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Abstract: In this paper, we prove a common fixed point theorem for a pair of multi-valued mappings satisfying
generalized contraction conditions in the setting of complete b-metric spaces. The proposed theorem expand and

generalize several well-known comparable results in the literature.
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1. Introduction

Fixed point theory plays an important role in applications of many branches of mathematics. It has been
applied in computer sciences, game theory, physical sciences and models in economy. One such fixed points has
started by Banach in 1922, ensures the existence and uniqueness of fixed points for a contraction mapping in
complete metric spaces. After that a series of articles have been dedicated to the improvement of fixed point
theory.

In 1969, Nadler [24] introduced the notion of a multi-valued (set-valued) and was the first author proved Banach
fixed point theorem for a multi-valued mapping in a complete metric space by using the Hausdorff metric. The
theory of multi-valued (set-valued) maps has applications in differential inclusions, economics, control theory,
and fractional differential inclusions.

Afterward, in 1989, Backhtin [7] introduced the concept of b-metric space as a generalization of a metric space.
In 1993, Czerwik [11] first presented a generalization of Banach fixed point theorem in b-metric spaces. Several
researcher generalized and extended fixed point theorems for single and multi-valued contractions mappings on
b-metric space (see[1-5, 8, 9, 15-17, 20, 21, 23, 24, 26] and many others).

In this paper we give fixed point theorems for multi-valued generalized contraction of two maps in b-metric
space.

2. Preliminaries and Terminology

Definition 2.1. [7, 11] Let X be a nonempty set. A function d : X x X — R* is called a b-metric with
coefficient s > 1 if:

. d(z,y) =0 if and only if x = y;
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2. d(z,y) =d(y,z), for all z,y € X;
3. d(z,z) < sld(z,y) + d(y, 2)], for all z,y,z€ X

Then the pair (X,d) is called a b-metric space.

Remark 2.1. It is clear that every metric space is b-metric space with s = 1, but in general, a b-metric space

need not necessarily be a metric space [12].

Example 2.1. [9] Let Ly([0,1]) = {f : [0,1] — R : [|fllz, (o1 < oo}, (0<p<1) and

: :
1z o) = ( / |f(x)|”dx) |

Denote X = L,([0,1]), define a mapping d: X x X — RT by

1
P

1
i) = ([ 1) - stoypa) )
0
forall f,g € X. Then (X,d) is a b-metric space with coefficient s = 951,

For more examples of b-metric space (see [13, 16, 17, 20] ).
Definition 2.2. [13] Let (X,d) be a b-metric space and {z,,} a sequence in X. We say that :
1. {x,} converges to z if d(z,,z) = 0, as n — +oo,
2. {x,} is Cauchy sequence if d (xy,x,,) — 0, as n,m — 400,

3. (X,d) is complete if every Cauchy sequence in X is convergent.

Fach convergent sequence in a b-metric space has a unique limit and it is also a Cauchy sequence.

Moreover, in general, a b-metric is not necessarily continuous [10]. The following example illustrates this claim.

Example 2.2. [13] Let X = NU{oo}. We define a mapping d: X x X — R as follows:

0 if m=n
d(m, n) = % — %| if one of m,n is even and the other is even or oo
’ 5 if one of m,n is odd and the other is odd or oo
2 otherwise m =n.
Then (X,d) is a b-metric space with coefficient s = g However, let ©, = 2n for each n € N. Then

lim,, o0 d(2m, 00) = lim,, 00 ﬁ =0, that is, x, — 00, but d(x,,1) =2 -»5=d(c0,1) as n — 0.

Let (X,d) be a complete b-metric space. In the sequel, we use the following notations:
CB(X)={A: Ais a nonempty closed and bounded subset of X},
D(A, B) = inf{d(a,b) : a € A,b € B},
0(A,B) =sup{d(a,B):a € A},



A T R )

S. Merdaci and T. Hamaizia

0(B,A) =sup{d(b,A) :be B},

H(A,B) = max{d(A, B),d(B,A)} = max{sup,cp D(z, A),sup,c 4 D(z,B)}.

