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Abstract: Toroidal pseudo-differential operators on tori 7" = R™/Z™ are studied and global pseudo-differential calculus
for symbols defined on T™ x Z" is introduced on tori. We establish the condition on symbol associated with toroidal
pseudo-differential operators under which toroidal pseudo-differential operators map in certain functional space, thus,

assume Op (o) is the pseudo-differential operator associated with o (g, §) on (T™ x Z™) that is continuous in g for each
¢ and such that |Ag9]o (g, &)| < c(a,y) (1+ |€))71*! then Op (o) extends to the bounded linear operator LP (T") —
L?(T™) for all p € (1, co). We consider a simply connected Lie group G with Haar measure p, and g is Lie algebra

associated with G, and assume a is a smooth function that satisfies the inequality fg/ sup |a(Z',X")|dn(Z') < oo,
X'eg’

then, the mapping Op (a) is given by
Or(@ 1(6) = [ [ exp (X" tog (gh™"))) o (0. X') £ (1) s (1) di (X)

is a linear bounded operator L? (G) — L? (G).

Key words: periodic pseudodifferential operators, periodic integral operators, symbol analysts, Fourier transform, Lie

group, Lie algebra, dynamic system, quantization.

1. Introduction

This article is dedicated to the theory of pseudo-differential operators on tori T = R™/Z"™ with the symbols on
T™ x Z™. Our goal is to investigate the general regularity properties of toroidal operators by elementary means

employing methods of classical harmonic analysis. The symbols o (g, §) of toroidal pseudo-differential operators
are defined on 7™ x Z" and continuous in g for each § € Z", and satisfy the condition |Agd)o (g9, | <
cla,s,7) (1+[€))* 71171 for all g€ T™, ¢ € Z" and all multi-indices «, 7, thus the classical restriction

o € C°(T™ x Z™) can be mitigated.
The Fourier transform F maps F : C®(T") — S(Z") is given by

F@) () =9 () = / exp (—ig - €) 9 (g) diu (g)

n
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with the normalizing measure g, and its inverse Fourier transform F~! : S (Z") — C> (T™) is

F(4) (9) = D explig- &) (&) =¥ (9).

gezn

Applying this definition of Fourier transforms, we can give the most general definition of the toroidal
pseudo-differential operator by the formula

AW)(9) =Y exp(i2rg-&)alg, &) (&)

gezn

The main idea of this kind of investigation is to establish relations between the classes of symbols and properties
of the corresponding pseudo-differential operators, and the kernels of these operators.

Some aspects of the general theory and introduction of periodic operators can be found in [3], and further
development [3, 9, 18] and [19], so in [9] authors establish the link between Weyl operators and Landau—Weyl
calculus by the application of an infinite family of intertwining “windowed wavepacket transforms” that provides
some clarity on regularity properties of Schrédinger equations. In [19], the Whittaker—Kotel'nikov—Shannon
sampling theorem is investigated and shown that the sampling theorem is equivalent to the Valiron—Tschakaloff
formula and the Paley—Wiener theorem. Using global representations by Fourier series, pseudo-differential and
Fourier series operators on the torus is considered in [20], where some applications of the operator theory to the
hyperbolic partial differential equations on tori are studied, so, the finite speed of propagation of singularities
in hyperbolic problems permit cutting off the equation and initial date for large spatial variables for studying
of solution properties for finite times, therefore, this problem can be embedded in the torus [20].

The results of this paper are especially interesting in view of the statement that the arbitrary, connected
Abelian-Lie group is topologically isomorphic to R™ x T™ for some positive integers m, n, where T" = R™/Z"™
is m-torus. Thus, the global quantizations of toroidal pseudo-differential operators on such groups can be
established. In the last chapter of the article, we consider the simple example of the Fourier transforms on a

nilpotent Lie group with a Haar measure.

2. Toroidal pseudo-differential operators

We begin with the definition of a periodic pseudo-differential operator.

