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Abstract: This article focuses on the feature screening problem of ultrahigh dimensional data with responses missing
at random. A model average feature screening method is proposed based on the inverse probability weighted method.
The proposed screening procedure is robust to the heavy-tailed distribution data and potential outliers. It can deal with
missing data when the response variable is missing at random. It is model-free and the sure screening properties are

satisfied. We illustrate its screening performance through Monte Carlo simulations.
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1. Introduction

With the rapid development of science and technology and data acquisition capability, ultrahigh dimensional
data has become more frequent in many fields, such as biomedicine, economics, social sciences, and so on. The
dimensionality p of the collected data increases exponentially with the sample size n, that is logp = O(n%)
for some ¢ > 0. Ultrahigh dimensional features lead to the invalidation of traditional statistical methods, the
inability to extract information effectively, and low computational efficiency. To handle this kind of ultrahigh
dimensional problem, some fast and simple dimensionality reduction methods without information loss need to

be studied.
In the case of complete data, many dimensionality reduction methods have been formed. [1] proposed

the feature screening method SIS for the ultrahigh dimensional linear model based on the marginal Pearson
correlation coeflicients between covariates and response variable to construct screening indicators. Under some
regularity conditions, the ranking consistency and screening consistency of predictors are satisfied. Thus,
selecting features based on the sorted screening indicators can obtain the possible active predictors. On the
basis of their research, many statisticians have carried out corresponding research works. [2] proposed a feature
screening procedure under the assumption of a generalized linear model by ranking the maximum marginal
likelihood estimates or the maximum marginal likelihood itself. [3] significantly improved SIS by using distance
correlation coefficients to reduce the dimensionality of ultrahigh dimensional covariates without specifying
any model assumptions. [4] proposed a conditional quantile-based feature screening method for the ultrahigh
dimensional data without model assumptions, which to some extent, optimized the method proposed by [5].
[6] proposed a feature screening method based on the Blum-Kiefer-Rosenblatt correlation coefficient, which

is effective in dealing with nonlinear effects. [7] proposed a model-free procedure called covariate information
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number sure independence screening (CIS). CIS used a marginal utility connected to the notion of the traditional
Fisher information and possessed the sure screening property. Many feature screening procedures can also be
found in [8-10], and so on.

However, in many cases, due to some unavoidable factors, part of the information of some samples would
not be observed, which is the so-called missing data. In many practical problems studied [11-13], there are often
missing data. When the sample is missing, it cannot entirely reflect the actual characteristics of the interested
problem. Failure to properly handle missing values may lead to bias in the final analysis results. In the missing
mechanisms ([14]), missing at random (MAR) is a common phenomenon in practice, and many methods have
been proposed to solve the missing data problems. The ultrahigh dimensional features coupled with missing
data lead to many challenging problems. There are few studies on ultrahigh dimensional feature screening
with responses missing at random. [15] proposed an inverse probability weighted Pearson correlation coefficient
under the assumption of a linear model. Combined with the inverse probability weights and the SIRS feature
screening method proposed by [8], [16] proposed a model-free ultrahigh dimensional feature screening method
with responses missing at random. Furthermore, [17] studied the feature screening in ultrahigh dimensional
partially linear models with responses missing at random and [18] studied the feature screening for ultrahigh
dimensional categorical data with covariates missing at random.

In addition to the problem of missing data, observations are often accompanied by outliers, heavy tails,
etc. Some robust methods which can handle the problems of outliers, heavy tails and responses missing at
random are needed. Since quantiles are not sensitive to outliers and heavy-tailed distribution data, this paper
combines the inverse probability weighted method, the idea of model average, and conditional quantiles to
propose a feature screening procedure on the ultrahigh dimensional continuous data with responses missing at
random. Considering that the missing mechanism of the response variable is missing at random, the feature
screening method for a binary ultrahigh dimensional data based on the model averaging technique proposed by
[19] is used to screen out the predictors related to the missing indicator at first. Then the inverse probability
weights would be obtained on this basis.

The second part of this paper will introduce an inverse probability weighted conditional quantile feature
screening method (MMACQ) based on the model average technique under the assumption that the response
variable is missing at random and study its theoretical properties under some regularity conditions. The third
part uses Monte Carlo numerical simulations to verify the finite sample properties of MMACQ and compare
it with other screening methods. The relevant proofs of the theoretical properties will be presented in the

supplementary material.

2. Model Average Feature Screening

Let Y be the response variable with support set ¥,,. X = (Xi,...,X,)7T is the covariate vector. The dimension
p is much larger than the sample size n, which increases exponentially with the increase of the sample size n

and satisfies the sparsity assumption. That is, only a small number of covariates affect the response variable.

2.1. Screening method

In order to identify those important covariates that have significant effects on the response variable, the active
and inactive predictor sets are defined as A = {k : F (y‘X) depends on Xi,k=1,...,p for some y € ‘Ily} and
L= {k : F(y‘X) does not depend on X, k=1,...,p for any y € \Ily} If £ € A, then X} is an important
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predictor. If k € L, it means that X has no effect on the response variable and is an unimportant predictor

variable.
Considering that quantile regression has obvious robustness when dealing with heavy-tailed data and

outliers, [4] focused on the conditional quantile, Q. (Y|X) =inf (t:pr(V < t‘X) >7), 7 € (0,1). Define
the set of important predictors and the set of unimportant predictors under a given 7 quantile as A, =
{k CQr (Y|X) depends on Xi, k=1,... ,p} and L, = {k 1 Q) (Y’X) does not depend on X,k = L...,p}.
Obviously, A, is a subset of A.

In the case where the response variable is missing at random, it is assumed that the observed sample data
is (Y;,0;, X;), i=1,...,n. If Y; is missing, then ¢; = 0, otherwise 6; =1, and P (6 = 1‘X,Y) =P ((5 = 1‘X)
Based on the MAR assumption and the sparsity property, the value of the missing indicator § is only affected
by some predictors. Thus we can define the active predictors set and the inactive predictors set for the missing
indicator ¢ as A5 = {k: - P (6 = 1|X) depends on Xk} and L5 = {k . P ((5 = 1|X) does not depend on Xk}.

When the ultrahigh dimensional data is completely observed, [4], inspired by the definition of conditional

expectation, defined the feature screening index as

dy, (t) :E<[TfI{Y<QT(Y)}}I(Xk <t)>.