Notice that H is called the Hausdorff metric induced by the metric d.

Forward, we denote by F(T) the set of all fixed points of a multi-valued mapping 7', that is,

FT)={pe X :peTp}.
Definition 2.3. A point of 2y € X is said to be a fixed point of the multi-valued mappings 7' : X — CB(X)
if xg € Txg.

Lemma 2.1. [12] Let (X,d) be a complete b-metric space. For any A, B,C € CB(X) and any x,y € X, one
has the following:

d(z, B) < d(z,b), for any b€ B.
o(
d(
H(A,A) =0.

x
A, B) < H(A,B).
x

,B) < H(A,B), for any x € A.

H(A,B)=H(B,A).
H(A,C)<s|H(A,B)+ H(B,C)].
d(z, A) < sld(z,y) + d(y, A)].

Lemma 2.2. [13] Let (X,d) be a complete b-metric space and let {x,} be a sequence in X such that
d(Tpa1,Tna2) < Bd(Tn, Tpy1), forall n=0,1,2,...

where 0 < B < 1. Then {x,} is a Cauchy sequence in X .

3. Mains results

Before proving our main results, we need the following Lemma:

Lemma 3.1. Let (X, d) be a complete b-metric space with a coefficient s > 1, «,v1,72 are nonnegative reals

with 0 <1 <2, and S, T : X — CB(X) be multi-valued maps satisfying, for all x,y € X

5*6(Sz, Ty) < N(z,y)M(z,y), @)
where
N(a.y) = 22 {d(z,y), D(x, i:(v:zgg(i;z)TDygiz) + D(y,5z) + 1} | "
and
M (z,y) = max {d(az, V), D(x, Sz, Dy, Ty), 2& 1Y) 24; D(y, Sx) } | W

Then every fixed point of S is a fized point of T, and conversely.
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Proof. Suppose that p is a fixed point of S. Using (2) and the definition of §,

1

D(p, Tp) < 6(p, Tp) < 6(5p, Tp) < - N(p,p)M(p,p). (5)

Where,
N(p.p) = 2x1d@.p). D, 5p) + D, Tp), D(p. Tp) + D(p, Sp) + 1}
’ 5(p, Sp) + 3(p, Tp) + 72

< ————— =<1,

- D(p, Tp) + Y2
and,

D(p,Tp)+ D(p, S
M(p,p) = maX{d(p,p),D(p, Sp). D(p. Tp), 22 p)QS (p p)}
< D(p,Tp).

From 5

A
D(p,Tp) < ;D(n Tp),

A
since — < 1, which implies that p is also a fixed point of T'.
s

In a similar manner it can be shown that, if p € T'p, then p € Sp.

Now, we prove the main result in this section.

Theorem 3.1. Let (X,d) be a complete b-metric space with a coefficient s > 1, «,v1,v2 are nonnegative reals
with 0 <1 <72, and S, T : X — CB(X) be multi-valued maps satisfying (2), (3) and (4). Then

(a) S and T have at least one common fized point p € X .

(b) For n even, {(ST)"/2x} and {T(ST)"/?x} converge to a common fized point for each x € X .

(c) If p and q are distinct common fized points of S and T, then

s%2 —m

< .
5 <d(p,q)

Proof. Part (a), let zp € X, x1 € Sxo and define {z,} by

ZTont1 € STon, Topto € Txoni1, for all n > 0. (6)

Without loss of generality, we assume that x,, # x,41 for each n. For, if there exist an ng such that
Tng 7 Tng+1, then ng forms a common fixed point for S and T'. More precisely, to see that x,, is the common
fixed point of S and T, we consider ng in two cases. First, if ng = 2n. In this case, we have x5, = 9,11 € Szay,,
that is, xo, is a fixed point of S, hence of T" by Lemma 3.1. that is, x3, = z2,41 is a common fixed point of
S and T'. Similarly, if no =2n+1.
Thus, throughout the proof, we suppose that x, # x,+1 for each n. For, if there exists an ny for which

Tong F Tang+1, then, since Top,4+1 € STang, Tane+1 € F(S) , and by Lemma 3.1, za,, € F(T). Similarly,
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Tong+1 = Tang+2 for any mg implies that xon,+1 € F(T) N F(S).

