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Abstract: Let (M, g) be a compact Riemannian manifold of dimension n > 3. In this paper, we define and introduce the
prescribed scalar curvature problem with singularities. Under some assumptions, we show that there exists a conformal
metric g such that its scalar curvature Sy equals some given function. This problem is equivalent to studying the

existence and regularity of the solution to what we will call the singular prescribed scalar curvature equation.
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1. Introduction

Let (M,g) be a compact Riemannian manifold of dimension n > 3. In 1960, Yamabe [27] formulated the
following problem : Does there exist a metric g, conformal to g, such that the scalar curvature Sy is constant.
He thought that he had solved this problem but unfortunately eight years later Trudinger [25] pointed out a
serious difficulty in the Yamabe’s article. The problem is now completely solved and is known as the Yamabe
problem. The first step was given by Trudinger who had understood the gap of the Yamabe’s proof when the
scalar curvature Sy > 0. The second step was given by Aubin [4] in 1976, he solved the problem for any non
locally conformally flat manifolds of dimension n > 6 and the last step was done by Schoen [23] in 1984. The
reader can be refereed to [19] or [18] for more details on the subject. The method to solve the Yamabe problem

is the following :

2n
n—2"

Let u € C°(M), u > 0 be a function, the metric § = uV~2g is a conformal metric to g where N =

Then, we can check out that the scalar curvatures S, and Sy are related by the following equation see [18]:

Agu+ CpSyu = CpSglulN"2u (1)
where Ay = —divg(V,) is the Laplacian-Beltrami operator and C,, = 4(7:17__21). Put
Py=As+C,8,.

The operator Py is called the Yamabe operator and solving the Yamabe problem is equivalent to find a smooth

positive function w solution of the following equation
Pyu = Clu|N?u (2)

where C is a constant. In other words, we prescribe the scalar curvature by putting C,,S5 = C in (1) and we

N—-2

look for solution u to equation (2), again that is to say we are looking for the metric g = u g. In order to

©Asia Mathematika, DOI: 10.5281/zenodo.8369103
*Correspondence: boughazi.hichem@yahoo.fr

71


http://www.asiamath.org/article/vol7iss2/AM-2308-7209.pdf

Hichem Boughazi

obtain solutions of (2), Yamabe defined the quantity

M,qg) = inf Y(u 3
pOMg) = inf () 3

where the Sobolev space HZ(M) is the completion of the space C°°(M) with respect to the norm

”uHHf(M) = (/M |Vgu\2 + u%lyg)% ()
and
Y (u) = Jas uPgudvg [y |(Voul* + CnSgu?)dv,
(f uNdvg) ™ ([ uNdvg)%
M i

The constant p(M,g) is conformal invariant and it is known as the Yamabe invariant while Y is the Yamabe
functional. If we write Euler-Lagrange equation associated to this functional, we will see that critical points of Y
are solutions of equation (2). In particular, it follows that if u is positive, smooth and such that Y (u) = u(M, g),

N—-2

then wu is solution of (2) and g = u g is the desired metric of constant scalar curvature. To solve the problem,

Aubin [4] showed in his works that it is sufficient to prove the following theorem (conjecture):

Theorem 1.1.
Let (M,g) be a compact Riemannian manifold of dimension n > 3. Assume that the Yamabe invariant

u(M,g) < Ki?(n,1),

then there exists a positive smooth function u such that Y (u) = u(M,g).

Here the constant

4
Kin1)= ——5

n(n — 2)wy
where w,, stands for the volume of the unit n-sphere S* C R**1. The following theorem is due to Aubin [4]
and Schoen [23]:

Theorem 1.2. Let (M, g) be a compact Riemannian manifold of dimension n > 3. Then we always have the
following large inequality

1(M,g) < Kq(n,1) (5)

and we only have equality in this inequality if and only if (M, g) is conformally diffeomorphic to the sphere S™.