Definition 2.1. A periodic pseudo-differential operator with the toroidal symbol ¢ € C* (T™ x Z") is a
continuous linear operator A : C® (T™) — C* (T") given by

A () (9) = A
= [znexp(i2mg- &) o (g, §) ¥ (§) di(§) = (1)
=D ¢eznexp(i2mg-§)o (g, &) V(&)
for all v € S(T™) and g € T".
The pseudo-differential operator A : C° (T™) — C* (T™) can be rewritten with the periodic Schwartz
distributional kernel K € C°° (IT™ x T™) in the form

AW)(9)= | Klg, h) ¢ (h) du(h) (2)

Tn
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or with the convolution kernel k € C* (T™ x T™) in the form

AW @)= [ kg g=h) v (b) du(h) ®)

so that K (g, h) =k(g, g—h).
The kernel k of the linear operator A, : C*™ (T™) — C* (T™) is the inverse Fourier transform of the
symbol o € C*® (T" x Z") given by

k(g h) = [ exp (i2nh- &) o (g, §) dﬂl(ﬁ()

=2 ceznexp(i2nh-§)o (g, §) = Fzn™ ?g, ) (h) (4)

and the symbol o of the operator A, : C*° (T") — C*° (T™) with the kernel K (g, h) =k (g, g — h) is given

by the Fourier transform
7(9,€) = [ exp(iznh- k(g W) du(h) = Fro (g, ) (€). (5

The forward and backward partial differences operators Ag‘ and Z? are given by
£ = Ag‘f...Ag‘:
Zg - E&l...zﬁ:
here AZ4 (€)= ¢ (€4 04) — ¢ () and Ber(6) = () — 9 (€~ 6y), here (5), =1 o 14 ¥ =27
where Aglp(§) = ¢ k) — @ an P& =9 %) k), here (0k); =4 it k£

1 <k,j <n, and for all differentiable functions ¢ : Z" — C.

for all

Definition 2.2. A function ¢ : 7" x Z" — C' is called a symbol of degree s and denoted o € 57 , (I™ x Z")
if the function o (g, &) is smooth in ¢ for all elements £ € Z™ and the inequality

s—pla]=9]y|

a 2
|Ag070 (9, )] < e 7.5) (1+1¢F) (6)
for all multi-indices a and ~, and for all g € T™, &€ Z™.

We define a function N, : S5, (T" x Z") — Ry by

_s—pla|=9|v]
Nig(o)=  suwp {(1+|5|2) T |agages, 5)\},

(g, &) €T xZm

which determines a topology of the Frechet space on 52’19 (T™ x Z™) by defining the countable family of

1 S
seminorms Npﬂ .

Definition 2.3. Let 0 € S} , (1™ x Z") then the operator given

U(g) = A@W)(9) = Y exp(i2mg-&)o (g, &) ¢ (£) = Op (o) (V) (9) (7)

gezn

is called a toroidal pseudo-differential operator with the symbol o € S7 , (T x Z™).
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The topology of Op ( o9 (T % Z")) defines by the Frechet space topology of S, , (T™ x Z").
Expanding the Fourier transform and rewriting the toroidal pseudo-differential operator in the form
Aq (¥) (9) = ; ¥ (h) Y exp(i2m (g —h)-&)o (g, &) dp(h), (8)
" cezn

we can define the Schwartz kernel K (g, h) of the operator Op by

K(g, h)= Y o(g, &exp(i2n(g—h) &), (9)
EEZ"

which is smooth everywhere with the possible exception of g = h.

Definition 2.4. For all multi-indices «, 7, n, and all g, h € T™ and £ € Z™, the C* -continuous function
a : T xT" x Z™ — C, which satisfies the condition

s—pla|—9|v+n]

a 2
|Ag00a (g, . ©)] < elar,m,s) (1+ ) : (10)
is called the amplitude of the degree s.

We denote the set of all amplitudes a : T" x T x Z" — C of s-degree by A5 , (T" x T x Z").

For each amplitude a € A‘;‘)_l9 (T™ x T™ x Z™), we define a linear toroidal operator

Op(a) () (9) = 3 /

exp (i27 (9 — h) - §) a(g, h, §) ¢ (k) du (h)
cezn’Tm
for all functions ¢ € C* (T™).

Theorem 2.1. Let a € A; , (T" x T™ x Z") then the inequality

AF fr o exp (i27g - N exp (i22h - T) (g, h € du () dp (9)] <

1 s=plal=dly+nl (11)

— _n
<clayms) (1+I7) 7 (1+17F) 7 (1+16F)
holds for all \, T, £ € Z™ with the c¢(«a,~,1n,s) depended only on a,vy,n,s.