First we to show that {z,} is a Cauchy sequence in X . For this, choose 2,411 € Sxa, such that

d(z2n, Tont1) < 0(Swopn, TTon—1), (7)

Similarly, choose xo,+2 € Txa,41 such that

d(2nt1, Tant2) < 0(STon, TT2nt1)- (8)

Setting da, = d(x2n+1, T2n), the A, are defined by

dnfl +dn + %

Ap = ————=.
dnfl +dn +72

It follows from (3) that

max {dan—1, D(Z2n, Son) + D(2on—1,TT2n—1), D(x2n, TT2,-1) + D(22n—1,S%2n) + 71}
0(xon, STan) + 6(x2n—1,TTon—1) + 72
max {don—1, d2y + dop—1,0 + d(z2,, 1, T2 41) + 71}
dop + don—1 + 72
max {dan—1, dopn + don—1, 8 [don—1 + dopn] + 71}
dop, + don—1 + 72

d2n—1 + d2n + %

=3
don—1+ don + 72

N($2m 1’27171) =

= 5A2p,

d2n—1 + d2n + %

don—1+don + 72
It follows from (4) that

where Ay, = < 1, for all n > 0 because 0 <y; < 2.

D(z2,, Txoy_ D(z2n—1, n
M(-T2n7x2n—1)maX{d(x2n7x2n—1)7D(5172n7SxQn)aD(IQn—lvTIQn—l)v (12 2 1)+ (xQ 1Sx2)}

2s

d n—1,4L2n
S max{dQH—ladZnadQn—h 0t (:EQ L2 +1)}

2s

doy— day,
< max{dinadvam}

2

= max{dgn, 1, dgn}

Using (2), (10) and (11) in (7) yields

)\277,

don < 0(S2n, Tw2,-1) < a1

maX{danl s dgn } .

If doy, > dap—1 for some n, then from the above inequality we have

A2
d2n < SafnldQna
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a contradiction since each x, # Tpy1,ds, > 0 and 5/:27”1 < 1, then max{da,_1,don} = da—1 for all n > 0.
Also, by the above inequality we obtain

doyn, < %dgn,l. (12)
Similarly, we can prove

dons1 < ii”jf don. (13)

Combining (12) and (13), we can conclude that, for all n > 0,

An
d, < Sai—ldn*l <d,_1. (14)
Next, we show that A\, < A,,_1, for all n > 0.
Then, by inequality (14), we get d,, < d,—1, and also d,,—1 < d,,—2, which implies that d,, < d,_s.
Consequently

0 < dn + dn—l + % < dn—l + dn—2 + %7

and
0< dn + dnfl + Y2 < dnfl + dn72 +727

then by dividing, we get

dn+dn—l+ﬂ
5 <

dp +dp—1+72 dyp—1+dp—2+ 72

dn—l + dn—? + %

is equivalent to A,, < A\,_1, continuing this process, we get

An < A1 (15)
Now, from (14) and (15), we have
A
dy < Sa—ildn_l. (16)
A
Let 8 = ail . Then, we have that 3 € [0,1). Hence, by Lemma 2.2, we obtain that {,} is a Cauchy
s

sequence in (X,d). By completeness of (X, d), there exists p € X such that lim, . z, = p.

