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Abstract: In this work, S. Abramsky and A. Jung introduced a method to construct a canonical partially ordered set
from a pre-order set. The main goal of this monograph is to propose a new representation theory involving below relation
(< (), lower ( resp. upper) closure, upper (resp. a lower) cone, convex hull, co final set, directed set, domain set and
Scott-open (resp Scott-closed) set. We also study the family of all isolated points above (resp. below), isolated point in
transitive relational sets. Order preserving monotone and idempotent function between two posets are introduced and
discussed, where the latter become representable in all cases, and still rich enough to allow geometric, topological and
combinatorial applications. Throughout the text, we shall give evidence of the geometric potential of these new ideas.
These concepts extend in many aspects of the known geometric theory of poset, but they also raise new perspectives in
the topological world. In particular, we believe that our results and techniques may be of interest in connection with
several of the famous conjectures and constructions for algebra and topology. The readers consider them as a source of

new concepts, techniques and problems for algebraic theory.
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1. Introduction

The present paper contains a brief description of partial orders ( poset), in particular in posets and lattices,
way below relation and more types of functions in transitive relations. A poset consists of a set together with
a binary relation that indicates that, for certain pairs of elements in the set, one of the elements precedes the
other. Such a relation is called a partial order to reflect the fact that not every pair of elements needs to be
related: for some pairs, it may be that neither element precedes the other in the poset. Thus, posets generalize
the more familiar total orders. The main aim is to generalize the concepts of poset, by replacing transitive
binary relation. In the context of the poset, we propose several new methods of constructing below relation
(< ), lower ( resp. upper) closure, upper (resp. a lower) cone, convex hull , cofinal set, directed set, domain set and
Scott-open (resp Scott-closed) set. We also study the family of all isolated points above (resp. below), isolated point in
transitive relational sets. Order preserving monotone and idempotent function between two posets are introduced and
discused. Several formalisms can be used to express variability in a poset. We take a unified approach to study poset
and related concepts. The concept of chain complete poset [15] and the concept of domain [5] are identical although they
have different names. In this paper, we stress the importance of the two kinds of operators preserving monotonicity and
idempotent property The work of this paper is organized as follows. We shall first briefly introduce poset and related
concepts. In Section 2, two kinds of operators are combined , and used to study the relation between Unitary operators

on the power set and transitive relations. In Section 3, two kinds of operators above are combined to construct algebraic
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lattices, and used to study the relation between The way below relation and some types of functions on transitive relations
We first list some necessary notions and relevant properties from the classical order theory in the sequel
Definition 1.1. Let < be a binary relation set on X # ¢. Then;

(1) < is called reflexive (RR for short) if Vo € X, z <z [9];

(2) < is called antisymetric ((AR for short) iff Va,y € X, 2 <y and y<z =z =y [9];

(3) < is called transitive ('R  for short)) iff Vz,y,2 € X, s <y and y<z =z =2z2[9;

(4) < is called symetric (SR for short) iff Vaz,y € X, e <y =y <z [9];
< is called interpolative (denoted by, IR) iff Vz,z € X, with z<2z I yeX st.z<y<z][3.
satisfies the conditions (1), (2) and (3), then (X, <) is called partialy order set (Poset) [13];
satisfies the conditions (1), and (3), then (X, <) is called pre-orderd set (Quasi set) (PRS for short)

- -
ANRVAN

(8) If < satisfies the conditions (1), (2), (3) and (4), then (X, <) is called an equvalence set,
(9) If < satisfies the conditions (3) and (5), then (X, <) is a Continuous information system [7].

IN

(10) If < satisfies the conditions (3), and V = € X, and for every finite subset A of X the following axiom holds:
fVyeA y<z then 3 z€ X st.VyeA y<zand z<z, then (X, <) is abstract basis [12].

Definition 1.2. For any poset X, let A, B, C X. Then:

(1) The lower (resp. upper) bounded subset in X of A is denoted by Ib(A) (resp. ub(M\)) and defined as follows:

AN ={zeX: VyeA z<y) (resp. ub(\) ={z € X : Vye A, y<ux).

(2) The subset of least (resp. largest) elements of a subset A is denoted by le(A\) (resp. la(\)) and defined as
follows:

leN)={zeX: Vyel z<y) (resp. la(A) ={z €X: Vye A y<uz).Each element in le()\) (resp. la(}N))
is aclled a least (resp. largest ) element of A [9].

(3) The infimum (resp. supremum) subset in X is denoted by A(M) (resp. V(X)) and defined as follows:

A =1a(lb(N)) (resp. V(A) = le(ub(N)). Each element in A () (resp. /(X)) is aclled a infimum (resp. supremum
) element of X [9].