Proof. By Lp, we denote the Laplacian in g¢. By part integration, we have

Ag Jn Jpn exp (i27g - X) exp (i27h - T) a (g, h, &) dp(h)dp (g)‘ =

= (1+ w?)_v (1+ \T|2)_" x

e (i2mg - X exp (i2h - 7) (1 - ﬁLpg)V X
(1= Ghelen) Agalg, by € dp(h) dp(g)

<(1+ W’)ﬂ (1+ \T|2)7" X

Jrore |(1= G es) (1= e on ) Agalg, b ©)|dulg x b,

hence a € A3 , (I x T" x Z") the theorem is proven.
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Theorem 2.2. Leta € C™ (T™ x T™ x Z™) satisfies the inequality

|Aga30a (g, b, €)] < clayy,ms) (1+1¢17)7

then the operator Op (a) extends to the bounded operator H™VS (T™) — H™ (T™) for all m € R .

Proof. We calculate

A()(g9) =
= dezn an, €xXp (Z27T (g - h) ! 5) a (g7 h’ 6) d)A(h) du (h) =
= Zg,A,TeZ" €xXp (12,”9 : >‘) EL ()‘ - €> g - T, E) ﬁj (T) )

so we denote

AWy = Y ah—¢ -1 & D),

g, Tezn

furthermore, we estimate the norm

m /\ 2
4@y = Daeze (1+11F) [A@) )

= Saen [Serer (14 INE) T a0 —€ €7 ) 0 ()
Since
(14 1P )7
<o (1 =) F (1o le=o) T (1ei) T (1) T
we have

m
2

(1+\>\|2> a(A—¢ E—T, €] <

s+m s+m

<) (14 -2) " (141e=2) 7 (1+1eF7)

thus, we estimate

1A @) Frm(my < .
< CZAeZn <Z§,TEZ" (1 +1A = §|2)

stm—n stm
(1+1g=71) (1+177)
m—xy
§C<SUP erzn <1+|)‘_§|2> : >
5+7;*77 9 .s-gm, . 2
(Zg e (1+16=7F) 7 (1+17) mi) <
m ol stm—mn
2 2 2
< <sup Sz (14 102) ) (Seeon (LHIE) ) 16mrey

£ez
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Therefore, for large enough v and 7, we obtain ||A (1/))||§{m(Tn) <c ||1/J\|§{3+m(Tn). Theorem 2 is proven.

Thus, we have that assume a pseudo-differential operator Op (o) corresponds to the symbol o €
C>® (T™ x Z™) such that the inequality

[A¢70 (9, €)] < cla,,5) (1+1¢P)”

holds for all g € T™, £ € Z" and all multi-indices «, -y, then the operator Op (o) extends to the bounded
operator H™5 (T™) — H™ (T™) for all m € R.

Theorem 2.3. If mapping A : HP (T™) — H9(T") is a linear bounded operator for all p, ¢ € R, then there
exists a kernel K € C*° (T™ x T™) such that

AW)(9) = [ Kl(g, h)y (h)du(h) (13)

Tn

for all ¢p € C (T™). The reverse is also true, the integral operator with the kernel K € C (T™ x T™) is the
linear bounded operatorA : HP (T™) — HY(T™) for all p, g € R.

Proof. First, we have to show o € (),cpS° (T" x T™), indeed, we estimate

|7}
030 (9, €)] < Tyezn 2 (14 7)) T B (x, Ol <
< (27T)M (erzn (1 + |X|2)_k> 2 lg — o (g, f)HHst(Tn)

[Y][+s+m

s 2\ ~5 2 9 >
< @020 (S (14 ) ) (14 )T LAllagur o ey

for each number m € R, therefore o € (), .z 5% (T™ xT™).

Second, we define the Schwartz kernel by

K(g, h) =Y ol(g, &exp(i2m(g—h)¢)

Eezn
for o€ (,crS®(I™ x T") so that K € C> (T" x T") since

oL (0. 1) = 3 (-izne)' Y () (0o (0, 9) 35 expliza g - 1)),

cezn <«

the series absolutely converges hence |8;"0 (g, §)| < c(ayl) (1 + |§|2)_ , that proves the direct statement of

N~

the theorem.
We obtain the reverse statement of the theorem if we take a(g, h, §) = do¢K (g, h) where doo =1

and o =0 forall (€ 2™, £#0.