However, this method is no longer applicable when the response variable is missing at random. An inverse

probability weighted feature screening measurement dj (¢) is considered here,

)

BOZE b (=)

7= Ty < Q- (M} |1(Xy <f>] =di (1)

Given Xy, if the 7 quantile conditional quantile of Y is independent of Xy, that is, Q,(Y|Xk) = Q-(Y), then
d;(t) = 0. Given the 7 quantile, the estimate of dj(t) is

d;(t):n—lgm[T—I{Yi<QT(Y)HI{Xik<t}7k:1,...7p,

where QT (Y) is the quantile estimate of Y1,Ys,...,Y,, at a given 7 quantile. Thus, the marginal utility of the
kth predictor is
d

When the response variable Y is independent of the predictor variable X, ‘

:nilszz (Xik)27k =1,...,p.
i=1

a?z will fluctuate around zero

and approach zero, it can be used to measure the importance of covariates. The estimated active predictor set
would be
dj

AT:{I@:‘ ch_“,kzl,...,p}7

where ¢ and « are predetermined thresholds.

, we have to first estimate P (51- = 1’XA5) and Q. (Y). Note that the value

In order to calculate Hdz

of § is 0 or 1. Therefore, we can select covariates using some binary classification feature screening method.
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[19] proposed a conditional quantile feature screening method called MACQFS, based on the model average
technique for the binary response variable, which is used here to get As = {k twp>on N k=1,... ,p} , where

@y is the estimated index to measure the connection between missing indicator 0 and covariate X}, details
can be seen in [19], v and n are the pre-set threshold values. Since v and n are difficult to be determined

in advance in the actual operation process, [1] proposed that the estimates of the screening index & can be
sorted in descending order, and the top [n/ log(n)] are selected to constitute the estimated set of important
predictors, where [] is the rounding function, ds = [n/log(n)]. The estimated set of important predictors
that affect the value of § is A = {k : among the largest ds of @z} According to the Theorem 2 of [19],
under some regularity conditions, P(A4s C /lg) — 1. It means using the MACQF'S feature screening method

can select the important predictors which are related to §.

Based on the estimated set of important predictors for missing indicator ¢, we can estimate P (5 = 1|X ) =

P (5 = 1’X As) by some nonparametric estimation methods. However, although using the MACQFS method

to screen the original covariates can compress the original covariate dimension p to the dimension ds =

[n/ log (n)] < n, there may still be high dimension for the possible nonparametric estimation. Assuming
that P (5 = 1|XA5) = exp (Xﬁéﬁ) / (1 + exp (Xiﬁ)) is a logistic model, SCAD (]20]) can be used to per-

form another variable selection on the covariates and get the estimates set As. After re-selection of variables,
new important predictor variable estimation sets /lg for missing indicator § and BSC 4D are obtained, and then
P (6=1]X) = P (5 = 1|XA5) =P (5 =1|X A§> can be obtained. Another difficulty is that Q. (Y) is hard
to be obtained because of the missing data of Y. The method proposed by [21] will be used to estimate the
quantile of the response variable. The core of this method is non-parametric verification.

Since the number of values for 7 € (0, 1) is infinite, the impact of the predictor variable on the response
variable Y at different quantiles may differ. If we only consider the method under a certain 7 quantile
alone, we will lose lots of information, so we use the idea of model average. Take the quantile sequence
0<m < <7y < 1. We regard the local important predictor sets under different quantiles as multiple
candidate models and form an important global predictor set by weighted combination.

Define the set of locally significant predictors and the set of unimportant predictors as
A = {k tQr, (y‘X) depends on Xj,k=1,...,p for some y € \Ily} ,

L, = {k tQr, (y‘X) does not depend on Xy, k=1,...,p for any y € \Ily} .

We can estimate A, as

Tk
dk:,‘rs

where ’

58



PENG LAI, MINGYUE WANG, YUFEI GAO and FENGLI SONG

To comprehensively consider the influence of predictors on the response variable at different 7 quantiles,
combined with the idea of model average, we weighted the local important predictor variable screening indicators

to form the global important predictor variable screening indicators

Ry = szzleSI(Xk € ATS>.

*
Ts ?

Regarding the model average weights w* , s =1,...,m, such as [22], considering the local important predictor

set A, in the m local important variable sets, we get

~
w 1
* Ts ~k *
wTs - Zm ~x wTS - ./4 EkEATS dkﬂ's ’
s:lw‘rs | Ts

where ||d, .|| = E{dk -,(Xx)?}. The estimate of the globally significant predictor screening metrics is

Bo=Y a1 (X e d,),
s=1
where

%

AR Ts ~k ]' E
- k,Ts

= w
Ts m 2, 0 Ts A
Zs: 1 w‘l's

Regarding the globally important predictor variable screening indicator Ry, there may be two situations

keA,,

Ts

when the estimated value is large: (1) Its corresponding predictor X}, exists in multiple sets of locally important
predictors; (2) Even if X} does not exist in multiple sets of locally important predictors, the set of important
local predictors which is located in is more important according to the model average weight. The above two
situations show that when the estimated value of Ry is large, the corresponding predictor variable X has a

more significant impact on the response variable so that the predictor variables can be screened by Ry,. The
set of globally significant predictor estimates is

A= {kf%k >en~ %k = 1,...,p},
where ¢ and « are pre-set threshold values. Also, we can select the largest d = [n/log(n)] variables as
A= {k : among the largest d of Rk} .
The above screening method based on the model average and the inverse probability weights is called MMACQ.

2.2. Sure screening properties

In order to study the theoretical properties of the MMACQ method, the following conditions are required.

e C1. There exists constants ¢ >0, M >0, and « € [0,1/4), such that

(0%

0o > M > max ||d;|| > min ||df|| > 2en™* and min Ry, > 2en™ .
keA- ke Ar keA

59



PENG LAI, MINGYUE WANG, YUFEI GAO and FENGLI SONG

e (C2. In the neighborhood of Q. (Y), F(y) is second-order differentiable. The density function f(y) of ¥

is uniformly bounded away from 0 and infinity, and f’(y) is also uniformly bounded.
e (3. There exists a constant #; > 0 , which is the lower limit of P;, that is 0 < ¢; < P; <1.

Remark: The condition (C1) ensures that the marginal utility of carrying predictor information does not
decay too quickly. Condition (C2) is a necessary condition for quantile regression. In condition (C3), ¢,
is a small positive number, and the purpose is to ensure that the denominator of ¢;/F; is not 0, where
P, = P(§; = 1|1 X 4;,0), 0 is the parameter.