Next, to show that p ai a fixed of T'. For this, using triangular inequality, we have

D(pv Tp) S S[d(p; x2n+1) + D(x2n+1a Tp)]

(17)
< S[d(p, $2n+1) + 5(51'2717 Tp)]'
It follows from (3) that
N (2, p) = —= {d(zan, ), D(x20, Sxan) + D(p, Tp), D(xon, Tp) + D(p, S2n) + 11}
2n, P (5($2n,5"£2n) +§(p7 Tp) + 72 (18)

< max {d(xanp)a d(xQ?“H $2n+1) + d(p7 Tp)v d(xva Tp) + d(pv x2n+1) + 71}
- d(xQny $2n+1) + d(p7 Tp) + V2
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It follows from (4) that

D(x2,,Tp) + D(p, Sxoy,
M(xQ'nap) = Imax {d(wzn,p),D(xgn,ngn),D(p, Tp)7 ( 2 p) (p 2 )}

2s

T
S max {d($2nap)7 d(x2n7 x?n-‘rl)a D(pa Tp)7 d(x2n7 p) il d(p7 x2n+1) } .

2s
Substituting (18) and (19) into (17), using (2), and taking the limit of both sides as n — oo, one obtains

1 d(p,Tp)+m

D(p,Tp) <
. Tp) s*=Ld(p,Tp) + 72

D(p,Tp),

1 d(p,Tp) +m
s*~1d(p, Tp) + 2
3.1,p € F(S). Accordingly, we conclude that S and T have a common fixed point p.

< 1, which implies D(p,Tp) = 0. Hence, we get that p € F(T). From Lemma

To prove (b), merely observe that, from (6) and the fact that z( is arbitrary, we may write.

Ty € (ST) 2z and @49 € T(ST)" 2.
(¢). Suppose that p and ¢ are distinct common fixed points of S and T'.
Then
d(p,q) < 4(Sp, Tq). (20)
It follows from (3) that
max {d(p, q),0, D(p, T'q) + D(g,Sp) + 1}
(p, Sp) +6(q,Tq) + 72
max {d(p, q), d(p,q) + d(g,p) + 11}

2d(p, q) + 7
72

N(p,q) =

It follows from (4) that

M (p, q) =max {d(p, 9), 0,0, D(p,Tq) + D(q, Sp) }

2s
=d(p,q).

Using (2) and substituting it into (20) gives

2d(p,q) + 1

d(p,q) <
(p,9) 13

d(p,q)-

which yields the result. This completes the proof. O

Corollary 3.1. Let (X,d) be a complete b-metric space with a coefficient s > 1, «,v1,72 are nonnegative

reals with 0 <y <2, and T : X — CB(X) be a multivalued map satisfying for all x,y € X

s%0(Tx, Ty) < N(z,y)M(z,y), (21)
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where
d D(xz,T Dy, Ty), D(x, T D(y, T
Nz, y) = Dax{d(@y), D(z, Tz) + Dy, Ty), Dlw, Ty) + D(y, T'x) + 1} (22)
0(z, Tx)+ d(y, Ty) + 72
and
D(x,Ty) + D(y, Tx
Ma,y) = max {d(o. ), Do 7). Dy 1), DTV ELOLI (23)
Then
(a) T has at least one fized point.
(b) {T™zx} converge to a fized point of T .
(¢) If p and q are distinct fixed points of T, then
TBN g

Proof. Take S =T in Theorem 3.1. O

Corollary 3.2. Let (X,d) be a complete b-metric space and T : X — CB(X) be a multivalued map satisfying
forall x,y e X

(T, Ty) < ), 24
e Ty) = <d(w,T$)+d(y,Ty)+'yz (@) 24
Then
(a) T has at least one fized point.
(b) {T™x} converge to a fized point of T.
(c) If p and q are distinct fized points of T, then
o —
PR < dp.g).
2
d(z,T d(y, T

Proof. Take S = T in (2), N(z,y) = dEi:TZgid((Z: T:;; 11; in (3) and M(x,y) = d(z,y) in (4), from
Theorem 3.1. O

Example 3.1. Let X = {—2,0,1} and let d: X — RT defined by

1 1
d(_iao)*lv d(_ia_i)*zla d(O,

(50 —3) = d(0.0) = d(3, 5) =0,

d(z,y) =d(y,z), forall z,ye X.

