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Abstract: In a preceding work [1], prove the existence of a lower bound of all admissible functions with sup equal to
zero on some toric algebraic manifolds. The considered functions are invariant under the action of automorphisms group,
obtained from the one on G34(C) and prove an analogous result on the Grassmannian Gp ,14(C) by considering an

automorphisms group. This gives a new method for computing Tian constant relative to this class of functions.
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1. Introduction
The Tian invariant, denoted «(M), is an important concept in Kéhler geometry and is used to study the
existence of Einstein-K&hler metrics on compact complex manifolds. It was introduced by Gang Tian and plays
a key role in Cheeger-Colding-Tian theory.

For a compact complex manifold M and an ample line bundle L over M, the Tian invariant «(M) is a
positive real number that is related to the existence of Einstein-Kéahler metrics on M . More precisely, if (M)
is greater than a certain critical value (which depends on the dimension of the manifold), then there exists an

Einstein-Kéahler metric on M .
In summary, the Tian invariant is a crucial tool in Kéhler geometry that allows one to study the existence

of Einstein-Kahler metrics and is closely related to other important concepts in differential and algebraic
geometry.

For the Grassmann manifold G, ,44(C), the Tian invariant is given by TL;' This result was proven by
J. Grivaux in [2]. In this paper, we calculate this invariant in the case of G, p44(C) using an admissible and

extremal function invariant under a group of automorphisms and this method makes it possible to improve the

value of this invariant.

2. Geometric Setting

Let X = G, p+4(C) be the Grassmann manifold of complex p-planes in CP*9.

Its complex dimension is dim¢ X = pg. On the affine chart where the first p x p minor is invertible, every

point is represented by

I
Z = (V{;) W e M, ,(C).

We write W = (wq;),1 <a<¢,1<i<p and

E =graph(Z), Z=(zj)€ My,p(C), i=1,...,q, j=1,...,p.
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( Toric case )

Yau & Tian : Two special cases of
Fermat hypersurfaces.

Yau & Tian : Fermat hypersurfaces
of degree n and (n + 1) of P"(C).

A.Ben Abdesselem : P'(C).

l A.Ben Abdesselem : P"(C).

C.Real : P"(C) blown up at (n+ 1)
points.

A.Ben Abdesselem : P"(C) blown
up at differents points.

Non Toric case

A.Ben Abdesselem : the Grass-
mannian G; 4(C).

J.Grivaux : the Grassmannian
Gp,4(C)-

Define 9(Z) = Indet(I, + ZTZ). For each z;;:

0 : L0Ziz :
1”‘ = :(IP+ZTZ)lk1—(azu)kl ="
ij

For all combinations (z;;, Z):

9%y "o, + 2t 2);,) 0%
= e L= Himn . 4 (1, + ZTz) P
aZijazkl m;ﬂ 0z % +( pt )nz 0z
P f 1 8(ZTZ)TS + 1= T —1
= > ~U+z Z)merl(Ip‘f‘Z D)enZim + Up + Z1Z); 0jk
m,n,r,s=1
p
=T+ 2'2);; 6 — Y U+ Z212), (I + 27 2);,) Zjm 2k
m,n=1

Remark 2.1. Fach double and triple sum is explicitly written, showing the role of indices m,n,r,s.

3. g-Admissible Functions and Symmetrization

Define ) = Y.7_, [2ia]?, A=1,...,p. For a G-invariant function ¢:
o([E]) = f(z1,...,2p), [ symmetric under permutations.
Definition 3.1.
Pmin([E]) = inf (¢ o g)([E]).
geG

Lemma 3.1. Let ¢ be G-admissible and G -invariant on G pyq(C). Then

e([E]) = »([E]).
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Proof. 1. Reduce to principal coordinates zx: ¢([E]) = f(z1,...,2p).
2. Hessian is fully expanded above, with all indices m,n,r,s and sums.
3. Maximum principle: for any direction & € CP9,

Z (o +1)

£..> 0.
62’1]67 52]£kl - O

©,7,k,l

4. Symmetrization: the minimum of f occurs along the diagonal 1 =--- =z, =1t.

5. On the diagonal:
Y(t) = Indet(I, + tI,) = pln(l + ¢t).

6. Conclusion: convexity and plurisubharmonicity give

fQy,wp) 2 P, mp) = @([E]) = D([E]).