Theorem 2.1. (Sure screening property) Under conditions (C1)-(C3), there are positive constants ¢; and cq,

such that

P (s [[d5] - 1451 | 2 en*) < 0 {pesp (ean® ) + pesp (—ean' )}

«

Because of minge 4. ||di]| > 2en™%, we can further get

P (AT C /lr) >1— 0 (a, exp(—e1n® ) + a, exp (—can' %)) ,

where a, = |A;| represents the number of elements in the important variable set A, .

Theorem 2.2. (Minimum Model Size) Under the conditions (C1)-(C3), there are positive constants cg, ¢4,

cs, cg, such that

P(max

1202, Rk - Rk‘ > cn_@> SO {pnm exp (_63n3—2a) + pmn exp (—C4n1_2a)}

+ 0 (an,mmp exp (—C5n3*2a) -+ Qp,mMpP eXp (_Cﬁn172a)) ]

[

Because of inillxl Ry > 2en™%, we can further get
€

P (A - A) >1-0 {Annm exp (—63n372”’) + A,mnexp (—04711720‘)}
(2)

3—204)

-0 (Anammm exp (—Csn + An Gy, mmexp (—c6n1_2")) ,

where A,, = ’A’ represents the number of elements in the important variable set A, ap m, is the mazimum value

of the set {an-,,1 < s <m}, ap,, = |ATS} represents the number of elements in the important variable set
A

Combined with the definition of ultrahigh dimensional data, it is considered that the dimension p of the
predictor variable increases exponentially with the increase of the sample size n, that is, p = o (exp (n'y))
Assuming the number of quantiles m = O (nﬂ), where § > 0, when 0 < v < log (n1*20‘ — log(nﬂﬂ)) and
0< B < (n'72* —log(n) — 1) /log(n), the right side of the formula (1) tends to 0, which is P(A C A1 It
shows that when the conditions (C1)-(C3) are satisfied, the important variable estimation set obtained by the

MMACQ method contains the real important variable set with a probability tends to 1. The proofs of these

theorems are detailed in Supplementary Material.
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3. Numerical examples

3.1. Monte Carlo Simulations
In this section, Monte Carlo numerical simulation will be used to test the screening performance of the average
feature screening method MMACQ for the ultrahigh dimensional model with responses missing at random
proposed in Section 2 of this paper.

To compare the difference between the screening method that comprehensively considers multiple quan-

tiles, that is, the MMACQ feature screening method, and the screening method that only considers a given

quantile, this section uses the important local variable defined in Section 2 to screen the index HJZT’ , in the

case of given quantiles 7 = 0.5 and 7 = 0.35, the set of predictors is screened respectively, and the screening
processes under the above two quantiles are called MCQ(0.5) and MCQ(0.35). To make the screening results
more convincing, this section proposes to compare the MMACQ method with the MCQ(0.5) and MCQ(0.35)
screening processes mentioned above, as well as the CC screening process (feature screening after removing all
samples with missing responses), F screening (feature screening under full data), and the MAR feature screening
method proposed by [16] for comparison.

According to the definition of the global screening index in the MMACQ feature screening method, in the
simulation process, we set the quantile sequence as {0.05, 0.15, 0.25, 0.35, 0.45, 0.55, 0.65, 0.75, 0.85, 0.95},
which is m = 10. We use the logistic model p(§ = 1|X,) = exp(X "8)/(1 + exp(X T3)) to generate the
missing index §, where § is a p — dimensional parameter vector, and by selecting the appropriate parameter
3, the missing rate of the response variable can be controlled at around 50% and 70%. In order to reduce the
randomness of data generated during the Monte Carlo numerical simulation, the results in this section are based
on 500 repeated experiments. During all experiments, the size of the estimated set of important predictors
is d = [n/log(n)]. Set each example sample size n and predictor dimension p to be (n,p) = (200,1000)
and (n,p) = (200,5000), respectively. In order to visually compare the screening performance of the above 6
screening processes, define P, , the proportion of which all active predictors being selected into the submodel

with size d over 500 replications.

Example 3.1 (Linear Model). Consider the linear regression model
Y; = 3.5X1; +2X0; +2.5X3; + 33Xy + €4,

where the predictor variable X; = (X14, Xai, . .. ,Xpi)T, (i=1,...,n) is generated from a multivariate normal
distribution with mean 0, cov(X,;, Xk;) = Pkl (jk=1,...,p). Let p be 0.3, 0.6, 0.9, respectively. The
residuals e; follow a standard normal distribution. In order to test whether the above six screening processes
can screen out predictors with heavy-tailed features, let X1; obey the t distribution with 3 degrees of freedom,
and let X,; be the t(3) + 1 distribution. Selecting 8 = (2,3,0,...,0) and 8 = (4,6,0,...,0,—=5.5), the random
missing rates of the response variables are 50% and 70%, respectively. The screening results are shown in Tables
1-2.

As shown in Tables 1-2, The MMACQ feature screening method is more effective in screening, and
its screening performance is constantly improving with the strengthening of the correlation of the predictor
variables. The MMACQ feature screening method is the most stable method when the response variable is
missing at 50% and 70%, respectively, and its screening results are closest to those of the F method. The CC

method cannot effectively screen out all important predictors because of the loss of information with missing
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Table 1. The selecting rates P, in Example 3.1 when (n,p) = (200, 1000)

p method 50% 70%
X1 Xa X3 X4 P, X1 Xa X3 X4 P,
MMACQ 1.000 0.940 1.000 1.000 0.940 1.000 0.940 0.940 0.935 0.850
MCQ(0.5) 0.990 0.590 0.990 0.995 0.575 1.000 0.755 0.945 0.940 0.690
0.3 MCQ(0.35) 1.000 0.930 1.000 1.000 0.930 1.000 0.925 0.920 0.900 0.805
: MAR 0.985 0.815 1.000 1.000 0.800 1.000 0.895 0.950 0.930 0.810
CcC 0.995 0.195 0.995 1.000 0.195 0.995 0.280 0.985 0.985 0.270
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 0.990 0.995 0.995 0.995 0.985 0.990 0.995 1.000 0.990 0.975
MCQ(0.5) 0.950 0.920 0.990 0.990 0.860 0.980 0.975 1.000 0.985 0.945
0.6 MCQ(0.35) 0.985 0.995 0.995 0.995 0.980 0.990 0.995 1.000 0.975 0.960
: MAR 0.955 0.975 0.995 0.995 0.935 0.985 0.980 1.000 0.980 0.945
CcC 0.930 0.855 1.000 1.000 0.785 0.930 0.770 1.000 1.000 0.705
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 0.985 1.000 1.000 1.000 0.985 1.000 1.000 1.000 1.000 1.000
MCQ(0.5) 0.790 0.995 1.000 1.000 0.785 0.980 1.000 1.000 1.000 0.980
0.9 MCQ(0.35) 0.930 1.000 1.000 1.000 0.930 0.995 1.000 1.000 1.000 0.995
: MAR 0.890 1.000 1.000 1.000 0.890 0.990 1.000 1.000 1.000 0.990
CcC 0.765 1.000 1.000 1.000 0.765 0.765 1.000 1.000 1.000 0.765
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Table 2. The selecting rate P, in Example 3.1 when (n,p) = (200, 5000)
P method 50% 70%
X1 Xa X3 X4 P, X1 X2 X3 X4 P,