(4) The lower ( resp. upper) closure in X of A is denoted by | A (resp. 1T A ) and defined as follows:
Id={zeX:F yeX st.xa<y}(resp. TA={zeX:3 yeX st.y<uz})3];

(5) An upper (resp. a lower) cone of X iff 3z € X st. A=1z (resp. A= | x)[3]

(6) The convex hull A is denoted by A and defined as follows: § A= An 1+ A[3];

(7) Let A,B C X. B is called cofinal in A iff BC A C | (B)[3].

(8) A is called directed subset of X iff A#¢ and Va,ye A, Fz€ X st.x<z and y<z[3];
(9) < is called a domain iff for every directed subset A of X, \/(\) exists.

(10) A subset A of the domain (resp. Poset ) X is called directed closed ( d-closed for short) iff V directed
subset D of A\, \/(D) € X; [3]

(11) A subset X of the Poset X is called Scott-closed iff A is d-closed lower subset of X [11] ;

(12) X is called d-(resp. Scott-) open iff A° d-(resp. Scott-) closed [3,11];

Proposition 1.1.[5]Let (X, <) be a poset, let A C X such that \/(\) exists. Then (| Tz =1V(}\).
TEN

Proposition 1.2.[5] Let (X, <) be a poset, let A pu C X and let A\ C p. If \/(A) # ¢ and \/(n) # ¢. Then
V) < Vw).
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Proposition 1.3.[5] ILet (X, <) be a poset. Let A, B C X, Then:
(1) T A is convex;
(2) Aisconvexiff ] A= A;
(3) If AC B. and B is convex then, ] AC B.

Proposition 1.4.[5] Let (X, <) be a poset. If A be an upper subset of X, then it is d-open.
Proposition 1.5.[5] Let (X, <) be a poset, and let A be a convex subset of X. and (J A) is d-closed, then A so is.

Proposition 1.6.[5] Let (X, <) be a poset, and V j € J, \; be a family of lower ( resp. upper ) subset of X, then
(N Aj) and (U A;) are lower ( resp. upper ) subsets of X
= jET

Proposition 1.7.(Corollary page 45.[5]).Let (X, <) be a poset. If X is directed subset iff (] A) so is.

Proposition 1.8.[5] Let (X, <) be a poset, and let A,z C X such that (J A) = ({ p). If X is directed subset iff 4 so

is.
Proposition 1.9.[5] Let (X, <) be a poset, and let z,y € X. Then:

z<y e rzely ©leCly & yete & TaCty
(2) zelz © z€ta
(3) Lazn ta={z}.

Proposition 1.10.[5]. Let (X, <) be a poset, and let If X\; is a an upper (resp.lower) subsets of (X;) Vj € J, then

IT(A\j) isaan upper ( resp. lower ) subsets of [] Xj.
jeJ jET

Proposition 1.11.[5] Let (X,<) be a poset {(Xj;, <;):j € J} be a family of a poset, and let \; C X; Vj €
J. Then
(1) (I A) = (1T T (X))

2) 4 (l;[J Aj) = (_I;IJ + ()

Remark 1.1. Each point of X is an upper bound of the empty set. Then \/(¢) exists iff X has a least element L. In
this case \/(¢) = L.

Proposition 1.12.[5] Let (X, <) be a poset, and let \,u C X . If p is directed subset and cofinal in A, then Ais
directed subset and \/(\) = \/(u).

Definition 1.3. (1) For any poset X, :Let z,y € X. We say x below (resp. y is way above) y (resp. x), denoted
by z <y iff VD CX, sit. D is directed subset of X with \/ D existsand y <\ D, 3de€ D s.t z<d. The
family of all elements in X each of which way above (resp. way below ) x is denoted and defined as follows:
fo={yeX o<y} (resp. bo={yeX:y<a}[l1]

(2) Let z € X. If = < z, then z is said to be isolated. The family of all isolated points above (resp. below)
x € X is denoted and defined by: 1°z={ye X:y<<yand z <y} (resp. lox={y€ X :y<yandy <z}[l]].

Proposition 1.13.[5] Let (X, <) be a domain,.If X has a least element L, then | < z holds for all z € X.
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Proposition 1.14.[5]. Let (X, <) be a domain, and let D is directed subset of X . such that z = \/(D) and z is
isolated. Then x € D.

Definition 1.7. [9] Let (X, <i) and (X, <2) bea poset, and let f: (X, <1) — (Y, <2) be a function. Then
(1) f is monotone iff f(\) <z f(u), whenever X\ <; p,

(2) f is called order preserving (monotone) iff f(z1) <o f(z2), whenever z1 <; x2.