4. Kahler Metric
The Pliicker embedding induces the Kéhler potential ®(W) = log det(l, + W*W). Define A = I, + W*W . Its

entries are

q
Aij =655+ ) Wiy,

~y=1
Using Ologdet A = Tr(A~10A), we compute
oL —
awai - wakélz-
Thus T =3 (A7) Wak. Using A~ = —A"1(9A)A~1, after full index computation one obtains:
Iai(8i) = (AV)ij0ap — Y (A" )uxtar (A )i wpr.
k,l
Thus g = 009.

Admissible Functions
A smooth function ¢ is called g-admissible if g + 99y > 0. We normalize supy ¢ = 0.

Extremal Function

Define 1) = —® = —logdet(I, + W*W). Then 90y = —g.

Symmetry and Diagonal Reduction

The group U(p) x U(q) acts by W — UWV. Since W*W — V*(W*W)V, det( + W*W) is invariant. Using
singular value decomposition: W = UXV, ¥ = diag(o1,...,0,),r = min(p, q), any invariant function depends

only on o;.
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Maximum Principle Argument

Assume (¢ — 1)(Eo) < 0. Construct the holomorphic curve c¢(z) = diag(z*,...,2%"). Along c(z):
0 2(a;i—1)

5.0\ P~ ¥) = > 03l — Y)aiag]* .

(2%

Since 99(p — 1) = ddp + g > 0, a maximum inside the annulus is impossible. Therefore ¢ > 1.

Volume Form and Integral Reduction

The metric determinant satisfies det g = C det(I + W*W)~®+9. Thus dv, = C det(I + W*W)~ P+, We
study

I, :/ e < C/det(]+ WHW)e—ra gy,
X

Singular Value Decomposition and Jacobian
Using SVD,
dw = C' T (02 — o2 [ o7 '+ do dp(U) dpu(V).
i<j i=1

After integrating angular variables:

fo=c" [ Tl - o [Jot " 14 oy 00,

+1<j

Asymptotic Analysis

2a—2p—1

As 0, = 00: (14 02)2~ 0t ~ a?(af(pﬂ)). Total power: o; . Integrability requires 2a — 2p — 1 < —1,

hence a < p. With normalization in ¢;: a(X) = m.

5. Numerical Illustrations

Case G5
P(01,02) = log(o703) — 5log((1+ 07)(1 + 03))
Gradient:
(2 1007 2 1009
Vw_(al 1—1—0%702 1—|—U%>
Case Gz

Slice 01 = 03:
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Extremal function ¢» on G235

Figure 1. 3D plot of the extremal function ¢ for G 5.

Gradient field of ¢» on G35

a1

Figure 2. Gradient vector field of 1) on Ga 5.

6. Hormander—Tian Functional Proof

Let —Kx be the anticanonical bundle. Consider the Hermitian metric h = e~ %. Its curvature satisfies

w4 00p > 0. Applying Hérmander’s L? estimates to sections of —kKy gives uniform bounds:

/ |sk|?e™* < C.
p's

Using Holder inequality and convexity of Ding functional:

1
/e_a“’SC, o< —.
X T

Theorem 6.1. Let ¢ be a g-admissible invariant function on Gppyq(C) with supp = 0. Then ¢ > 1.
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Slice of 9 for G537

P

Figure 3. Slice plot of the extremal function ¢ for Gs 7, along o1 = o2.

Moreover,
1

/ e dyy <o = a< —.
X min(p, q)

7. First Improvement of Tian’s Invariant on G, ,;4(C)

Pliicker Coordinates

Let Z = (zio) be a matrix representing a point in Gpp44(C), with ¢ = 1,...,p and a = 1,...,q for the

off-diagonal part. The Pliicker coordinates are defined by:

P[(Z) = det(Z]),

where I = {i; < -+ < ip} C{l,...,p+ ¢} and Z; is the submatrix formed by the columns indexed by I.