MMACQ 0.995 0.905 0.990 0.975 0.885 0.995 0.925 0.900 0.860 0.745
MCQ(0.5) 0.970 0.405 0.950 0.965 0.360 0.985 0.620 0.905 0.885 0.515
0.3 MCQ(0.35) 1.000 0.850 0.980 0.985 0.835 0.990 0.890 0.890 0.785 0.640
: MAR 0.995 0.720 0.955 0.975 0.690 0.995 0.770 0.905 0.845 0.595
CcC 0.990 0.095 0.995 1.000 0.085 0.950 0.100 0.870 0.950 0.095
F 1.000 1.000 1.000 1.000 1.000 1.000 0.995 1.000 1.000 0.995
MMACQ 0.995 0.995 1.000 1.000 0.990 1.000 0.985 0.980 0.985 0.970
MCQ(0.5) 0.950 0.875 0.990 0.985 0.820 0.990 0.955 0.980 0.990 0.930
0.6 MCQ(0.35) 0.985 0.985 0.995 1.000 0.965 0.995 0.980 0.980 0.975 0.950
: MAR 0.975 0.980 0.995 0.995 0.945 1.000 0.975 0.980 0.985 0.965
CcC 0.875 0.605 1.000 1.000 0.515 0.785 0.545 0.955 0.975 0.355
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 1.000 1.000 1.000 1.000 1.000 0.985 1.000 1.000 1.000 0.985
MCQ(0.5) 0.710 0.985 0.995 0.995 0.700 0.925 0.995 1.000 0.995 0.915
0.9 MCQ(0.35) 0.940 1.000 1.000 1.000 0.940 0.980 1.000 1.000 1.000 0.980
: MAR 0.910 1.000 1.000 1.000 0.555 0.620 0.985 1.000 0.990 0.600
CcC 0.560 0.995 1.000 1.000 0.555 0.620 0.985 1.000 0.990 0.600
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

data being deleted. When the dimension increases with a fixed sample size, the feature screening performance

turns worse. But the proposed MMACQ shows the best performance.

Example 3.2 (Linear model with outliers). Use the same model settings as Example 3.1, and let 95% of the
residuals follow a standard normal distribution, and the other 5% follow a normal distribution with a mean of
2 and a variance of 8. The screening results are shown in Tables 3-4. From Tables 3-4, we can see that under

the outlier situation, the proposed MMACQ procedure shows the best performance which is similar to the results

of Example 3.1.

Example 3.3 (Nonlinear Model). Consider the nonlinear model

where the covariate X; = (X4, .- -,

and covariance cov(Xi, Xpi) = pi=F (k= 1,...

Y; = 3X,

1

i/S + 3.5I(X2i < 0) + 2.5X73; + 3 Xy + €4,

X,)T,(i=1,...,n) obeys a multivariate normal distribution with mean 0

,p). Let p be 0.3, 0.6 and 0.9, respectively. The residual
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Table 3. The selecting rate P, in Example 3.2 when (n,p) = (200, 1000)
50% 70%
X1 X2 X3 X4 Py X1 X2 X3 X4 Py

MMACQ 0.995 0.900 0.985 0.990 0.875 1.000 0.965 0.960 0.960 0.905
MCQ(0.5) 0.995 0.560 0.960 0.970 0.540 0.995 0.790 0.960 0.945 0.730
MCQ(0.35) 0.995 0.885 0.985 0.985 0.860 1.000 0.935 0.955 0.885 0.820

p method

0.3 MAR 1.000 0.790 0.975 0.985 0.765 1.000 0.920 0.965 0.940 0.865
CC 1.000 0.225 1.000 1.000 0.225 0.975 0.280 0.970 0.970 0.235
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 1.000 0.985 1.000 1.000 0.985 1.000 0.990 0.990 0.995 0.980
MCQ(0.5) 0.935 0.935 1.000 1.000 0.875 0.995 0.955 0.985 0.990 0.945
0.6 MCQ(0.35) 1.000 0.985 1.000 1.000 0.985 1.000 0.990 0.990 0.995 0.985
: MAR 0.990 0.980 1.000 1.000 0.970 1.000 0.975 0.990 0.990 0.960
CcC 0.985 0.850 1.000 1.000 0.835 0.945 0.775 0.990 1.000 0.725
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 0.995 1.000 1.000 1.000 0.995 0.995 0.995 1.000 1.000 0.990
MCQ(0.5) 0.795 1.000 1.000 1.000 0.795 0.950 1.000 1.000 1.000 0.950
0.9 MCQ(0.35) 0.965 1.000 1.000 1.000 0.965 0.975 0.995 1.000 1.000 0.970
: MAR 0.935 1.000 1.000 1.000 0.935 0.975 1.000 1.000 1.000 0.975
CcC 0.735 1.000 1.000 1.000 0.735 0.805 0.990 1.000 1.000 0.795
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Table 4. The selecting rate P, in Example 3.2 when (n,p) = (200, 5000)