In [21] Aubin and Madani assumed that the metric ¢ satisfied the following assumption :

(H) : the metric g € HY(M,T*M @ T*M) where p > n and there exists a point P such that g is smooth in
the ball B(P,J),

where the space T*M is the cotangent space of M and B(P,d) is the geodesic ball of center P and of radius
rg(M)

0 with 0 <6 < 5

and r4(M) is the injectivity radius. The space HY(M,T*M @ T*M) is the space of
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all sections g (2— covariant tensors) such that in normal coordinates the components g;; of g are in HY (M)

where HY(M) is the completion of the space C°° (M) with respect to the norm

P

lullzin = | [ 19308 + 9 gul? + ula, | (6)
74

By Sobolev’s embedding, we get that for all p > n :
HY(M, T*M @ T*M) C C*(M,T*M @ T*M) (7)

then the Christoffels symbols belong to HY (M) C C°(M), the components of the Riemannian curvature tensor
Rmyg, Ricci tensor Ricy and the scalar curvature S, are in LP(M). The assumption (H) allowed authors to
introduce the singular Yamabe problem. Moreover, p(M,g) is called the singular Yamabe invariant and P, is

the singular Yamabe operator.

From now, we assume that the metric g satisfies the assumption (H), the authors in [21] proved the following

results :

Proposition 1.1.
Let (M,g) be a compact Riemannian manifold of dimension n > 3. The operator P, is weakly conformally

invariant and if the singular Yamabe invariant p(M,g) >0, P, is coercive and invertible.

Solving the singular Yamabe problem is reduced to find a positive solution u € HY(M) to the equation (2).

Theorem 1.3.
Let (M, g) be a compact Riemannian manifold of dimension n > 3. If (M, g) is not conformal to the n-sphere
S™ of R™"*L | then there exists a metric g = uN~"2g conformal to g such that uw € HY(M), u > 0 and the scalar

curvature Sg of g is constant.

In this paper, we would like to study a more general setting. We are very interested by solving the prescribed
scalar curvature problem (under the assumption (H)), in other words we prescribe the scalar curvature by
putting Sz = f where f is some positive C*°(M) function on M and we look for the corresponding metric
¢ and this is equivalent to study the existence and regularity of solutions to the following partial differential
equation :

Agu+ CpSyu = flulN2u. (8)

The above equation (8) is elliptic, nonlinear with critical Sobolev growth and its second coefficient does not
have the usual regularity, which allow us to talk about the singular prescribed scalar curvature equation. We
also notice that there has been many results for second-order elliptic equations, see [1-10], [12], [14], [16-26]
for more information on the subject. Many techniques have been used to solve second-order equations, and
variational methods are the most suitable, for more detail about those methods, we refer the reader to [18, 19]
and the references therein. [11, 13, 14] concern fourth order elliptic equation, they are cited here for some other

methods used in this work.
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2. Notations and preliminaries

In this section, we collect some basic facts and definitions which are used in the whole paper. Let (M, g) be a

smooth compact Riemannian manifold of dimension n > 3. By Sobolev’s embedding [18], one gets that

HZ(M) c LY(M)

where 1 < ¢ < N, and this embedding is compact when ¢ < N. The number N = % is known as the critical
exponent of the Sobolev embedding.
The constant Ky(n, 1) introduced above is just the best constant in the following Sobolev inequality that asserts

that there exists a constant B > 0 such that for any u € HZ(M),

2
(/ [ul¥ dvg) ¥ < K§(n, 1)[IVgull3 + Bllul3. 9)
M
Under the assumption (H) on the metric g, the operator P, is defined in the weak sense on HZ(M), and it is

easy to see that it is elliptic and self-adjoint. To obtain solutions of equation (8) we introduce the functional F
on HZ(M) as follows:

B(u) = / (Y ul® + CoSyu?)dv,
M

we will use classical variational methods by minimizing this functional. However, serious difficulties appear

compared with the smooth case. In order, we define the quantity

u(M,g) = inf B(u) (10)

w0
where the set

N
2

H = {uec H}(M) such that /f|u\Ndvg:2 }
M

Clearly, the functional E is well defined in H?(M) and is of class C* and if we write Euler-Lagrange equation

associated to this minimizing problem, we will get equation (8) up to a constant. Now, we state our main results

Theorem 2.1.
Let (M, g) be a compact Riemannian manifold of dimension n > 3. Assume that Sy € LP(M) where p > n, f

a positive C(M) function on M and P € M such that f(P) = sup f(z). If
xeM

p(M, g) < 2K (n, 1)(F(P)~F

then, equation (8) has a montrivial positive weak solution uw € HE(M) such that E(u) = u(M,g) and
J flulNdvy, = 1. Moreover, w € C*(M) and u > 0, therefore there is a metric g = uN~2g such that its
M

scalar curvature Sg = f.