Pliicker’s immersion defines the generalized Fubini-Study metric:

wrs = i00log > |P(Z).
I

We choose the reference point:
Zo = [Ip |0] € Gp,p+q(c)~

In the standard map, we parameterize a neighborhood of Z; by local coordinates z;, 1 =1,...,p, a=1,...

Definition of the Function
We define the function

-B
f:l (1 + Z(é:l |Zia|2)
>rPr(Z)? ’

where 8 > 0 is chosen to ensure that ¢ is g-admissible.

¢(Z) = log

Properties

¢ Invariance: ¢ is invariant under U(p) x U(g), maximal compact subgroups of Aut(G, p+4(C)).

q-
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e g-admissibility: ¢ is multisubharmonic, so i0dp > 0.

e Extremality: ¢ reaches its maximum at the point Zy = [I,|0], which makes it an extremal function in

the class of g-admissible invariant functions.

Simplified Version in the Standard Map

Using only the local coordinates z;,, we can write

p q
p(z)=—B) log (1 +> |Zia|2> :
i=1 a=1

which corresponds to the restriction of (1) in the Pliicker map containing Zj.

g-Admissible Extremal Function

We consider the extremal function
p q
o(z) = —ﬁZlog <1 + Z |zm\2),
i=1 a=1
defined in the Pliicker map containing the point Zy = [I,,|0], with 5 > 0.

8. Definition of the Tian Invariant

For a compact Kéhler manifold (X,w), the Tian invariant is

a(X) =sup {a >0 ’ aC > 0, / e~ “Pw™ < C for any g-admissible function gp}.
b's

Computing the Invariant for ¢

We have
P q op
=) =] <1 'y |zia|2> |
i=1 a=1
The convergence of the integral

[.1

i=1

a —af
<1 +> zm|2> daz

=1

requires that af > q.

Result

Thus, the Tian invariant for this extremal function is

UGypp+q(C)) = %.
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9. Second Improvement of Tian’s Invariant on G, ,;4(C)

For the complex Grassmannian G, ,14(C), we define the U(p + ¢)-invariant function:
Z) =y |Zif, (2)
1

where [Z] represents the Pliicker coordinates, and Z; are the p x p minors of the matrix representing a

p-dimensional subspace in C.

Locally, if Z € CP*?, we can write:
f(Z) =Indet(I, + ZZ1), (3)
which is g-admissible and U(p + ¢)-invariant.

Pliicker Coordinates for Gs 4(C)

For G34(C), a matrix representing a subspace:

7 — 211 212 213 %14
221  R22 223 224
The 6 coordinates of Pliicker are:

Zig = Z11%22 — 212221, 2413 = 211423 — Z13%21,
214 = 211724 — 214221, 2423 = 212723 — 213722,

Zo4 = 212724 — Z14%22, 434 = Z13%24 — Z14723-
The extremal function is then written:

F(2]) = (| Z12|* + | Z1sl® + | Z1al® + | Zas|? + | Z2al® + | Z3al?). (4)

Radial Expression and Volume Measure

Local diagonalization of ZZ':
T1,...,2p 20,

where z; are the eigenvalues. The extremal function becomes:
p
flay,.. Z (1 +x;), (5)
and the invariant volume measure:

(1+ ;) 7 Yda;. (6)
1

dVy ~ H z; —x)?

P
1<i<j<p Jj=
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Tian Integral

The Tian invariant «(Gp ptq) is defined by the convergence of the integral:

I(a) —/ H (14 z;) —(atqt1) H (xi—xj)del...dxp.
[0, oo)P .

1<i<j<p

Selberg Transformation

We perform the change of variable:

= , Yj € Oal
J 1 _yj J [ }
Then:
dy;
dr; = J _ 14z, = .
T (1 —yy)? T l—y;

The measure becomes:
(14 a;)” P D da; = (1 - ;)" 1 dy;,

and the Vandermonde:

H<xi_$i)2 H ﬁ )21,

i<j i<j j=1

Thus, the Tian integral becomes:

I(a) —/ | 1_[1—yj H (yi —y;)*dyr...dy,, B=a+q—2p+1.
0117‘

1<i<j<p

Closed-Ended Formula via Gamma Product

Using the classic Selberg formula:

(a,b, ¢) / Ht‘“l—t VI - tlPedt .t
[0.1]7 ;

=1 1<i<j<p

with closed-ended solution:

H L(a+jo)T(b+jc)T'(1+ (j+ 1))

b,
(@50) T(a+b+(p+j—DoT(L+e)

For our Tian integral:
a=1, b=F+1=a+q—2p+2, c=1,

hence:

1:[ (G+1)T a+q—2p+3+])F(j+2)
o (a+qg—p+2+7) ’

(13)

(15)

(16)
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Convergence Analysis and Tian Invariant

Convergence of the integral for 0 < o < 1.