Lemma 1.1. [9] Let X be aset and let f: X—X be a function. Then f is idempotent iff f(X) = fiz(f), where
fia(f) = {z € X : f(z) = 2}.

2- Operators and Unitary operators on the power set of TR

Definition 2.1. A TR is a pair (X, <) where X # ¢ and < is a transitive binary relations set.
Example 2.1. Poset, equivalence set, PRS, Continuous information system and abstract basis are T'R.

The following diagram illustrates some relations between some types of TR

Abstract base = Continuous information system

¢
TR

ft

Partially ordered set = PRS
f

Equvalence set

Remark 2.1. Abstract basis = Continuous information system, the converse is not true, so give the following example
Example 2.2. Let X ={a,b,c} and let < = {(a,a), (b,b), (a,c), (b,c)}, because

a<a =da€e X st, a<a<a;
b<b=3Jbe X st., b<b<b, ;
a<c=>3da€e X st, a<a<c and
b<c=3dbe Xst,b<b<ec

Then < transitive and interpolative. Now, Let A = {a,b}. Then a <cand b <c¢, but Vo € X, z £ c. Hence (X, <) is

not abstract basis.

Definition 2.2. Let {(Xj, <;):j € J} be a family of TR. The product relation < on [] X; of {<;:j € J} is
j€T

defined as follows: (z;)jes < (yj)jes ff z; <y; Vje
Definition 2.3. Let (X, <) be a TR. the dual of < is denoted and defined as follows: <% = {(z,y) : (y,z) € <}.

Theorem 2.1. {(Xj;, <;):j € J} bea family of TR, ([] Xj, <) is TR, where < is the product of {<j;:j € J}.
jedJ
Proof Let (z;)jes < (yj)jes, (Yj)jes < (zj)jes. Then Vje J, z; <;y; and y; <; z; sothat Vje J, z; <;

zj. Thus (z;)jes < (zj)jes. Then < is TR. Hence ([] X;, <) is TR.
jeJ
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Definition 2.4. Let (X, <) be a TR. Then:

(1) The lower (resp. upper) bounded subset in X of A is denoted by Ib(A) (resp. ub()\)) and defined as follows:

bA)={zeX:Vye z<y) (resp. ub(A\) ={z € X: Vye A y<uz).

(2) The minimal (resp. maximal) subset in X of X is denoted by min()) (resp. ,max())) and defined as follows:

min(A) = {z € X:if y € A\, and y < z, then x = y) (resp. max(A) ={x € A:if y €\, and z < y,then z =y).

(3) The subset of least (resp. largest) elements of a subset A is denoted by le(X) (resp. la()A)) and defined as
follows:

leN)={xzer: Vye z<y) (resp. la(A) ={z € X: Yy €A y <) Each element in le()\) (resp. la(}N))
is aclled a least (resp. largest ) element of A

(4) The infimum (resp. supremum) subset in X of X is denoted by A(M) (resp. V(X)) and defined as follows:

A = la(lb(N)) (resp. V(A) = le(ub())).Each element in A(A) (resp. \/(M\)) is aclled an infimum (resp.
supremum ) element of A

(5) The lower ( resp. upper) closure in X of X is denoted by | A (resp. 1T A ) and defined as follows:
Id={zeX:T ye st.a<y}(resp. TA={zeX:3 yel st.y<z})

(6) An upper (resp. a lower) cone of X iff 3z € X sit. A=1z (resp. A=,z

(7) The convex hull A is denoted by A and defined as follows: § A=, An 1+ A

(8) Let A, B C X. B is called cofinal in A iff BC A C | (B).

(9) Let (X, <) bea TR, then < is called a domain iff for every directed subset A of X, \/(\) exists.

Remark 2.2 1In [13], If (X, <) is a posets, then concepts .le(N), la(X), A(X), V(N) is singlton. if it exists.but in

TR need not be singlton.so give the following example,

Example 2.3. Let X = {a,b,c,d,e} and let < = {(a,a), (b,b), (a,b), (b,a)}. Then (X, <) be a TR, and
V({a,b}) = A({a,b}) = le({a, b}) = la({a, b}) = {a, b}.

Theorem 2.2 Let (X, <) be a TR. Then the following statments are satisfied;

(1) x is an upper (resp. lower) bounded of a subset A of a TR (X, <) iff z is an lower (resp. upper) bounded
of (X, <%).

(2) x is least (resp. largest) elements of a subset A\ of a TR (X, <) iff = is largest (resp. least) elements of a
subset A of a TR (X, <%)

(3) z € V() (resp., A(N) ofa TR (X, <) if z = € A(\)(resp., V(A) ) ofa TR (X, <?)