This theorem is regarded as combined results between Theorem (3.1) and (3.2). Our paper is organized as follows
: In section 1 and 2, we have just introduced some notations and preliminaries. In section 3, we establish the

existence and regularity result to equation (8). Finally in section 4 we get an application.
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3. Existence and regularity of the solution

In this section, we establish the existence and regularity result to equation (8).

Theorem 3.1.
Let (M, g) be a compact Riemannian manifold of dimension n > 3. Assume that Sy € LP(M) where p > n, f

a positive C°(M) function on M and P € M such that f(P) = sup f(z). If
reM

2w

u(M, g) < 2(Kq*(n, 1))(£(P))”

then, equation (8) has a montrivial positive weak solution w € HZ(M) such that E(u) = p(M,g) and
I flufNdvy =1.
M

Proof.
Firstly, we show that p(M,g) is finite. Since p > %, S, € L= (M), then for any u € Hf(M) and by Hélder’s

inequality one has,

n—2

( / 1CuS,l Ediy) 3 / w2 dv,) "
M M

2
1CnSgll 5 llully-

n
2

IN

/M |, Sy|u?dv,

IN

From the identity
/f|u|Ndvg =27
M

and since f > 0, one can easily gets

2
(inf f@2)) % (1)

zeM

2
lully <

then,

2||CrSg|| =
/ ‘CnSg|u2dvg < .||fg22' (12)
M (nf f(z))¥
Therefore, Yu € HZ(M) one gets

—2[CnSll5

Vul> + Cp S u)dv 2/ CrSyudv, > ——— 972
| 9+ Cusyityn, = [ Cuspias, Cat o
paS

Consequently, p(M,g) is finite.
Secondly, we let (um)m,m € HZ(M) be a minimizing sequence of u(M,g), then the sequence wu,, is such that

w(M,g) = lim (IV gt |* + CnSyu?,)dv,, (13)

m—>—+00 M
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and

/f|um|Ndvg =2%.
M

We note that it is easy to see that (|um|)m is also a minimizing sequence, hence, we can assume that u,, > 0.

Thirdly, we are going to show that the sequence ()., is bounded. For m large enough, we get
/ (|Vgum\2 + CpSyu,)dvy < (M, g) + 1.
M

which implies that

IA

/ IV gtim|? dv, u(M,g)+1 —/ CpSyuz,dv,
M M

IN

u(M,g)+1+/ |CnSg\u,2ndvg.
M

By using (12), we get

n
2

2[|CnSy||

Vgt dvg < p(M,g)+1+ 22
& ! ! (inf f(z))

In the other hand, by the embedding L™ (M) C L?(M) and by (11), we get that there exists ¢ > 0 such that,

2c
N
2

(inf f(z))

zeM

[ vy <l <
M

this implies in turn that (t,,)., is bounded in HZ(M), and after restriction to a subsequence still labeled
(tm)m , we may assume that there exists u € HZ(M), u > 0 such that w,, — u weakly in HZ(M) and
Uy, — u strongly in LI(M) for all ¢ < N and almost everywhere on M .

Putting ¢, = U, — u, then, ¢,, — 0 weakly in H?(M) and strongly in L¢(M) for all ¢ < N, then for all
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m, one gets :

/ Um Pyumdv, = (pm + w) Pyumdug

M

(Pm Pyt + vPyum )dug

(u'rrLPg(pm + umpgu)dvg

((u+ SDm)Pgu + (u+ ‘Pm)Pg‘pm)dvg

ngudvg + /(megQPnLd'Ug + /2UPg<pmdvg
M M

Il
S S B~ B BV~ S—

uPyudvg + /|Vgapm|2 + CnSggoildvg
M

+ 2/(Vgu,Vggam) + CpSgupmdug.
M

Since (¢um)m goes to 0, weakly in HZ(M) and as Syu € L*(M), one gets

/(Vgu7 Vom) + CnSyupmdvg — 0
M

in fact, since p > n, Sy € LP(M) C L™(M), then

N _
/S§u2dv9 < (/S;N’deg)NNQ(/ﬁ%dvg)%
M b

M

([ Spae) " ([ i) < +oc.
M

M

IN

From the strong convergence of (¢,)m to 0 in HZ(M), we get

/ CSyp2 dv, — 0
M

therefore
/umPgumdvg = /ngudvg + /|Vggpm|2dvg +0o(1)
M M M

that is to say

/umPgumdvg = /ngudvg + ||Vggom\|§ +o(1).
M M
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The definition of pu(M,g) implies that