For all [ € R, we have an estimation
A2O30]a(g, b, €)| <21 0300 (g, M| 1 ([ o, Jal]") <

<cllaym) (1+f)

N~
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where we denote the characteristic function of the set [—|a|, |a|]" € Z™ by 1([—|a|, |a]]"). So, we obtain

Ao (V) (9) = Jpn Xeezn exp (i2m (g = h) - §) o (g, )9 (h) dp (h) =
= Jpn K (g, D) dp(h) = Ak (¥) (9).-

Theorem 3 can be proven under rather milder restrictions on the symbol o (g, £) that it is continuous in g for

[

each £ € Z™ and satisfies the condition ’A?@;ja (g, 5)‘ <c(a,7) (1 + |§\2) * forall geT" ¢€Z" and

all multi-indices «, 7.

3. Pseudo-differential operators on L? (T™) and Sobolev spaces

Let the symbol o (g, £) on (T™ x Z™) be continuous in g for each & and satisfies the condition

|Ag030 (g, )] < e(a,y) (1+1¢)) ™ (14)

forall g € T", ¢ € Z" and all multi-indices «, . Then, there exists an L? (T™)-bounded operator Op (o)
with the kernel K such that

Op(o)(9)= | K(g, h)(h)du(h), (15)

Tn

where the kernel K satisfies the condition
|05 00K (g, )] < e(a,y)lg —h| 7" (16)
for all g # h and for all multi-indices «, <. Therefore, we have the theorem.

Theorem 3.1. Let Op (o) be the pseudo-differential operator with the symbol o (g, §) on (T™ x Z™) be
continuous in g for each & and satisfied (14) then Op (o) extends to the bounded linear operator LP (T™) —
LP(T™) for all p € (1, 00).

The proof of the theorem employs the Littlewood-Paley dyadic decomposition of the representation of the
function as the composition of the functions with localized frequencies. So, assume fix a function n € C§° (T™)
and assume such that 7 (§) =1, |{] <1 and 1 (§) =0, |£| > 2; we define a function ¢ (§) = n (&) —n (2£). Then,

the partitions of unity are given by 1 =7 () +Zk=1,27._ ® (27165) VE, 1= Zk:—oo, too P (2*’“5) & #0; the
difference operator is A (1) = 1 % (Pa-x — Pg-r+1), where ¢, () = 27 "¢ (£), (¢) = 1 where inverse Fourier
transform é = for all x € T™. Assume 1 satisfies the Lipschitz conditions, so, there is a constant M such
that inequality [|Ag (¢)] ;. < M27*N holds for the Lipschitz constant N.

The operator A, is decomposed into series A, = Zi:o,l,... A;, where A; = A;A;, and A Qg =
Ay (¥ * ¢). Each operator A,, associates with asymbol o; (z,£) = o (2,£) ¢ (2”{) and og (z,8) =0 (z,&)n (&)
for Ag. The difference operators satisfy the condition

Ay =0 (A1 + A+ Aj).

We obtain I = Ziz_w 4oo An. Then, the series A, (1) = Zz:o,l,... A (A1 + A+ Ajq) 9, where
I(Ai—1 + A+ Ajy1) ]| e < M27FN N is a Lipschitz coefficient. Since

108 As (A1 4 Ai + A1) Y| oo < M, 200N,
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SO

HAj ZAi (Ao + A + AZ‘.H)HLOO < M27NI,

The kernel % (z,?) is decomposed into the sum >, k;(z,t) converging for each z € T™, we have the

yeoes

estimation 029 k; (z,t)| < ¢ (o, ~) (M) |t| M 21+ 1=M) gince

(2mit)” 0207k (2,1) = [ 3% (2mi2)" 0201 (220 X (61 ().
G

“ >

where index “ ¢” in oy (x,-) means integer number, and in 2wit, ¢ @

Next, let || > 1 and M >n+ |y| — N then

” means imaginary unit.