So the maximal Tian invariant:

(Gpp+q(C)) = 1.

Numerical Example G 4(C)

LU+ D(a+145)0( +2)
Ie) =1 T(a+2+))

=0

For o« = 1:

Table of Explicit Values for Some (p,q)

hS
LS
@Q
=
S
+
<
~—~
8
~
w\»—/:
S—

111 G12(0C)

12| G13(C) 3
2| 2| Ga4(C) 1
23| Gas(0C) 5

)

10. G p+4(C) Blown-Up Along P™

Let
SU(p +q)

Gppt+q(C) = S(U(p) x U(q))

of complex dimension n = pg. On the dense chart, Z = (240) € Mpxq(C). Define
q
Hy, = 5ab + Z Za’y%~
y=1

The Kahler potential is
®(Z) = logdet(H).
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Complete First Derivatives

Using 82% logdet H = Za,b(H_l)ba %{i“;, we compute %Iiij’ = 0qcZpg- Hence

0P
= Z(H_l)baéac% = Z(H_l)bc%-

Z
Ozep ab b

Complete Second Derivatives

We compute g.g)(as) = % _ e differentiate: Or(H Ve = —Ze,f(H_l) OH.y (H™1) fe. Now

T 9250715 be Tz
%I;I;; = ZesOfq-
Thus
== (H pezes(H e
e
Therefore

Reordering indices:

(H_1>d6655 - (H_l)dc Z(H_l)bezeé%'
b,e

Recognizing

(Z*H ' Z)s55 = Z%(H_l)bezea,
b,e

we obtain
9(ep)(as) = (H Vac (635 — (Z*H ' Z)sp) -

Determinant of the Metric
Since g = H™ ' ® (I, — Z*H1Z), we compute detg = (det H')?det(I, — Z*H'Z)P. Using identity I, —
Z*H='Z = (I,+2*Z)~", we obtain det g = (det H)~(det(I,+2*Z))~P. But det(I,+2*Z) = det(I,+ZZ*) =
det H. Hence

det g = (det H)~ (P9,

Singular Value Coordinates

Let Z =UAV* with A =diag(A1,...,Ap), A; > 0. Then
P
det H = JJ(1+ ).
i=1

The invariant measure is

p
AV = Cpg [TO2 = A2 T AP dn.
=1

1<j
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Integrability Computation

The integrand of the a—functional:
P
e P = H(l + A3

i=1
Near \; — 0: (14 M)~ ~ 1. Near infinity: (1 + \?)"® ~ \;>*. Total exponent in \;: 2(q — p) + 1 — 2a.
Convergence at infinity requires: 2(¢ —p) + 1 — 2« < —1. Thus « > ¢ — p + 1. Since normalization divides by

(p+aq):
qg—p+1

[67e =
rass p + q

Blow-Up Contribution

Codimension: ¢ = pg — m. Near the exceptional divisor, in radial coordinate 7: ® ~ (p + ¢)logr?. Volume

behaves as: 2~ 1dr. Integral:

/ p2e—=1=2a(p+q) 4.

Convergence requires 2¢ — 1 — 2a(p + ¢) > —1. Thus

c _ pg—m
p+q p+q’

a <

Theorem 10.1. Let G be the blow-up of Gp.p+q(C) along P™. Then

~ . (q—p—|—1 pq—m)

a(G) = min

11. G, +4(C) Blown-Up Along X)-Schubert Manifold

The Grassmannian G, ,1,(C) parametrizes p-dimensional complex vector subspaces of CP*? and admits the
homogeneous realization

Gpp+sC=Ulp+q)/(U(p) x U(q))-
On the standard affine chart, points are represented by matrices Z € Mgy ,(C). The canonical K&hler form is

wrs = 00logdet(I, + Z*Z), and ¢1(Gpp+4C) = (p + q)[wrs], so that G, ,4+,C is Fano.