then

/ngudvg > (M, g)(/f|uN\dug)%
M M

[ mPyndvy = w0 9) [ 710 1avg) %+ ¥l +002).
M M

Again (13) means

which implies that

/umPgumdvg = /J/(Ma g) + 0(1)
M

1M, g) + o(1) > (M, g)( / Flul¥dvg) ¥ + [V goml+ o(1).
M

On the other hand, by Brezis-Lieb lemma applying to () , one has

2% :/f|um\Ndvg Z/f|U\NdUg+/f\<Pm|Nd”g+0(1)
M M M

which implies,

2<( / flulNdv,) ¥ + ( / FlomNdug) ¥ + o(1),
M M

and since the inequality (14) can be written as

IV goml2 < (M, g) 1—(/ flulVdvg)® | + o(1),
M

one has,

2Vl < u(M,g) [ 22 / flul™dvg)® | + o(1),
M

then it follows that,

2
2[Vgpmll;

IN

(M, g) | ( / FlulVdvg) + ( / Flom|Nvg)
M M

2u(M.g) | ( / fluldvg)® | +o(1)
M

u(M, g) | ([ flomNdv)™® — [ flulNdvy) ¥
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we then get

2Vyoml? < (M, g)( / FlomNdug) ¥ + o(1).
M

By using Sobolev’s inequality (9) in the right-hand side, the strong convergence of ¢,, in L?(M) and since f

is smooth on M, one has
2
2| Vypmlly < p(M, g)(su]‘plf(ﬂﬂ))NKOQ(ﬂ, D[IVgomll3 + o(1).
fAS

that is to say,
(2= M, ) (P FEE (1)) IV pm 3 < 0(1).
Now, since
n(M, g) < 2(Kq>(n, 1)(£(P)"%
one finds,

IVgomlls = o(1)

Consequently ¢,, converges strongly to 0 in HZ(M) which implies that u,, converges strongly to u in HZ(M)
and in LV (M). Tt follows that,

lim/f|um —u|Ndv, =

which necessarily leads to

and since f > 0, u is a nontrivial. Finally, writing the Euler-Lagrange equation associated, one sees that u is

a positive weak solution of (8). O

In [21], Madani proved a regularity result with f a constant function through an adaptation of Trudinger’s
regularity theorem [25]. In order, to study the regularity of our solution, we will follow the same procedure,
and despite the presence of the non constant function f adds other difficulties, we can easily get the regularity

of solution to equation (8). This result is formulated in the following theorem.

Theorem 3.2. Let (M,g) be a compact Riemannian manifold of dimension n > 3. Let S, € LP(M) with
p>n and f be a positive C(M) function on M. If u € H?(M) is a nontrivial positive weak solution of

Agu+ CpSyu = ful =1, (15)
then uw € HY (M) C CY(M) and u > 0.
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Proof.

To prove this theorem, it suffices to show that v € LN T¢(M) for some ¢ > 0. Indeed, u satisfies the equation
Agu+ (CnSy — fulN"?)u =0,

and if w € LNT¢(M), the singular term C,, S, — fu™ =2 must be in L"(M) where r = min(p,n +€) > n, hence
one has Aju € LP(M) and by classical regularity theorem, we deduce that u € HY(M).
Now we are going to show that v € LN+¢(M). As in Trudinger strategy, we let | > 0 be a real number and

H, F be two continuous functions on RT given by

£ if 0<t<lI
H(z) = { 197N gl e — (g — 1)19) if t>1

and

q .
F(m):{t if 0<t<l

Qi — (¢ —1)l4 it t>1

np=1) Since u >0 and u € H2(M), then it follows that Hou, Fou are both

where v =2¢—1 and 1 < ¢ < 7=

in H} (M),
qH(t) = F()F'(t), (F'(t))> <qH'(t) and F*(t) > tH(t). (16)

