {< 0.6,04,08 >< 0.8,0.6,0.9 >},0 = {< 0.6,0.3,0.8 >< 0.9,0.2,0.7 >},d3 = {< 0.5,0.4,0.9 >
< 0.7,0.8,09 >},0; = {< 0.4,0.6,0.9 >< 0.6,0.8,0.9 >},d5 = {< 0.3,0.7,0.9 >< 0.5,0.9,0.9 >} and
pn = {0n,081,02,03,04} be a pun TS here the pun simply open sets are {Opn, 82,05, 15} and the uy strongly
nowhere dense sets are {On,d2,03,05,1n}. Here 05 is un strongly nowhere dense set in (X, un) but not py

simply open set in (X, un).

Proposition 3.10. If P is a py closed set with unInt(P) = On in a py TS (X,un), then P is a py

strongly nowhere dense set in (X, pun).
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Proof. Let P be a uy closed set with uyInt( P) =0y in (X,ux). Then uyIntunCl(unCl PN uyCl P) =
punIntunCIl( PN uyInt P) = unIntunCIl( PN0x) = pnInt(unyCl P) = pnInt P = Ox. Hence,we get P
is a pn simply open set in (X, uxn). By proposition 3.9 deduce that P is a puy strongly nowhere dense set in
(X, 1) 0

Proposition 3.11. If P is a uy open set and pyn dense set in a py Topological space (X, un), then P is a

un strongly nowhere dense set in (X, un).

Proof. Let P be a uy open and uy dense set in (X, uy). Then P is a py closed set with uyInt P =
unCIl P =0y in (X, un). Then by using proposition 3.10 we retrieve that P is a uy strongly nowhere dense

set in (X, un) and by using the proposition 3.4 we obtain that Pisa un strongly nowhere dense set in (X, un)

which implies us that P is a py strongly nowhere dense set in (X, un). O

Proposition 3.12. Fvery subset of un strongly nowhere dense set is un strongly nowhere dense set.

Proof. Let P be a uy strongly nowhere dense set, then uyInt(uxCI(P NP) = Oy. If ( C P we have
CNP C NP = unInt(unCl({NP) C unInt(unCl(PNP) = 0y. Therefore ¢ is a py strongly nowhere dense
set. Hence, subset of uy strongly nowhere dense set is py strongly nowhere dense set. O

Proposition 3.13. A neutrosophic set is juy strongly nowhere dense set if and only uxnCl(unxInt(PNP)) =

In.

Proof. Suppose P is uy strongly nowhere dense then pyInt(uxyCIl(PNP)) = 0x. Now, unCl(uyInt(P NP))
= unCl(unClU(P NP)) = unInt(unCI(PNP)) = 1. Conversely we assume that uxCl(uxInt(P NP))

1n . On considering, uyInt(unCI(PNP)) = unCl(unyCI(P NP)) = unCl(unInt(P NP)) = uyInt(unCl(PN

P) =0y . Hence it is uy strongly nowhere dense set.

O

Proposition 3.14. If P is uy strongly nowhere dense set then unInt(PNP) =0y .

Proof. Suppose P is uy strongly nowhere dense then pyInt(uyCIl(P NP) = 0y. Now, unxInt(PNP) C
punInt(unCl(PNP) =0x. Hence, uxInt(PNP) =0y. O

4. uy strongly first category sets in uy TS:
Definition 4.1. A neutrosophic set is said to be ux stongly first category set in px TS if 6 = UJ2,6; where

0;’s are ppy stongly nowhere dense sets. The left out sets are called as py stongly second category sets. The

complement of py stongly first category sets are called ppy stongly residual sets.

Example 4.1. Let (X,un) be a puy TS where X = {a,b} and we define neutrosophic sets L1 = {< 0.6,
0.4,0.8 >< 0.8,0.6,0.9 >}, Ly = {< 0.6,0.3,0.8 >< 0.9,0.2,0.7 >}, Ly = {< 0.5,0.4,0.9 >< 0.7,0.8,0.9 >},
Ly={<04,06,0.9><0.6,0.8,0.9 >}, Ly ={<0.3,0.7,0.9 >< 0.5,0.9,0.9 >} and uny = {On, L1, Lo, L3, L4}
be a py TS. Here uyn stongly first category set is Lo = {< 0.6,0.3,0.8 >< 0.9,0.2,0.7 >}. The uy stongly

second category sets are On,1n, L1, L, Ly and the puy stongly residual set is L.

52



N.RAKSHA BEN and G. HARI SIVA ANNAM

Proposition 4.1. If P is a pun first category set then P is un stongly first category set.

Proof. Let P be a py first category set in a pny TS. Then P = U2, P; where P;’s are puy nowhere dense
sets in pxn TS. By making use of the fact “Every uy nowhere dense set is ppy strongly nowhere dense set”
we deduce that P;’s are un strongly nowhere dense sets and hence P = U2, P; where P;’s are pun strongly

nowhere dense sets. Therefore, P is uy strongly first category set. O
Remark 4.1. Every pun strongly first category sets need not be un first category set. It is exemplified below.

Example 4.2. Let X = {a} and uy = {On,A,C,E} be a py TS where Oy = {<0,1,1 >}, A={<0.7,0.8,
09>}, B={<03,04,06>}, C={<0.9,0.7,06 >}, 1y ={<1,0,0 >}. Here the muy first category set
is Oy = {< 0,1,1 >} and the un strongly first category set is C = {< 0.9,0.7,0.6 >}. From this clearly we
deduce that the uy strongly first category sets need not be py first category set.