S 10RoTki (w,0) < e(ayy) (M) 0 (117)

i=0,1,..

that is less than O (|t|7("+|7|7N)) for arbitrary large N.

If 0 < |t] <1, we divide the sum into two parts and estimate

D im0, 1090 ki (z,t)] <
< e(@7) (M) [ Py y 2= 1

t

-M i _
+c (047 '7) (M) |t| Zzi>ﬁ 2i(nthl M)v
and we put M =0 in the first sum and take M > n + |y| in the second sum, so that, we obtain

Z 1020, k; (z,t)] <O <|t|—(n+lv\—N))

i=0,1,..

forall 0 < |t| <1 and all N.
Thus, we have that if o € C* (T™ x Z™) satisfies the inequality

|07 A% (h. )| < o) @+ )7
then the kernel K € C* (T™ x T') satisfies the inequality

070 K (h, )] < e, N) [ — o 7"~ PI7e
for all multi-indices «, v and vectors h # t.

Theorem 3.2. Let W2 (T™) be a Sobolev space with the norm || [lyyr (pay = 321 < [107¥| Lo (7ny and let Op (o)

be the pseudo-differential operator with the symbol o (g, §) on (T™ x Z™) be continuous in g for each £ and
satisfied

[Ag0 0 (g, &) < e (o) (146D

then Op (o) extends to the bounded linear operator WP (T™) — WP __(T™) for all m > s and p € (1, o).
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The proof of the theorem follows from the previous theorem and the equality

0 Ar = Y Ay, 0,°

lof<s

for |v] < m — s so that there exists the symbol o, of zero order, which corresponds to the operator A, .

Thus, the operator d,” A, is an operator that corresponds to the symbol & satisfying the inequality
|AZ05 (g, &)] < clo,y) (L+ Y™

4. Lie groups with the Haar measure

Let G be a simply connected Lie group that has an upper central series that terminates with itself. Let pu

be a Haar measure on (. Let Lie algebra ¢ be associated with the Lie group G. Then, for any function

f € L?(g), the Fourier transform is given by

F(H)(X) = [ exp(=iX" (X)) £ () dn (X)

g

where element X’ belongs to dual ¢’ to Lie algebra ¢, so that X' (X) € R for all X € g and X' € ¢’. By

incorporating exponential mapping into our considerations, we obtain F=Fo exp given by

F(f) (X)) = / exp (—iX' (10g (9))) f (9) dyt (9)

G

where mapping log : G — g is the inverse of the exponential exp : g — G. We remark that there are two
kinds of exponential mappings: exp : g — G is a diffeomorphism from g¢ into G; and exp (—iX’ (log(g)))

is a classical exponential function.

Reminding the classical Fourier transform F : L?(G) — L? (G) given by
FUNE© =10~ [ S @)
and the inverse F~! : L? (é’) — L?(G) by

FL(f) (g) = /G () F©daE) = f(g),

we define the transformation T by
T (1) (X') = /G /G exp (—iX’ (log (9))) € (9) F (€) A (€) dyt (9)

which maps T : L? (G) — L2 (g’). Similarly, we obtain a transformation 7T : L? (G) — L?(g) defined by

T =expoF 1,
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Definition 4.1. The pseudo-differential operator Op (a) : L? (G) — L? (G) is defined by

Op(a) f(9) = A(f) (9) =
= [, Jaexp (iX' (log (9h™"))) a(g, X') f (h) dp (h) diy (X')

for all g € G.

The kernel K of the operator Op (a) is the Fourier transform of the symbol a defined on G x g’ given
by

K (g,h) = / exp (iX' (log (gh™1))) a (g, X') di) (X'),

so that we obtain the standard view of the operator Op (a) as
Op (@) £19) = A(£) (9) = [ K (9.1 f (h)d (1.
G
We rewrite Op(a) : L?(G) — L? (G) in the form
A(f)(9) =
= [y Jeexp (iX" (log (gh ™)) a( (h) dp (h) diy (X') =

= fcf [, exp (iX' (log (gh~ 1))) zZ’ (log (9))) a(Z', X") f (h) dn(Z') di) (X") dp (h) =
=y AZ (f) (g9)dn(Z")

where we denote AZ" a linear operator given by

A7 (1) (9) =
= exp (iZ' (log (9))) [g [, exp (iX' (log (gh™1))) a (2", X') f (h)di (X") du (h).