(4) L X (resp. TA) ofa TR (X, <) equals T X (resp. LX) ofa TR (X, <?)

(5) minimal ()\) (resp. maximal (\)) ofa TR (X, <) equals maximal (\) (resp. minimal (\)) ofa TR (X, <%).

Remark 2.3 Let (X, <) bea PRS, then VA C X, A C | A(resp., A C 1T A), but if (X, <) be a TR, then A need
not be a subset of | A( resp., T A), so give the following example.

Example 2.4. Let X = {xz,y,2} and let < = {(z,2), (z,y)}. Take A = X. Then X ¢ {z} = | X ( resp,,
X ¢ {zy}=1X).

Remark 2.4 Let (X, <) bea PRS, then VAC X, AC | AC L ({A) (resp,, T AC T (T AN), but if (X, <) be a
TR, then A need not be a subset of | (} A)( resp., 1 (1 A)), so give the following example.
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Example 2.5. Let X = {z,y,2} and let < = {(z,2z), (z,y)}. Take A = X. Then 1 (+ A) = {z} 2 T A. ( resp,,
LN = {2} 2 A= {m)).

Remark 2.5 Let (X, <) bea PRS, then VA C X, A C ] A, butif (X, <) bea TR, then A need not be a subset of

T A, so give the following example.

Example 2.6. Let X = {z,y,2} andlet <= {(z,z), (z,y)}. Take A=X. Then L A= (1t AN A) = {z}n{z,y} =
HERY

Remark 2.6 Let (X, <) bea PRS, then VAC X, I ACT (TN, but if (X, <) bea TR, then § A need not be a
subset of I (I A), so give the following example.

Example 2.7. Let X ={x,y, 2,0} andlet <= {(x,y), (v,2),(z,2)}. Take A = {z,y, 2z} of X. Then | A = {z,y} and
TA=Ay,z}, then TA= (NN A) ={y} Thus T TN =T {w}) = {yH) N {y}) = {z} n{z} = ¢ Hence
IAcT @V

Theorem 2.3 Let (X, <) bea TR, and let {\; : j € J} be a family of subset of X. Then:

M) LUM = ULk
@ t(Uxn = Ut
® LA € N Ley
(4) T(ZEJAj) c Nt

Proof (1) Let z € L (U Aj) © T ye (U Aj) suchthat z <y <3 Ajsuchthat jeJ ye X, z<ye xel () for

jET jeJ
some jeJsxze J ().
beF,
2 zet(UN)e 3T ye(U Aj) suchthat y<xz <3 Ajsuchthat jeJ yed;, y<ze xzet () for
jEJ J€J
some jeJ<xze U 1T(N).
j€J
B)zel(NX)=3F ye(NAj) suchthat z<y=V je€J, FJye€ ), suchthat t<y= z€l(\)V j€
jeJ jeJ
J=2z€ () 1(N); and
jet
@ zet(NN)=3F ye(N A) suchthat y<z =V jeJ Jye ), suchthat y<z= ze€t(\;))V j€
jed jeJ

J=zx € ﬂ T(A])
jeJ

The following theorem is a generalization of the corresponding result in Proposition 1.1.

Theorem 2.4 Let (X, <) bea TR, and let A C X such that \/(\) exists. Then () T2z =1V(\).
TEN

Proof Let y€ [tz eV zel yetzsy>2V ze VA& yet V).
TEA

The following theorem is a generalization of the corresponding result in Proposition 1.2.
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Theorem 2.5 Let (X, <) be a TR, and let Apu C X and let A C p. If \/(A) # ¢ and V() # ¢. Then
VaV/(A), VBV (), a < B.

Proof If Vz € ub(A), Vyeub(p), y>x If acV/(A)=le(ub(N)) and B € V(p) = le(ub(p)), a <z V x € ub(X), so
that « <y Vy € ub(u). so that o < S.

Definition 2.4. Let (X, <) bea TR, and let A, u C X. X is called:
(1) An lower (resp. upper) subset of X iff | A C A (resp. 1+ A C A)). The family of all lower (resp. upper) subset
in A will denoted by LS()) (resp., .US(X)),
(2) A directed (resp. filtered) subset of X iff A # ¢ and every z #y in A\, 3z € ANb{z,y});
3) The ideal (resp. filter) subset of X iff X is directed lower subset (resp. filtered upper subset) in X;
4) A principal ideal (resp. principal filter) of X iff max(A) # ¢ (resp. min(\) # ¢);
5) A bounded subset from above (resp. below) of X iff iff ub(\) # ¢ (resp. b(\) # ¢);
6) A cofinal in p iff AC p C | (N);
7) A convex subset of X iff V z,y € A such that x <z and z <y, z € A;
8) An upper (resp. lower ) cone of X iff 3 z € A such that A= 12z (resp. A= ]z );
9) A d-closed subset iff V directed subset D of X such that D C A, we have \/(D) C X;
10) A d-open subset of X iff A° is a d-closed subset;
11) A Scott-closed subset of X iff X is d-closed lower subset ;
12) A Scott-open subset of X iff A is d-closed upper subset of ;

(
(
(
(
(
(
(
(
(
(

The following theorem is a generalization of the corresponding result in Proposition 1.3.
Theorem 2.6 Let (X, <) bea TR, and let X be a convex subset of X, $ X CA.