0y 0y
P method 50% 70%
X1 X2 X3 X4 P, X1 X2 X3 X4 P,

MMACQ 1.000 0.940 0.985 0.990 0.915 0.990 0.940 0.870 0.860 0.715
MCQ(0.5) 0.985 0.380 0.945 0.980 0.360 0.985 0.620 0.880 0.885 0.490
0.3 MCQ(0.35) 0.995 0.920 0.980 0.985 0.895 0.990 0.875 0.855 0.785 0.625
: MAR 0.990 0.720 0.980 0.975 0.695 0.985 0.800 0.855 0.855 0.605
CcC 0.985 0.090 1.000 1.000 0.075 0.930 0.125 0.855 0.890 0.090
F 1.000 1.000 1.000 1.000 1.000 1.000 0.990 1.000 1.000 0.990
MMACQ 1.000 1.000 1.000 1.000 1.000 0.985 0.985 0.980 0.975 0.960
MCQ(0.5) 0.925 0.890 0.990 1.000 0.820 0.980 0.950 0.980 0.970 0.925
0.6 MCQ(0.35) 0.990 0.990 1.000 1.000 0.980 0.990 0.975 0.980 0.965 0.950
. MAR 0.975 0.960 1.000 1.000 0.935 1.000 0.955 0.975 0.965 0.950
CcC 0.835 0.655 1.000 1.000 0.530 0.850 0.490 0.965 0.985 0.385
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 0.995 1.000 1.000 1.000 0.995 0.995 0.990 0.990 0.990 0.985
MCQ(0.5) 0.685 0.965 0.995 0.995 0.650 0.970 0.990 0.985 0.995 0.955
0.9 MCQ(0.35) 0.940 1.000 1.000 1.000 0.940 0.985 0.985 0.985 0.990 0.970
. MAR 0.885 0.995 0.995 1.000 0.880 0.995 0.980 0.980 0.990 0.975
CC 0.525 1.000 1.000 1.000 0.525 0.605 0.980 0.995 0.990 0.590
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

g; follows a standard normal distribution. To test the sensitivity of the above six screening processes to heavy-
tatled features, let Xq; be generated from a t distribution with 3 degrees of freedom, and X,; follow a t(3) +1

distribution. The missing rates are the same to Example 1. The screening results are shown in Tables 5-6.

Tables 5-6 show that MMACQ consistently selects all significant variables with a probability higher than
0.85 under the nonlinear model assumptions, indicating that the performance of our proposed MMACQ feature

screening method is the best compared with other methods.

4. Conclusion

This paper combines the inverse probability weighting technique, conditional quantile, and model averaging
ideas to propose the MMACQ feature screening method in the context of ultrahigh dimensional data with
random missing response variable. We confirm under certain conditions that the MMACQ feature screening
method satisfies the sure screening property, implying that the method can make the set of significant predictor
variables filtered with probability converging to 1 so that all true significant predictor variables are included.
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Table 5. The selecting rate P, in Example 3.3 when (n,p) = (200, 1000)
50% 70%
X1 X2 X3 X4 Py X1 X2 X3 X4 Py

MMACQ 0.985  0.970 1.000 0.990 0.945 0.995 0.970 0.990 0.970 0.935
MCQ(0.5) 0.940 0.840 0.995 0.970 0.770 0.970 0.865 0.980 0.970 0.825
MCQ(0.35) 0.990 0.975 1.000 0.985 0.950 0.995 0.970 0.990 0.930  0.900

p method

0.3 MAR 0.985 0.980 1.000 0.980 0.945 1.000 0.965 0.980 0.915 0.875
CC 0.915 0.445 1.000 1.000 0.375 0.825 0.490 0.995 0.990 0.370
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 0.960 0.995 1.000 1.000 0.960 0.985 0.995 1.000 1.000 0.980
MCQ(0.5) 0.675 0.980 0.995 1.000 0.650 0.935 0.995 1.000 0.995 0.935
0.6 MCQ(0.35) 0.945 0.995 1.000 1.000 0.940 0.985 0.995 1.000 1.000 0.980
! MAR 0.945 1.000 1.000 1.000 0.945 0.995 0.995 1.000 1.000 0.990
CC 0.470 0.965 1.000 1.000 0.440 0.615 0.910 1.000 0.995 0.535
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 0.930 1.000 1.000 1.000 0.930 0.990 1.000 1.000 1.000 0.990
MCQ(0.5) 0.270 1.000 1.000 1.000 0.270 0.930 1.000 1.000 1.000 0.930
0.9 MCQ(0.35) 0.755 1.000 1.000 1.000 0.755 0.975 1.000 1.000 1.000 0.975
: MAR 0.815 1.000 1.000 1.000 0.815 0.975 1.000 1.000 1.000 0.975
CcC 0.150 1.000 1.000 1.000 0.150 0.330 1.000 1.000 1.000 0.330
F 0.990 1.000 1.000 1.000 0.990 1.000 1.000 1.000 1.000 1.000

Table 6. The selecting rate P, in Example 3.3 when (n,p) = (200, 5000)

p method 50% 70%
X1 X2 X3 Xa P, X1 X2 X3 Xa P,

MMACQ 0.995 0.975 1.000 0.980 0.950 0.990 0.955 0.990 0.905 0.855
MCQ(0.5) 0.920 0.655 0.995 0.965 0.600 0.945 0.825 0.990 0.915 0.735
0.3 MCQ(0.35) 0.995 0.970 1.000 0.970 0.935 0.985 0.960 0.980 0.785 0.755
) MAR 0.995 0.975 1.000 0.985 0.955 0.985 0.960 0.970 0.755 0.710
CC 0.805 0.195 1.000 0.990 0.140 0.675 0.170 0.995 0.905 0.085
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 0075 1.000 1.000 0995 0970 0995 0985 1.000 1.000 0.980
MCQ(0.5) 0.780 0.990 1.000 0.990 0.970 0.925 0.985 1.000 0.990 0.905
0.6 MCQ(0.35) 0.960 1.000 1.000 0.995 0.955 0.995 0.985 1.000 0.980 0.965
! MAR 0.980 1.000 1.000 0.995 0.975 0.990 0.985 1.000 0.985 0.960
CC 0.450 0.885 1.000 1.000 0.365 0.365 0.760 0.995 0.995 0.220
F 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MMACQ 0.960 1.000 1.000 1.000 0.960 0.975 1.000 1.000 1.000 0.975
MCQ(0.5) 0.385 0.995 1.000 1.000 0.385 0.785 1.000 1.000 1.000 0.785
0.9 MCQ(0.35) 0.875 1.000 1.000 1.000 0.875 0.960 1.000 1.000 1.000 0.960
: MAR 0.935 1.000 1.000 1.000 0.935 0.960 1.000 1.000 0.995 0.955
CcC 0.175 1.000 1.000 1.000 0.175 0.160 1.000 1.000 1.000 0.160
F 0.995 1.000 1.000 1.000 0.995 0.995 1.000 1.000 1.000 0.995

Since the quantile is insensitive to data with outliers and data with heavy-tailed distribution characteristics, the
screening results of the MMACQ method should not be affected by it. The Monte Carlo numerical simulation
verifies this conjecture.
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5. Supplementary material: Technical Proofs

Let 7r(X, 0) = P(5 = 1|XAO.,9), 7T(X7 9) represents a function with parameter 6 that is used to estimate
P((S = 1|XA5,9). P, = W(XA”,G) = P((Si = 1’X.A5i,9) represents the probability that the ith sample
response variable is not missing. B = W(X_Aﬂ,é) represents the sample estimate of P; = 7 (X 4,:,0). To

facilitate the proof, we introduce the following lemmas.
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Lemma 5.1. There exists a constant v; > 0 such that HPiQ — ]32-2 < lep(n_l/Z).