We calculate the Fourier transform of the symbol a as
a(g, X') = / exp (iZ' (log (g)))a (Z', X")dn (X')
g/
and the inverse is given by

0 (7, X') = / exp (—iZ' (1og () a (h, X") dpu (h) .

By Plancherel theorem, we estimate

o)

, < sup [a(Z, XD If]l -
L X'eg’

for all Z' € ¢’ and all f € L?. So, if we demand

/ sup |a(Z',X")|di(Z") =M < o
g’ X'eg’

then HAZ/H , <M, thus, A, is a bounded linear operator L?(G) — L? (G).
L

Thus, we proved Theorem 6.
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Theorem 4.1. Let G be a simply connected Lie group with Haar measure p. Let g be Lie algebra associated
with G . Let the symbol a be a smooth function that satisfies the inequality

/ sup |a(Z', X")|dn(Z") < .
g’ X'eg’

Then, the mapping Op (a) given by the formula
Op(@) £ (6) = | [ exp (i tom (ah™))) a (0. X') £ () dp (1) ) ()
g/
is a linear bounded operator L* (G) — L?(G).

5. Scalar quantization on Lie groups

First, we consider toroidal quantization. So, let the toroidal linear continuous operator A : C*(T") —
C> (T™) be associated with the toroidal symbol o € C* (T™ x Z™) then the kernel of the operator A is the

Fourier transform of the symbol o given by

K (g, h)= Y exp(i2nh-&)o (g, €),

cezn

thus, the quantization theorem states that the identity

AW)(g) =Y exp(i2rg-&) (g, & (&)

cezn

holds for all ¢ € C>® (T™) and all g€ T™.
Second, let G be a simply connected Lie group with the measure p, and ¢’ be dual to Lie algebra g¢

associated with G. Let 7 : G — G be a continuous function.
The 7-pseudo-differential operator A, associated with the symbol a defined over G x ¢’ is given by

A- () (9) =
= J Jexp (X7 (10g (gh1))) a (97 (gh™1) ™" X7) f () dya () diy (X')

for all g € G We can demand that operator A, can be represented by an integral with the distributional kernel
K., in the form

A (D@ = [ Ke (o W) F )t
with the kernel K, : G x G — C defined by
K, (g, h) = / exp (iX’ (log (ghfl))) a <g'r (gifl)_1 ,X’) dn (X')
g/
for all g, heG.
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The Weyl operator W, (g,X') . L2(G) — L?(G) in (g,X’) € G x ¢’ is given by

W, (3. %) () (9) = exo (X" (1og (97 @) ) £ (957").

The Fourier transform of the symbol « is given by
iy (X'sg) = [ [ exp(<iX (o8 (1)) exp (2" loz 9))) (1. 2") dy () 0 (2)
9
for all g,€ G and X' € ¢’. The T-pseudo-differential operator can be rewritten in the form
A= [ [ aaeo (20 W0, 2) () 0) s (0) 85 (2),

thus, there is the Weyl correspondence between symbols a and 7-pseudo-differential operators A, this
correspondence is called scalar T-quantization on Lie groups.

The superposition of the Weyl operators W, is a Weyl operator so that
We (3. %) We (A7) = 0, (3, X730, Y7) Wi (gh, X' 4 V7)

here O, is the multiplication operator by

b <10g (§r (é)_l) —log <§T (gﬁ)l)>
(e (s () ) v o (7))

For all f € L?(G) and ¢ € L% (G), we define a sesquilinear form by

Vo (fi0) = (A7 () ©)r2(c) -

Applying the Plancherel theorem, we estimate the sesquilinear form as

War (f; )| <llallgz £l 2 1ol 2

for all f, p € L?(G).

Thus, we have theorem 7.

Theorem 5.1. If mapping B is a trace class operator from L? (G) to L?(G), then there exists a sequence of
complex numbers {\y} C Csuch that Y, |Ak] < 00, and two orthonormal systems of functions {0} C L* (G)
and {9x} C L*(G) such that B =3, cn MeWa,r (Ok, 9k -
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