Proof ye€l A=("TAN)N{ A) sothat y €t X and y € | A sothat 3 2,2 € X with z <y and y < z. Since A

convex y € A

Remark 2.7 Let (X, <) bea PRS, then VA C X, AC 1t X and A C | A sothat A C (I A), but if (X, <) bea
TR, A\CtXand AC | X sothat AC ($A) need not be true, so give the following example.

Example 2.8. Let X = {z,y,2,[,m} Now <= {(x,y), (y,0),(z,1).(1,1)}. is TR. Take A = {x,y,z} of X. Then
JA={z} so that A& | A and 1 A= {y,l}, sothat A& T A
and  A=(TANN{UA)=¢ sothat AG T A

The following theorem is a generalization of the corresponding result in Proposition 1.3(1)
Theorem 2.7 Let (X, <) bea TR, Then J A is convex.

Proof Let z, yeJ A=(1tA)N{A) andlet z <z<y. Then 3 z1 € X such that y <y; and 3 z1 € A such that
z1<xso z1 <z <z<y<y:. Because (X, <) isa TR, Then z €] X so that § X is convex.

Theorem 2.8 Let (X, <) bea TR, and let A C X, Then:

A is a d-open subset of X iff V directed subset D of X such that \/(D) N\ # ¢, we have DN\ # ¢

Proof Lgically: for A C X, Let E is a family of all directed subset of of X, and P='D e E , Q =D - )\/, and
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R="\/(D)C X. Now A is a d-closed = P A (@Q=R)=PA(-R=-Q). So X° is a d-open iff V D € E such that
V(D) N A # ¢, we have DN A® # ¢, where = R and — @ are the negations of R and @ respectively. We can simply
say that, p is a d-open iff V D € E such that \/(D)Np # ¢, and DN p # .

The following theorem is a generalization of the corresponding result in Proposition 1.4.
Theorem 2.9 Let (X, <) be a TR, and let X\ be an upper subset of X, then it is d-open.

Proof Let A be an upper subset of X and let D be a directed subset of X\. Now, m € \/(D) implies that 3
k€ D C X such that £ <m. Then m € (1 A) C A, so that m € X\. Thus \/(D) CA.

The following theorem is a generalization of the corresponding result in Proposition 1.5.
Theorem 2.10 Let (X, <) bea PRS, and let )\ be a convex subset of X. If (| \) is d-closed, then X so is.

Proof Let D be a directed subset of A. Now. Because < is reflexive, then D € A C (] A). Since (J A) is d-closed,
then \/(D) C (J A). So Vm € \/(D) 3 = € X\ such that m < z. Since D # ¢, then 3 d € D such that d < m. Now,
d <m < z. Since ) is convex , then m € X so that \/(D) C \. Hence X is d-closed.

Theorem 2.11 Let (X, <) bea TR, and let A be a subset of X, then
(1) (FA) S AEE (P A9) C A%
(2) (1 A) C A Hff (1 X%) C A°,

Proof (1) =: Let z € (1T A°) implies that 3 y € A° such that y < z implies that 3 y ¢ X such that y < z implies
that 3y ¢ (I A) such that y < z implies that V z € A\, y € z and y < x implies that z ¢ X\ implies that = € \%;

< : Let z € ({ A) implies that 3 y € A such that x < y implies that 3 y ¢ A\° such that = < y implies that
Jy ¢ (1 A°) such that z <y implies that V z € A°, 2 £ y and = <y implies that = ¢ A° implies that = € .

(2) Not need to prove this case,because this statement is equivalent to (1).

Corollary 2.1. Let (X, <) bea TR, and let X be a subset of X, then A is lower (resp. an upper) subset of X iff

A° is upper (resp. an lower).
The following theorem is a generalization of the corresponding result in Proposition 1.6.