Proof. From the theoretical properties of the SCAD variable selection method, we obtained that under certain
regularity conditions, P <A5 = .,Zlg) = 1. According to the properties of logistic regression coefficient estimation,

it can be obtained that there are constants v > 0 and v; > 0, such that

P2 _ p?

_ (W(XA”,e) _x (XA“.,é) HW(XAM-,e) . (Xﬁéi,é) ’

< ’U"]T/ (X a5i,€) (9 — é) ‘ <010, (n_l/Q) )

Lemma 5.2. There exists a constant vy > 0 such that |P; — P

< 120, (n12).

Proof. The proof is similar to the proof of Lemma 5.1. O

Proof of Theorem 1. Similar to the proof of Theorem 1 by [4], let

. 10
& (t) = n {_zlﬁ[Tffm <Q, (Y)}}I(Xik <1).
~ LU -1 -2 1 = ~
Define ‘ dill=n"1>d; (Xir)? = (n zlgn ) (n 2D,§1 + D,§2> , where
i=1 -

Djy = n(nQ_l)Z;{]i}[TI{E < Q7 (Y)}]QI(XM < Xji)

1<J

n Pijz{T*I{Yj <Q, (Y)}TI(Xjk < Xik)}

2
- mZQOl (Xik’)/;’(si’Pi;Xjk7}/},5j7Pj;Q‘r)a

i<j

Dia = o=y 5 3 [T 10 < Q0] [ 1 < @ 0] 1 (X < X3

1<j<l

(X < Xue) + I‘_ijf;l [r = 14¥; < @ )] [7 = 1% < Qe 00} |7 (X6 < X T (Xt < X)
+ 2 [r = 10 < Qe 0} ] [r = 105 < Qr ()} 1 (X < X T (X < Xu)}

6
= X, Ya, 6, Pis X1, Y5, 85, Pi; Xu, Yi, 61, P Qr)
n(n—l)(n—Z)igﬂ‘pQ( ik, i, 05 Pi; Xjie, Y, 65, Py Xuk, Vi, 01, Bi; Q)

where ¢ (-) and s (-) are the kernel functions of the U-statistics D, and D5, , respectively. By definition

d (n=1)(n—2)

1 e e
= 2 (n — 2ch1 + Dk2> ; (3)
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where the composition of D,’;l and ﬁzz is the same as D,’:l and DZza but P;, P;, P, Q- (Y) need to be
changed into P;, Zf’j, B, Q, (Y).

First look at ‘ﬁ;l —13,’21 . Taking full advantage of the triangle inequality, there exist constants v3, vs > 0

such that the following inequality holds

DD <1 X |2 [+ -2 Q- [P+ - 20 Q)
i=1 % f
< E[mo-m(@-a)| el o mal
Lo sy
S Llw (Qz—Qz)‘ﬂgo (7)),

where Q; 2 1{Y; < Q- (")}, Qi 2 1{¥; < Q. ()}.
Note that for Ve > 0, there is

I{Y<t’}—l{y<t})gI{t—agY<t+g}.

sup
t/: ¢ —t|<e

From Theorem 2.2 of [21], we can get ’QT Y)-Q-(Y) ‘ =0 (n"?). Let
1
vy :1—|—4|1—27’|/Ff(Q.,- (Y), X ;) dX 45,

where P = P ((5 = 1’X,45) . For any 1 > 0, under event {‘QT Y)-Q-(Y) ‘ < nn_o‘véfl}, we can get
|1 — 27| Z": 5
n 4= P?
=1 "1

1-
n

Dy, — Dy | <

1{Y: < Qe )}~ 1{% < Q- (")} + 230 (n172)

27| <N 6 - .
<2Hly 25 1{Qr (V) =m0 <Y < Qr(Y) + 07} + 050, (n712).
=1t

Let

g —a,, — —a, —
w =K ﬁI{QT(Y)fnn vt <Yi<Qr (V) +nn v41}]

1
E{PE

The Taylor expansion of uq is

1(Q: (V) =™yt <Y < Qr (V) +mn v )

—20472 o fy {r M} - A QF (v)
H1 = an_avzl/wd)(f‘s + nm 22 Yy / Y|Xag . Y|X 4, { }

[ (Xa;)dXa,,
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where Q*(Y) and Q1 (Y) are both in the nn~®v; ' neighborhood of Q,(Y). There exists a constant vz > 0
that can make

< V5.

1 *
| 1% [féqud {Q (V) ~ fyx,, (@ (V) } f(Xa,)dXa,
Choose appropriate n or n to make |1 — 27’|77’/l_a1}5 < 2vq. When 7 # 1/2, we can get

f(Xa;)dX 4,

=< = =< _ nn_2av4_2 / f}/’|XA5 {Q ()} - f;/|XA(; {Qi (Y)}
|1 —2r| |1 — 27| 2 P

— et [ BIQ (V) X} X,

—Q

nn vy — 1 o 71/ 1
S . L ZFQ.(Y), XA,V dX
- ’1_27_’ o Ir]n U4 Pf{Q ( ) .Ars} As

=2yt [ SFQr (V) X)) dXoss

When n satisfies n > (1)3/17)2/(1720‘), it can be deduced by combining the above formula

P (|Dis - Dis
P(
P<

> 2771170‘)

> 2nna>

IN

1—-2 n :
% > ;;I{QT (¥) = "up " Vi < Qr (V) 4 vt} + 030 (n71?)
=1 ?

IA

- & e e
nlzpzl{Qr(Y)fnn v <Y <@ (Y) +m vﬁ}‘m
i=1 g

a1
> 2nn 0! / 5/ (V) 7XA5}dXA5>~
From Hoeffding’s inequality, we can get

2
P (‘D;’il - Dzl‘ > 277n’°‘) < exp [— 8n° (/plf (Qr (Y), Xu;) dXA5> n”“vlgl-

When 7 =1/2,

(Qz - Qi) ’ + 030, (n_1/2> =030, (n‘1/2> .