Schubert Varieties and Blow-up

Fix a decomposition CP*7 = E® F with dim E = p. The Schubert variety ¥1 = {V € G} p4,C | dim(VNE) >
1} is isomorphic to PP~1. On the affine chart it is characterized by ¥; = {Z | rank(Z) < p — 1}. Let

m: GpprqC = Glp,p+q)
be the blow-up along ¥;, with exceptional divisor E. We consider the Kéahler class
w=(p+q)mwrs — E],

which satisfies

(@] = c1(Gp,p+4C).
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Invariant Functions
The compact group K = U(p) x U(q) acts isometrically on Gp,+,C and preserves ¥;. Any K-invariant

smooth function depends only on the eigenvalues Aj,..., A, of Z*Z. In particular,
p

det(I, + 2°2Z) = [J(1 + \).

i=1

Extremal Functions
Define

p
1 = pzlog&- — (p+q)logdet(I, + Z*Z),
i=1

e = (p+¢q)log A1 — (p+ ¢) logdet(I, + Z*2),

and set ¥ = inf(¢1,12). On the blow-up,

p
D1 =p Y logi — (p+q—1)logdet(l, + Z*Z),

i=1
2= (p+q—1)log A — (p+q—1)logdet(I, + Z*Z),
b = inf (P, v2).
Detailed 00 Computations
Let H = I, + Z*Z. We compute dlogdet H = Tr(H '0H), OH = Z*0Z. Hence
ddlogdet H =Tr(H ' (02)*0Z — H 'Z*0ZH '(02)*Z),

which yields the explicit form of wpg. On diagonal matrices Z = diag(t1,...,t,), \i = [t;|> and 9dlog\; =
0 on C*. Therefore,

00 = —(p+q — )7 wrs, @ + 00p; = m*wrs — [E] > 0.

Technical Lemmas

Lemma 11.1 (Symmetrization). Any K -invariant admissible function depends only on the eigenvalues A1, ..., Ap.

Proof. The action (A, B)-Z = AZB~! preserves the spectrum of Z*Z. Using the singular value decomposition
7Z = UXV*, K-invariance implies ¢(Z) = ¢(3). O

Lemma 11.2 (Diagonal Reduction). For any K -invariant admissible function ¢,

p(2) = p(diag(v/A1, -, V/Ap)).

Proof. Both matrices have the same spectrum of Z*7. O
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Lemma 11.3 (Maximum Principle). If sup ¢ = 0, the function ¢ — @Z admits no negative local mazimum.

Proof. Assume a negative local maximum at a diagonal matrix. Consider the holomorphic curve
Z(s) = diag(s**ty,...,s%t,).

Choosing the weights a; so that 1) o Z (s) is harmonic, one contradicts the positivity of @ + 9dy. O

12. Technical Lemmas: Detailed Proofs

12.1. Symmetrization Lemma

Lemma 12.1 (Symmetrization Lemma). Let ¢ € C°(G(p,p + q)) be K -invariant. Then, in affine coordinates,

@ depends only on the eigenvalues A1, ..., A, of the Hermitian matriz Z*Z .

Proof. The compact group
K=U(p) xU(q)

acts on the affine chart M,y ,(C) by
(A,B)-Z=AZB ', AcU(q), BeU(p).
For such an action, we compute
(Z)*Z' = (B YWZ*A*AZB™' = B(Z*Z)B™.

Thus Z*Z and (Z')*Z’ are unitarily conjugate and have the same eigenvalues.

Conversely, by the singular value decomposition, any matrix Z € M;x,(C) can be written as
Z=U3V* UeU(q), VeU(p),

where ¥ = diag(v/A1,...,v/Ap), A >0, are the eigenvalues of Z*Z.
Since ¢ is K -invariant, we have
p(Z) = p(UEV?) = ¢(X).