Theorem 2.12 Let (X, <) bea TR, and let A; be a family of lower ( resp. upper ) subset of X, then
(N Aj) and (U A;) are lower ( resp. upper ) subsets of X
jeJ jEJ

Proof. (1) From Theorem 2.3 (3) we have | () A;)) € () 4 (Aj) so that | () A;)) € () (};). Hence

i€t jed jer jer
M (A\;) is lower subset of X; And
JjeJ
From Theorem 2.3 (4) we have T ([ A;) € () T (X;) sothat T () A;) € () (A;). Hence [ (A;) is upper subset of X.
Jj€J Jj€dJ JjEJ Jj€J j€d
(2) Let =z €l (U Aj) implies that 3 j € J such that y < X; and = < y implies that « € | (A;) implies
JET
that « € (A;) implies that z € (|J A;j). Hence (U A;) is lower subset of X; And
JEJ J€T
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Let = €1 (U ;) implies that 35 € J such that y < A; and y < x implies that € 1 (};) implies that = € (A;) implies

i€J
that x € (U A;). Hence (|J A;) is upper subset of X.
i€d jEJ

Lemma 2.1 Let (X, <) be a PRS. If A is directed subset, then (| A) so is.

Proof. Let z1, 2 € (I A) such that 1 # 2. Then 3 yi,y2 € A such that 1 < y1, 22 < 2. So
3z € ub({z1, x2}). Since A C (} A), then = € (J A). Thus =z € ( A\) Nub({z1, z2}). Hence (} A) is directed

subset.

The following Corollary is a generalization of the corresponding result in Proposition 1.7.

Corollary 2.2. Let (X, <) be a PRS. If X is directed subset iff (| A) so is.

The following theorem is a generalization of the corresponding result in Proposition 1.8.

Theorem 2.13 Let (X, <) bea PRS, and let A\, u C X such that (J \) = (4 ). If A is directed subset, then y so is

Proof. From Lemma 2.1, since X is directed subset, then (] ) is directed subset, implies that ({ u) is directed subset.
Now prove that p is directed subset, let x1, x2 € p such that z1 # z2, then z1, z2 € (} p). So Iz € (| p) such
that = € (I p) Nub({z1, z2}). Then I y € p such that z < y. Now z; < z < y and =z < z < y so that
y € pNub({z1, z2}). Hence p is directed subset.

Corollary 2.3. Let (X, <) be a PRS, and let A\,x C X such that (J] A\) = ({ p). If X is directed subset iff p so is
The following theorem is a generalization of the corresponding result in Proposition 1.9.

Theorem 2.14 Let (X, <) be a PRS, and let x,y € X. Then:
N ax<yiff zelyiff |zClyiff yetzif txzCty.
(2) zelz & z€tua

() Lzn to={o)

Proof. Since z<y & ze€ly & |z Cly; andsince <y & yetzxz < 7TxC7Ty. The results obtained.

The following theorem is a generalization of the corresponding result in Proposition 1.10 and Proposition 1.11.

Theorem 2.15. Let (X, <) be a TR, and let {(X;, <;):j € J} bea family of TR, and let \; C Xj

Vj € J. Then:
(1) If A\; CUS(X,) (resp. LS(X;)) V5 € J, then []()\;) isaan upper ( resp. lower ) subsets of ([] X, <).
= j€J
21 (I;IJ)V) = (l;[JT (A5))
(3) L (I M) = (IT + ()
jed JjEJ

(B)If \; CUS(X,) (resp. LS(X;)) Vj € J, then []()\;) isaan upper ( resp. lower ) subsets of ([] X, <).

JjeJ JjeJ

Proof (1) Let A; CUS(X;)(resp. LS(X;)) Vj € J. Hence 1 (A;) C (A;)(resp.d (A;) C (A))),
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then 1 (JT A;) € (IT (M) (resp.d (IT A;) € (IT(A;))). Thus ] (A;) isa an upper ( resp. lower ) subsets of [] Xj.
jeJ jed jed j€d jeq j€g

(2) and (3) Obvious;
The following theorem is a generalization of the corresponding result in Proposition 1.3. and Remark 1.1.

Theorem 2.16 Let (X, <) bea TR, and let \,u C X . If A C p and u is convex. Then
M IO <Sw
(2) V(9) = le(X).

Proof (1) Let x € J (A). Since z € (4 A), So 3y € A such that < y. And since z € (1 A), So 3 z € A such that
z < x. since A C p implies that z,y € . And since p is convex, then € u. Hence J (A) C p.
(2) Obvious.

The following theorem is a generalization of the corresponding result in Proposition 1.12.

Theorem 2.17 Let (X, <) be a TR. and let \,u C X . If u is directed subset and cofinal in A, then \is directed
subset and \/(A) = V(u).