P (’ﬁ,’:l - D,’;l‘ > 27771*“) = 0 is always established because of o € [0,1/4), so no matter what value 7 takes,

we have
. _ 2
P (| Dty = Dia| 2 20m7) < exp [ - s < [r 7@ () X dXAJ) ni=2or2). (4)
Similarly, for |Dy, — D, |, there exists some constant vg > 0, we can obtain
P (| Dty = Di| = 20m7) < exp [ = 80212 Q. (v)) w5 20122, (5)
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Combining equations (3)-(5), we can get

p(‘ | - |

IN

zam) < P (D Dia| 2 200 4 P (|Di - D] 2 200 77)

IN

exp [—8772 (/P—lf(Q, (Y),XA5)dXA5> n3_2av4_2}

+exp {— 80’ f2 (Qr (V) vg *n'2%) ] (6)

It is noted that ||| = E {@s (Xir,Yi, 01, P Xu, Yy, 05, Prs Xu, Y1, 00, P Qr)} = E(D;;z). Using

Marcov’s inequality, it can be obtained that for any € > 0 and t > 0 we have
P{Diiy — Idill = e} < exp (—te) exp (~t | di ) E {exp (tDj) }

Following the proof process of [4], as described in Section 5.1.6 of [23], Dj, can be rewritten as
% 1 *
Dkz = E Z D2 (Xlka Y1,51, P Xk, Yn75m P; QT) s
n!

where ) | represents the sum of all possible permutations in (1,2,...,n), and each D3 (X1, Y1,01, Pi;...;

Xnks Yo, 0n, Pn; Qr) is an independent and identically distributed random variable with mean ¢ = [n/ 3] . Let
¢ (t) = E|:€Xp {tQOQ (Xi/w)/ia 67,7Pla X]ka }/ja 5_]7 P]a X”ﬁ }/lv(sla Plv QT)}:| ’

then using Jensen’s inequality we can get
E{exp (tDin) } = B {exp [tn) ™! ;D; (X1, Y2, 80, Py 5 Xk, Yoo 8, P Q) | } < v (t/6).

And then we can get
P{Diy = lldil = e} < exp (—te) exp (~¢ |;l]) v (¢/9)
< exp (—te) B (exp {67 |02 (Xia, Vi, 1, Pis X, Vi, 05, Pyi X, Yi, 00, P Qr) = i ] })
According to Lemma 1 in [3], we can get
E (exp {&™"t[ 02 (Xie, Vi 01, Prs Xje, Vi, 05, Py Xuws Vi, 01, P Q) = i ] })
<exp{(0710) (2/01)° /8} = exp {12/ (26°63) }.

Therefore

P{|Dt — Nzl | > e} <exp ([~ te+ 2/ (20)]).
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Choose t = (2¢e, by = £2/2, we can get P{f)ZQ —||d;|l > 6} < exp ( - 62¢€2) . From the symmetry of the U
statistic, we can further obtain
P{|Dra — 14il] > e} < 2exp (~e202).
Similarly, it can be proved that:
P {’D,’;l —-FE (ﬁ};l) ‘ > 5} < 2exp (—e%¢ls) .

Obviously, 0 < [|d;|| = E (DZ&) <F (|D22‘) <1/2 and 0< FE <D21> <FE (’D;’;lD < 1/£2. Furthermore, we
can get

0< E (D* ) < 1/02.
< ppax sup max ks ) < 1/60

Let ¢ = nmn~%, when n is large enough, there are (3n —2)n=2FE ([N),j2) <~ and (n—1)n"2E (f)};l) <

nm~%, and then we can get

P (Il

Combining equations (6) and (7), it can be deduced that:

(]

05 = min {Svf ( / P Q- (Y), Xay) dXAé) vﬁ,w} ls = min {8n° f* (Q- (Y)) vg *, Lan’} .

dy

— ||dil ‘ > 4nn7’l> < 2exp (—l3n°n® %) + 2exp (—lan?n' %) (7)

dj

- HdZH ’ > 877n_a> < 3exp (—35713_2”‘) + 3exp (_€6n1—2a) 7 (8)

where

It can be obtained from (8), let ¢ = 8, there exist positive constants ¢; and ¢z, such that

P (g ] - 11| 2 en) < 0 fpeso (cean =20 pesp (-ean'=2)).
<k<p
If A. ¢ A, there exists k* € A, and k* € A, . According to the conditions, k* ¢ A, indicates Hci,’;* <ecn™®,
and then minge 4, ||d}]| > 2cn™ can get ‘ | | ‘ > cn™%, so there is:
P (AT N AT) —p (’ ‘ e || = pazl > cn“) <P (lgelix Hd”,;* || ’ > cna> .

Therefore

P (AT c AT) —1-P (AT ¢ AT) >1-P (1?12}4)( HJ;;* —|ldz. ‘ > cna)

€A,

>1-0 (an exp (—cln3_2a) + a, exp (—02n1_2a)) ,

where a,, = }AT‘ represents the number of elements in set A, .
So far, Theorem 1 has been proved. O
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Proof of Theorem 2. Next, we prove Theorem 2, which is similar to [22].

m_lzzi (f}f. I (X, € ATS) m~1L X
P(‘Rk_Rk‘chfa):P 711 m( - Zfllwf Xk €Ar) |
m- Zs:l Wr Zs 1ch
—1
SP(‘ TR | T ST (Ke € Ar) = m T I ST (X € A = )

@

> Cn; ) = S3 + 54.

-1 m 2k -1 mo o~k
m Zszl U“)Ts —-m s=1 w‘f‘s

L ( ‘m*zg@ (@51 (Xe € ATS)‘

‘m—lzs 1 07, _12?:1 Wz,

, combined with the condition (C1), we can

-1
2kea,,

According to the definition @} = | A,

d;...
get:

- s . 1 .
oo >M > sup Z lde.r || = sgpwm > Hgfw,s = Hgfi Z llde 7 || > 2cn™% = M.