Let u be a weak solution of (15), then for all v € H?(M) one has,
/ V uVvdvg + / CySguvdvy = / fuN " todo,. (17)
M M M

Now, as in the section 2, we define a cut-off function n € C*(M) such that

1 on B(P,0)
’7(”3):{ 0 on M — B(P,26)

Chosen, v = n>H o u, and plugging this function in (17), we get

/772H’ ou|Vgu|2dvg +2/nHoququ77dvg = /fuN_1n2Houdvg — /CnSgunQHoudvg. (18)
M M M M

We put h = F ou and let us evaluate each of the above integrals by using this function and the formulae (16).

We have Vg h = F' o uV u and by applying the second relationship of (16), one gets
Vyh|? = (F" o u)?|Vgul* < qH' o ulVyul?,

we deduce that the first integral of (18) is bounded then it follows that,

1
anvthg < /7721-[/ ou|Vgu|2dvg.
M
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The first relationship of (16) and the Cauchy-Schwartz inequality implies that the second integral of (18) is also

bounded, therefore
2 -2
2 [ nH ouVg4uVyndvg = 2 nhV  hV ndvy > 7||hvgn||2||nvgh||2.
M M

By using the latter relationship of (16), one has uH ou < h? and along the same lines the two integrals of the
right-hand side member in (18) will also be bounded, thus

[ 7P o udv, — [ oSy H o uduy| < (sup F@)al 3 Z b1 + €S, 1l .
M

where ||UH%T = fB(P " uNdv,. After grouping these estimates together, the equality (18) becomes
2 - e 2 2
11V ghlly = 2[[BV gnll4 11V g fll; < Q[(Sg]lv)[f(x))”u”N,;é||77hHN FCuSgll, Il 2, ]- (19)

Now, let ai,bi,c; and d; be real numbers such that a2 — 2a:b < ¢12 + d127 we easily obtain that a; <
2b1 + ¢1 + dy, then (19) becomes

[V ghlly < qsgjl&f( )||UHN26H77hHN+ Al CrSgll, [[nhl] 22, + 2[RV g1, (20)

By Sobolev’s embedding, we then get that there exists a constant ¢ > 0 depending only on n such that
Inhlly < c(InVghlly + RV gnlly + ([l

Since ¢ < N, and after using (20), we obtain

2
(1—ec, /ngﬁf(I)IIUHE,_%)||77hHN < e/ NICuSyllpInhll 2o+ 3[1hV gnll, + [Anll,),

for § sufficiently small, one has
1

N sup f(m)
xeM

lull a5 <

When I goes to 400, we then get that there exists a constant €' > 0 depending only on n, 4, |1, [Vgnll . [CnSqll,,
and f such that
[ulln25 < CUlu?lly + [[u?]] 22, )-

The boundedness of v in LY (M) and as —q < N mean again that
[u?llgn25 < C-

Since M is compact, it can be covered by a finite number of balls {B(P;,d)}ier and let (n;)ier be a partition

of unity subordinated to the covering, then

|u||qN - Z ||n1u||qN§ —

i€l

it follows that, u € LN (M) with ¢gN > N. O
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4. Application
Corollary 4.1.
Let (M, g) be a compact Riemannian manifold of dimension n > 3. Assume that S, € LP(M) where p > n, f
a positive C° (M) function on M and P € M such that f(P) = suj\%f(x). If
ze

u(M, g) < 2(K5 % (n, 1)) (f(P)™%

N

Then there exists a metric g = u’~2g conformal to g such that the scalar curvature S5 = f.

Proof. As in the section 1, the singular Yamabe operator Py = A, + C, 5, is weakly comformally invariant,

and by Theorem (3.1) and (3.2), there exists u € C*(M), u > 0 solution of the following equation

Agu+ CpSyu = flulN?u.

N

On the other hand, by the weak conformal invariance of P, and if g = v ~?g is conformal to g, one has

Agyu+ CySyu = CySglulN 2.

N=24 is such that its scalar curvature Sy = L O

then, we deduce that the metric § = u &
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