Proof Since p C A, then A\ # ¢. Let z,y € X such that  # y. Then 3 b1,b2 € p such that x such that z <
b1, y <bg and z € ANub({b1,b2}). Hence p is directed subset. Also, since p C A, then ub({A\} C ub({u} (1) and let
y ¢ ub({\} implies that 3 a@ € A such that a £ y implies that 3 a € ({ p) such that a € y implies that 3 b € p such
that @ < b and a £ y implies that b € p such that b £ y implies that y ¢ ub({p} (2). From (1) and (2) implies

that ub({A} = ub({u}. Hence V(X)) = V(u).

Theorem 2.18 Let (X, <) bea TR. and let A\, u C X .
(1) fzeub(A\)NAandIf z <z. Then z € \(X)

(2) If ub(A\) =wub(A). Then \/(A) =V (n).
Proof Obvious.
3- The way below relation and some types of functions on TR

Definition 3.1 Let (X, <) be a TR,

(1) Let z,y € X. Wesay z way below (resp. y is way above) y (resp. z), denoted by z < y iff VD C X, s.t. D
is directed subset of X, if y< | (\/D), 3de D s.t z<d.

The family of all elements in X each of which way above (resp. way below ) z is denoted and defined as follows:
te={yeX:z2<y} (resp. Yz ={ye Xy < z}.

(2) Let x € X. If = < z, then x is said to be isolated. The family of all isolated points above (resp. below)
x € X isdenoted K(X) and definedby: 1P z={ye X:y<<yand z<y} (resp. loz={ye X:y<<yandy <zx}.

Theorem 3.1. Let (X, <) bea TR. let z,y,z € X. Then :

(1) If z<yand y< z, then z < z;
2)If z<yand y <z, then z <K z;
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3) If V{y}) #¢. and z <y, then z <y;
(4) It V({y}) # ¢. or V({2}) #¢, <y and y < z, then z < z.

Proof (1) Let D be a directed subset of X s.t. z € ] \/(D). Then 3d € D s.t. y <d.Then = < d and hence z < z.
(2) Let D be a directed subset of X s.t. z € | \/(D). Then 3 k € \/(D) s.t. z < k.Thus y < k and
so y € } V(D). Therefore 31 € D s.t. 2 <. hence = < z.
(3) Let D = {y} and assume that x < y. Then 3d € D s.t. z <d but y =d. Thus z <y;
(4) The proof follow directly From (1) and (3) above.

Definition 3.2 A TR (X, <) is called a domain iff for every directed subset A of X, \/(\) # ¢.

Lemma 3.1 Let (X, <) bea TR, let |} = be adirected subset of Vo € X. ThenVze X, D=J{J a:a€ | z}is
called directed subset.

Proof Let A p € D st.,, A# p. Then ai, az € § z € wb({\,p})N ¥ a Cub({\, p}) N D. Thus D is called

directed subset.

Lemma 2.2. Let (X, <)beaTR,let Vz€ X. ThenVz € X, ub(J{ a:a€{z)=ub(U{V{ a):aecl z). Thus
VIHW a):aelz) =VIHVHE a):ae€ ).

st., A€l a1 and p €l az. If a1 = ag, the result hlolds. the otherwise let a € ub({a1, a2})N | =z so that
Theorem 3.1 (2). A, € | a. Since |} a is called directed subset, then Jp
Proof.

Aew(UH{Wl a)raclz) & Ve U a):ae |z},
A>p & Vpe a),ac{ z),

A>p & VpeVWH a), ae(ll ),
A>p < AeuwlUVU a):ae ).

The following theorem is a generalization of the corresponding result in Proposition 1.13.

Theorem 3.2. Let (X, <) bea TR. let le(X)#¢. Then V L€ele(X), VzeX, L <z

Proof Let z € | \/(D), where D is directed subset of X. 3de€ D s.t. L <d for some L € le(X). Hence L < z.
The following theorem is a generalization of the corresponding result in Proposition 1.14.

Theorem 3.3. Let (X, <) be a TR. such that < is antisymmetric relation. If D is directed subset of X and
z € V(D)NK(X), then z € D.

Proof Let z € | \/(D), where D is directed subset of X. 3d € D such that. t <d < z. << Hencezx € D.

Theorem 3.4. Let (X, <) be a TR, and let {(X;, <;):j € J} bea family of TR, If V j € J., X; is a domain, then

IT(X;) is a domain.

jeJ

Proof Let A be directed subset of [[(X;)={f:J — [[(X;) such that f(j) € X; Vj € J }. Then one can deduce

jeJ jeJ

that Vj e J, Aj = [[(A) ={f(4) : f € A} is a directed subset of X;. So, \/(A;) # ¢. Let k; € \/(X;) Vje€J so
jes

that (k;) jes € V(A), that mean V X be directed subset, \/()\;) # ¢. Hence [] (X;) is a domain.