Therefore ¢ depends only on Aq,..., A,. O

12.2. Diagonal Reduction Lemma

Lemma 12.2 (Diagonal Reduction). Let ¢ be a K -invariant @-admissible function. Then for any Z €
qup(c)’

(ID(Z) = @(diag( V )\17 MR \/ )\P)) 9
where \; are the eigenvalues of Z*Z .

Proof. By Lemma 12.1, ¢(Z) depends only on the spectrum of Z*Z. Let Z = UXV™* be the singular value
decomposition. Then Z*Z = VX2V*, so 2 and Z*Z have the same eigenvalues.
Since ¢ is K -invariant,

p(Z) = p(UXV") = p(%),

which proves the claim. O

109



Riadh Jelloul

12.3. Maximum Principle Lemma

—_~—

Lemma 12.3 (Maximum Principle). Let ¢ be a K -invariant & -admissible function on G(p,p + q), normalized

by supp = 0. Then the function ¢ — ¥ admits no negative local mazimum.

Proof. Assume by contradiction that ¢ — 7,/; has a strict negative local maximum at a point zg.

Step 1: Reduction to diagonal coordinates.

Since ¢ and 1[) are K -invariant, their difference u = ¢ — 1/; is also K -invariant. Using Lemma 12.2, we
may assume that x¢ corresponds in affine coordinates to Zy = diag(t1,...,tp), t; > 0.
Step 2: Construction of holomorphic test curves.

Consider holomorphic curves Z(s) = diag(s*'t1,...,s%t,), s € C*, where the real weights a; will be
chosen below. These curves satisfy Z(1) = Zj.

Step 3: Second derivative at a local maximum.

Since u has a local maximum at s = 1, we have 99(u o Z)(1) < 0, that is, d9(p — 1;) (Z(l), Z(l)) <0.
Step 4: Harmonicity of 1[) along the curve.

On the diagonal locus, 1 coincides locally with either ¢, or 1), which are linear combinations of
logarithms of |t;|?. By choosing the weights a; appropriately, one ensures that 1[) 0 Z(s) is harmonic in s, hence
dd(1h o Z)(1) = 0.

Step 5: Contradiction with admissibility.
Therefore, 99(p o Z)(1) < 0. However, ¢ is @-admissible, so @ + dd¢ > 0. Along the chosen

curves, the tangent vector Z(1) is tangent to the fibers of the blow-up, and hence @(Z(1),Z(1)) = 0. Thus,
d0p(Z(1), Z(1)) > 0, which contradicts the inequality above.

Step 6: Conclusion.

This contradiction shows that ¢ — 1; cannot admit a negative local maximum. O

13. Main Theorem

Theorem 13.1. Let ¢ be w-admissible, K -invariant, and normalized by sup p = 0. Then

@ > .

—_~—

Theorem 13.2. Let ¢ € C°(G(p,p+q)) be a @-admissible, K -invariant function satisfying

sup ¢ = 0.
G(p.p+aq)

—_~—

Then ¢ >3 on G(p.p+q).

Step 1: Setting of the problem

Consider a @w-admissible, K -invariant function ¢ on G(p,p + ¢), normalized by sup¢ = 0.

Define the comparison function v = ¢ — .
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Step 2: Reduction to a global minimum

Since G(p,p+ ¢) is compact and wu is upper semicontinuous, v attains a minimum. If minu < 0, then u has
a strict negative minimum.

Step 3: Symmetry and diagonal reduction

K -invariance of ¢ and 7]; implies K -invariance of .

Using the singular value decomposition, the minimum of u can be assumed to occur at a diagonal matrix
Z = diag(t1,...,tp).

Step 4: Holomorphic test curves

Introduce holomorphic curves Z(s) = diag(s*t1,...,s%t,), passing through the minimum point. The weights
a; are chosen so that ¢ o Z(s) is harmonic.

Step 5: Cancellation of the extremal function

At the minimum point, dd(u o Z)(1) > 0. The harmonicity of 1) o Z implies dd(p o Z)(1) > 0.

Step 6: Admissibility contradiction

Admissibility gives @ + d0¢ > 0. Along the chosen curves, &)(Z, Z) =0, hence 85(,0(2, Z) > 0, contradicting
Step 5.
Step 7: Conclusion

The contradiction implies minu > 0, hence ¢ > 1[) on G(p,p+ ¢q). This completes the proof of the Main

Theorem.
This scheme highlights the interaction between symmetry, plurisubharmonicity, and admissibility, which

is the core mechanism of the extremal function method.