1
|A k€A, ’ATS keA,,

Let My =M; —§ , § is a constant and satisfy § € (0,1). After calculation, we can get

P(‘wfl Lo SMQ) gp(‘nf1 ™ok —mT YT @k, 25) gzp(é); —ar, 25).
s=1
First, we calculate Ss.
m -1 m m cn—2
—1 2% —1 2 % 1 —1
S3 =P ‘m ;wn m ;WTSI(XK‘GATS> —-m ; I(XkE.ATS) 5
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and

Zm:éj;f(xk € A,) — @ I( Xk € Ar,)

Mgcn_o‘>
P —
- 2

A

Mocen™“ -
> P AT
- 4 7 )

G 1(Xne Ar) = (X e Ay,)

+ ;P < o%:;I(Xk € ATS) - &:;I(Xk € ATS) > M’An # ATS>
e
s=1
§O+ip(¢47—s #A‘rg)ﬁ-iP(é:g _(Z);: >]\4'22n_a> .
o=t s=1

From Theorem 1, it can be obtained that there exist positive constants ¢; and fg such that:
P( ‘

P <A7‘S - ATS> > 1-0 (anﬂ-s exp (_cln?’_QO‘) + Ay 7, €XP (_C2n1—2a)) ’

where ay, r, = ’ATS

Tk
dir,

= [ldi.-. |

> CTLO‘) < 3exp (—n7%") + 3exp (—Lsn'2?),

, represents the number of elements in the local important variable set A, .

According to the definition of the local important variable screening index and {ATS 4 ATS} = {Elj Y e

flrs,s.t.j* g A }, we can get
AL = ||| =05 € A, = ‘ di. || = en .
Then there is HdA;‘TS - | die . H > cn~ %, so that we can get

i, |

Tk
e 7,

(g ) = (|| -

> cn_o‘>
P <m}iix — ‘ > cn‘”‘)

<0 (an,TS exp (_£7n3—2a) + s, XD (_£8n1—20¢)) .

IN

T
Hdk,n
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By further derivation, we can get:

P (ATS - .ATS) =1-P (ATS ¢ .ATS) >1-0 (an,TS exp (—€7n3_2°‘) + an -, €Xp (—Kgnl_m)) .

There exist positive constants cs and c¢4:

b)) )
P(An, CA)+P (A, CAL) = P((An A ) U (A, CAL))

3—2a) + n, r, eXp( 1 2(1))

+1—-0 (an,Ts exp (—€7n3_2°‘) + an, -, €Xp (—Egnl_%‘)) -1

v

1-0 (an,m exp (—cln

=1-0 (an,Ts exp (—03n3_20‘) + a7, €Xp ( can'™ 20‘))

Therefore we can get

— o

Ts

— o

Ts

Sggzg”:lp(é;:

5) +3, P ( ‘f’i

3—2«

Msyen™
- 4

+0 (an,mm exp (—cgn ) + Gp,mm exp (—C4n1_2“)) ,

where ay, , is the maximum value of the set {a, .,,1 <s < m}.

Next, we consider Sy

- 2 cn*a
54 =r ‘ 1IN~k _q m IE::Llfu* 1§:s 1 > 5
‘Tn_ E:s:l("") E:s 1
1 *
‘m D I(XkeAn)‘ . A
- s MU B, - m T @ | 2 o w7 | < M
mo S 1273
S= s§=
—1 *
"I’)’L Zs 1%Wr I(Xk? € ‘AT&) n—o R
r M 1y —1ym mT Y 10'} —mTEL @ =9 mTI L Wy | > My
m- s= 1uj s=1%
= - Moen™*
<Y P(|en - >5)+ZT—1P<WZ—WZ > 200,

72



PENG LAI, MINGYUE WANG, YUFEI GAO and FENGLI SONG

Observe that S3 and S, are mainly related to P (

> 6) , so next calculate P (

~ % et =k ~ ok —
Wi, — Wi wi —wi|=zcn )

N .-l R —1
P ( GJ:S - (‘D:s > Cn_a) =P (‘ A‘rs ZkEAT dz,rs - ‘AR ZkEA.,— dz,‘rsH = Cn_d)
.—1 - -1 i . )
S N P S P B
it 7% -1 * —a 1
w2 (| S, | = e[S, i 2 ent 2 4
-1 e . cn~?
<P (‘ATS Skea,, ||| dhe || = Ik~ | ‘ Z )
1 -1 Tk % en™® 1
+P (‘ATS Shedan ||| Dhr ]| = Ndim | ‘ > ) +P (ATS ¢ ATS>
7 * en”? Tx * en~ @
S Zk:EATS P (’ dk,‘l’S - dk,‘l’S ’ 2 2 ) + ZkEATS \.ATS P (’ dk,‘rs - dk,‘rS ’ Z 2 >

+P (ATS ¢ ATS) .

Because maxi<s<m |fi¢s| <n,d € (0,1) and 6 < My, choose the appropriate ¢ and n, we can make cn™® <,

then we can deduce

P (‘Rk — Rk‘ > cn_o‘)

*
k,7s

< 4nZ;n:1P (‘

| 2) + e3P (4 e 4,)
s=1

+ O (anmmexp (—e3n® %) + a, mmexp (—esn'=2%))
. 7% * Msen™¢
+4H;P(‘ d .. ||dk,fs||‘2 28 )
- 7 * Moen™¢ m R
gsngp(‘ di -, || — de‘z 2 >+4§P(ATS¢ATS)

3—2&)

+ O (anvmmexp (_C3n + Clmmm exp (—C4n1_2a)) .

Further we can get that there exist positive constants cs and cg, such that

P (‘Rk — Rk‘ > cn_a) < 8nm {3 exp (—C5n3_20‘) + 3exp (—cﬁnl_zo‘)}

3—204)

+ 4mO (an,m exp (—cln + G m XD (_02n1—2a))

3—2&)

+0 (an,mm exp (—c;m + ap,mmexp (_C4n1—2a)) '
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Therefore, we have

and then min R > 2e¢n™
keA

So

P (1%??,, ‘Rk - Rk’ > cn“) < O {pmnexp (—c;n*2*) + pmnexp (—csn' %)}

3—2@)

+ O (anmmpexp (—con® %) + an mmpexp (—cion' %))

3—2a)

+0 (an,mmp exp (—cun + @y mMp exp (_012n1—2a)) .

IfA¢g A, there exist k* € A and k* ¢ A. According to the conditions, k* & A indicates Ry~ < en™@,

[

can get ‘Rk* — Rp+| > en™?, so that

P(A;ZA) :P(‘Ek* — Ry

> cn_o‘) <P (max ‘f?k — Rk‘ > cn_o‘) .
keA

P(AQA) :l—P(A¢A) 21—P<I]§l€a§’ék—Rk‘>cn“>

>1—0 {A,nmexp (—ern® ) + Aynmexp (—cgn'~>%) }

372a)

— O (Ananmmexp (—con + Apan mmexp (—cion' ™))

372a)

-0 (Ananymm exp (fclln + Apap, mmexp (7612711720()) ,

where A, = |A| represents the number of elements in the important variable set A.

So far, Theorem 2 has been proved. O
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