Proposition 4.2. If P = U2, P; where P;’s are pn closed sets with punIntP =0y then P is a un strongly
first category set.

Proof. Suppose P = U2, P; where P;’s are puy closed sets with punxIntP = Oy ina uy TS (X, pun). Then
by the fact, “If P is uy closed in puy TS with punyInt(P;) = Oy then P is py strongly nowhere dense set”.
By making use of this theorem we deduce that P is puy closed in py TS with pyInt(P;) = 0x. Thus, P is
iy strongly nowhere dense set and then we have P = U2, P; where P,’s are un strongly nowhere dense sets.

Thereupon P is a py strongly first category set. O
Theorem 4.1. If P =UX, P, where unInt(unFr(P;)) = 0n then P is uy strongly first category set.

Proof. Assume that P = U2, P; where punInt(unFr(P;)) = O0x. By theorem,“If unInt(unFr(P)) =0x for
a muy open set in uy TS then P is uy strongly nowhere dense set.” By making use of this we obtain that
P;’s are un strongly nowhere dense sets. Therefore, P = U2, P; where P;’s are pun strongly nowhere dense

sets and hence P is uy strongly first category set. O

Theorem 4.2. If P = U2, P; where P, ’s are pun open sets in puy TS then P is pun strongly first category
set.

Proof. Given that P = U2, P; where P;’s are pn open sets in uny TS and also pun dense set in puy TS. By
theorem, “ If P is a uy open set in uy TS and P is also uyn dense set in (X, uy), then P is a puy strongly
nowhere dense set in (X, un). ” By making use of this theorem we obtain that P;’s are puy strongly nowhere
dense sets and P = U2, P;, where P;’s are uy strongly nowhere dense sets. Thereupon we get P is uy

strongly first category set. O
Theorem 4.3. FEvery subset of un strongly first category set is pn strongly first category set.

Proof. Let P be a py strongly first category set. Then P = U2, P; where P;’s are uy strongly nowhere
dense sets. Suppose ¢ € P = U2, P;. From this we deduce that ¢ C U2, P; which implies us that ¢ C P for
some py strongly nowhere dense sets. By using proposition 3.14 we obtain that ¢ is uy strongly first category
set. O

Remark 4.2. Superset of un strongly first category set need not be uy strongly first category set. This can

be explained in the below example.
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Example 4.3. Let uy = {On, 74,7} where Oy = {< 0,1,1 >}, 7, = {< 0.1,04,0.6 >}, 7, = {< 0.2,0.3,
0.5 >}, 7. = {< 0.6,0.6,0.1 >}, 74 = {< 0.5,0.7,0.2 >}. Here, 7. = {< 0.6,0.6,0.1 >} is un strongly first
category set but 7, 2 7. = {< 0.6,0.6,0.1 >} but 7, = {< 0.5,0.7,0.2 >} is not uy strongly first category set.

5. uy Strongly Baire Space:
Definition 5.1. A pny TS is called py strongly Baire space if uyCI(U2,P;) = 1y where P;’s are py

strongly nowhere dense sets.

Example 5.1. Let X ={a} and uny = {0n,A,C,E} be a uy TS where O ={<0,1,1 >}, A={<0.7,0.8,
09>}, B={<03,04,0.6 >}, C={<0.9,0.7,0.6 >}, 1y ={<1,0,0 >}. Here the uy first category set is
Oy ={<0,1,1 >} and the un strongly first category sets are C = {< 0.9,0.7,0.6 >} and 1y = {< 1,0,0 >}.
unCl(ly) =1n. Hence (X, un) is a un strongly Baire space.

Theorem 5.1. Let (X, un) be a py TS.Then the following statements are parallel in nature.

. (X, unN) is a un strongly Baire space.
. unClU(P) = 1N, for every un strongly first category set.

. unInt(P) =0n, for every pun residual sets.

Proof. (i) = (#i). Let P be a uyn strongly first category set in (X, pun). Then P = U2 P; where P;’ s
are puy strongly nowhere dense sets. Since (X, un) is a pn strong Baire space we get unCI(U2,P;) = 1n.
Hence, unyCI(P) =1y.

(ii) = (iii). Let P be a uy strongly residual set in (X, pux). Then we retrieve that P is a uy strongly first
category set in (X, un). From (ii) we obtain that uyCIU(P) = 1y = punInt(P) = 1. Hence, unInt(P) = 0y .
(i4i) = (i). Let P be a uy strongly first category set in (X, puy). Then P = U2 P; where P;’ s are a un
strongly nowhere dense sets. We have if P is a juy strongly first category set then P is a puy strongly residual
set in (X, ux). Now by making use of (iii) we obtain that uyInt(P) = On which gives us that uxyCI(P;) = O .
Therefore we get unCIl(P;) = 1x and hence punCl(U2,P;) = 1y where P;’ s are a un strongly nowhere

dense sets. Hence, (X, puy) is a py strongly Baire space. O

Theorem 5.2. If {P;},i =1 to 0o is uy open set and uyn dense set in puy TS then (X, un) is a py strongly

Baire space.

Proof. We know that, “If ( is uny open set and puy dense then ¢ is uy strongly nowhere dense sets”. By
making use of this fact we obtain that P;’ s are uy strongly nowhere dense sets in (X, uy). Let & = U2, &;
then &;’s are pun strongly first category sets. Now, unyCI(&;) = unCI(U2,&) D U2 unCl(&;) = 1n. Hence,
(X, un) is a puy strongly Baire space. O
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