Proof. We argue by contradiction.
Step 1: Reduction to the minimum of ¢ — 1/;

Assume that there exists a point 2o € G(p,p + ) such that (z¢) < ¥(z0). Since both ¢ and v are upper

semicontinuous, the function v = ¢ — 1/; attains its minimum on the compact manifold G(p,p + ¢). Hence there

exists Tmin such that u(zmin) = m <0.

lnG(;_,;Iq) u
Step 2: Reduction to the diagonal locus.

The function ¢ is K -invariant by assumption, and z/; is K -invariant by construction. Therefore u is
K -invariant. By the diagonal reduction lemma, there exists a representative of the K -orbit of xpi, lying in

the diagonal locus, that is, in local affine coordinates we may assume
Zmin = diag(tl, e 7tp)7 ti Z 0.

Thus u attains a strict negative minimum at Z;, .

Step 3: Local behavior along holomorphic curves.
Let us consider holomorphic curves through Zi, of the form Z(s) = diag(s*'t4,...,s%t,), s € Cr,
where a1,...,a, € R are weights to be chosen later. Since u attains a minimum at s = 1, we have

00(u o Z)(1) > 0. Equivalently,

00(p — D) (2(1). 2(1)) > 0.
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Step 4: Cancellation of the @ZNJ-term.

By construction, 1/; is piecewise smooth and coincides locally with either 1/31 or 1&2. On the diagonal
locus, 9; depends only on A\;j = [t;|?. The weights a; are chosen so that ;0 Z (s) is harmonic in s, which
implies d9(1) o Z)(1) = 0. Therefore, (g o Z)(1) = dd(u o Z)(1) > 0.

Step 5: Contradiction with admissibility.

Since ¢ is @-admissible, we have ©+09p >0 as a (1,1)-form. In particular, (&1—}—859@) (Z(l),m) >
0. However, along the chosen curve Z(s), the tangent vector Z(1) is vertical with respect to the exceptional
divisor, hence of)(Z (1),%) = 0. Consequently, 9d¢p (Z (1),%) > (0, which contradicts the inequality
obtained in Step 4.

Step 6: Conclusion.

This contradiction shows that our initial assumption was false. Therefore, ¢ > z/; on G(p,p+ q). O

Its Hessian is therefore negative at a point inside the domain C' parameterized by

P(p =) i =5

————(c(20))¢*(20) (29) < 0.

22057 (c(20))¢"(20)¢ (20)

This contradicts the admissibility of ¢. Otherwise ¢ — 1[) would admit a negative minimum.
Explicit Computation of the Tian Invariant
Let n = dimc Gp p4+4C = pg. Near the exceptional divisor E, one has z/; ~ (p+q—1)logr?, e ¥ ~

p—2apta=1)  The volume form satisfies @" ~ 2"~V drdf. Hence local integrability is equivalent to the

convergence of

/8 T2(n—1)—2a(p+q—1) dr.
0

This integral converges if and only if

1

2in—1)—-2a(p+qg—1)> -1, ie. a< ———.
(n=1)—2a(p+q-1) P

Proposition 13.1.

1

a(GP7p+qC) = m

14. Computation of the Tian Invariant for X, C G2 4
Local Coordinates on the Schubert Manifold

Zz=|" 0, zyw,u € C, dZ = dz 0 .
w U dw du

Auxiliary matrices:

1+ |z)? 2 1+ 2% + |w|? wi
77t — AV
Iz ( Zw L+ |w]? + [ul? )’ L wu 1+ ul?)”
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Ay =det(Iy + 22Z%), Ay =det(ly + Z17)

Complete Matrix of the Metric Tensor gx,

(L+ [w? + [ul®)(A + [uf?) + |zw]?