JjedJ
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Definition 3.3. Let (X, <;) and (X, <5) be TR, , x1, z2.€ X and let f: (X, <1) — (Y, <2) be a function.
Then
(1) f is t—monotone iff f(z1) <2 f(z2), whenever z1 <1 z2, and z2 <1 x2,

(2) f is called order preserving (monotone) iff f(z1) <2 f(z2), whenever z; <; xa.

Theorem 3.5. Let (X, <1) and (X, <2) be TR, and let f: (X, <1) — (Y, <2) be a function. If f is ¢{—monotone,
then | (f(A) =4 (fUL A)VAC X suchthat. Vo € X\ z<i

Proof Let XA C X such that. Vo € X z <y z. So, A C | (A). Then | (f(A)) € | (f(} (N)). We need to
prove | (f(4 (V) € | (f(A)). So, let y € | (f(I (X)) implies that 3 n € f({ (A\) such that y <2 n implies that
31 €] (A) such that f(I) = n and y <» n implies that 3 k& € (X) such that | <; k, n = f(I) <2 f(k) and
y <2 n implies that 3 h = f(k) € f((\) such that y < h implies that y € | (f(}N)).

Theorem 3.6. Let (X, <;) and (X, <2) be PRS, then a function f: (X, <:;) — (Y, <2) is t—monotone, iff it

is monotone.
Proof Obvious

Theorem 3.7. Let (X, <:) and (X, <2) be PRS, and let f: (X, <1) — (Y, <2) be a function. Then f is
monotone, iff | (f(A)) =1 (f(I (A)) VA CX.

Proof From Theorem 3.5 and Theorem 3.6 and the other direction, Let x1, xz2.€ X such that x1 <; x2. Now,
x1 € | w2 implies that f(z1) € f( 1 (z2)) €1 (f(I (2)) =] (f(2)) implies that f(z1) <2 f(22).

Definition 3.4.. Let (X, <;) and (X, <2) be TR, and let a function f: (X, <;) — (Y, <2) is called:
(1) idempotent iff fo f= f;
(2) below the identity iff f <idx, that mean V z € X., f(z) < z;
(3) Projection iff f is idempotent and monotone;
(4)

4) Kernal operator iff f is idempotent, below the identity and monotone.
The following theorem is a generalization of the corresponding result in Lemma 1.1

Theorem 3.8. Let X be a set and let f: X—X be a function. Then f is idempotent iff f(X) = fiz(f), where
fiz(f) ={z € X : f(x) = z}.

Proof = :) First let y € f(X). Then 3 z € X such that f(z) = y. Now, f(z) =y = f(f(z)) = f(y) so that
y = f(y) so that y € fiz(f). Hence f(X) C fiz(f). Second, let y € fiz(f). Then y = f(y) so that y € f(f). Thus
fiz(f) © f(X).

<) let z€ X. Then fo f(z) = f( f(2)) = f(z). Hence f is idempotent
Definition 3.5. Let (X, <) be TR, and let A C X. Then the relation <jon A is defined by <) = (<) N (AxA).
Theorem 3.9. Let (X, <) be TR, and let A C X. Then (A, <)) isa TR.

Proof Let (z,y), (y,2) € (<) N (AxA)= <i.Then (z,z) € < sothat (z,z) € <x.Hence (A, <))isa TR.
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Theorem 3.10. Let (X, <) be PRS ( resp. poset ), and let A C X. Then (X, <)) is PRS ( resp. poset ).

Proof (1) Assume that < is antisymetric Let (z,v), (y,z) € (<a). Then (z,y), (y,z) € < sothat x =y . Hence
if < is antisymetric, then <, so is.

(2) Assume that < is reflexive Let z € A . Then (z,z) € A x A. so that N < = <, . Hence if < is reflexive,
then <jsois. From (1), (2) and Theorem 3.9, the result hold.

Remark 3.1. Let X be a set, \,u C X, let (A, <)) is sub-poset of a poset (X, <) such that = € \/,(u) for some
wC A, but ¢\ (u). So give the following example.

Example 3.1 Let X = {z,y,2,l}, A ={z,y, 2}, u = {z,y} Now <= {(z,z), (v,v), (2, 2).(1,1), (z,1), (y, 1), (I, 2).(z, 2), (y, 2) }.
Then A x A = {(z,2), (z,9), (7,2).(y,2), (¥,9), (¥, 2), (2,2).(2,9), (2, 2)}. Hence <x= {(z,2),(2,2),(y,9)-(y,2), (2,2)}.
Thus V/y (#) =  but V(1) = L.
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