4
(X,d) is a complete b-metric space with coefficient s = 3 and a =1,y =1, =2. Let T: X — X be
defined by
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and we have

and

and

and also

Therefore, T satisfies all the conditions of Corollary3.2. Then T has two distinct fixed points {—%,O} and

Corollary 3.3. Let (X,d) be a complete b-metric space with a coefficient s > 1, a,v1,7v2 are nonnegative

reals with 0 < 1 < 2, and S, T : X — CB(X) be multi-valued maps satisfying, for all x,y € X

s%d(Sz, Ty) < N(z,y)M(z,y), (25)
where
_ max {d(z,y),d(z, Sz) + d(y,Ty), d(z,Ty) + d(y, Sx) + 11}
Nay) = d(z, Sz) + dy, Ty) + 72 ’ (26)
and
M (z,y) = max {d(a:, y),d(z,Sz),d(y, Ty), dz, Ty);;d(y, 5z) } ) (27)
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Then

(a) S and T have at least one common fized point p € X .

(b) For n even, {(ST)"?x} and {T(ST)"/?xz} converge to a common fized point for each x € X .
(c) If p and q are distinct common fized points of S and T, then

$%2 —m

< .
5 <d(p,q)

max {d(z,y), d(z, Sz) + d(y, Ty), d(x, Ty) + d(y, Sz) + 1} .
d(z, Sz) + dy, Ty) + 2
d(z,Ty) + d(y, Sz)
2s

Proof. Take N(x,y) =

n (3)

and M (x,y) = max {d(x,y), d(x,Sz),d(y, Ty), } in (4), from Theorem 3.1. O

Example 3.2. Let X ={0,1,3}, and let d: X x X — [0,+00) be a mapping satisfies the following condition

forall xz,y € X :

. d(z,y) =0, where x = y.

. d(0,3)=4d(3,0)=1, d(0,3)=4d(3,00=3, d(3,5)=d(5,1)=6.

Then, (X,d) is a complete b-metric space with coefficient s = 3 > 1. and let CB(X) = {0,3}. Consider
mappings T,S : X — CB(X) define by

T(0)=0,T G) _ %,T (Z) _o,
S(0)=0,5 <;> _ %75 <Z> _

Let « =1, = 0,72 = 1. Now, we verify that the mappings S and T satisfy the condition (25) of Corollary
3.3. We have the following cases:

Case 1. d(Tz,Sy) =0, it is obvious.

Case 2. d(Tx,Sy) # 0, we have the following four cases to be considered.

Case 2.1. =0,y = %7 we can get s*d(Tx,Sy) = %, then

thus, the inequality (25 ) holds.
Case 2.2. © =1 y=2 we can get s*d(Tz,Sy) = 2, then

N W

Si

10
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thus, the inequality (25 ) holds.

Case 2.3. © = %,y =0, we can get s*d(Txz, Sy) = %, then

329
5 S
=2x1
= N(z,y)M(z,y),
thus, the inequality (25 ) holds.
Case 2.4. © = %,y = %, we can get s*d(Tx,Sy) = %, then
3 21
<z
27 2
7
=-x6
1

thus, the inequality (25 ) holds.

Therefore, all the conditions of Corollary 3.3 are satisfied and, further, {0, %} is two common fixzed point of the

mappings S and T, and SQW% = % < d(0, %) =1.

Remark 3.1. By choosing :
s=1,v1 =0 and v2 =1 in Corollary 3.2, we get Theorem 1 of [21].
s=1,v =0 and v2 =1 in Corollary 3.3, we get Theorem 2.1 of [25].
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(6]
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(8]
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