92z = )

A1,
A PO+ 2+ wl?) + wuf®
Guww = ALA, ,
92z Yew  Gea Gun — (L+ [ + [w]* + [u]?)
wi — ,
9xx = | Qwz Guww YGwa | > JANPAD
Guz  Guw  Guau B —Zﬂ}(l + |’LL|2)
2w T AlAQ ’ Jwz = Jzw,
—wi(1 +[2[*) _
Juwa = — x> Guw = Guwa,
JARPAY
9za = guz = 0.

g-Admissible and Invariant Function

(2,0, u) = log (1 + |2 + [w]” + [uf)
e Invariant under U(2) x U(2) compatible with X .

e g-admissible: the Kihler form w, = w, + i0d¢ remains strictly positive.

Explicit Form of i00p

= . dz; NdZ; . Zizpdzi N\ dZ;
100p =i J J -3 J J .
v 2 1+ (22 + [w]? + [ul? 2 (L4 22+ [w[* + |ul?)?

j=z,w,u Jk=z,w,u

This form is positive, guaranteeing that ¢ is g-admissible.

Definition

For a compact Fano manifold (X, g), the Tian invariant «(X) is defined by:

a(X) :sup{a >0 ‘ 3C > 0 such that /
b'e

Here, X\ C G24(C) with A = (1,0) and g = gx, -

g-Admissible Radial Test Function

We choose the radial extremal function:

o(z,w,u) =log (1 + |2* + [w|* + [u]*) — sup ¢,

e”*?dVy < C, Vg g-admissible, supp = 0}'

in local coordinates (z,w,u) € C®. This function is g-admissible and invariant under the group U(2) x U(2).
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Asymptotic Behavior and Integral
At infinity, |z], |w]|, |u| = oo:

1
(21> + [w]? + ul?)>

¢ ~log(|z” + [w]? + [uf?), e ~

The volume dV, increases at most polynomially, so the integral converges if:

/ dz dw du < 100
s (|22 + [w]? + [ul?)> '

In radial coordinates: z = rcosf1e'®, w = rsinf; cosfe’®>, u = rsinf; sine’®3, with 0 < r < 0o and
) b b

oo 5 o0
rodr _
/ :/ o2,
7“20‘
0 0

This integral converges if: 5 —2a < —1 =« > 3. Thus, the Tian invariant for X, is: a(X)) = 3.

integration on the S® sphere, we obtain:

15. Schubert Varieties in Gr(k,n)

We generalize the computation of Tian’s a-invariant to an arbitrary Schubert variety X,, in the Grassmannian
Gr(k,n). We present local coordinates, the restricted Kéhler metric, the extremal admissible function, and a

symbolic integral computation leading to a(X,,).

Definition
Let F, be a complete flag in C*: F; C F» C --- C F,, = C™. For a Schubert symbol w = (w; < --+ < wy), the
Schubert variety is

Xw =A{Vi € Gr(k,n) | dim(Vx N Fy,) >, i =1,...,k}.

Local Coordinates (Bruhat Cell)

A generic Vi, € Gr(k,n) in the open Bruhat cell can be written as a k x (n — k) matrix Z:
Vi = span{el + 21006+ Zk,*}, Z = (zap)-

e Here a=1,...,k, 6=1,...,n—k.
e The Schubert variety X,, imposes linear constraints on certain entries of Z, i.e., setting some z,g = 0.
o Let Zx, denote the matrix of free local coordinates on X,,.

Restricted Kahler Metric

The standard Kihler potential on Gr(k,n) is ®(Z) = logdet(I; + Z7Z). Restricted to X, (Z — Zx,):
®|x,, = logdet (1) + Z;(w Zx,,). The metric is

- 0?d|x,
Jap = 8Za8§57

Za»r 28 € Zx,, -
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Extremal Admissible Function

Define the standard admissible function

QDt(ZX“,) = 7t10g (Z |Za‘2)a sSup @y = Oa

[e3%

where the sum is over all local coordinates of X,,.

Determinant and Radial Integral

Near the origin (generic smooth point of X, ), approximate detg ~ 1. Let d = dim¢ X, and 72 = Y [24|%.

€
/ e *tdetgdV ~ / pRd=1=20t gy,
|z]<e 0

Convergence requires 2d — 1 —2at > —1 = at < d. Taking t = 1, we get the general formula: «(X,) =
1/d, d=dim¢c X,.

The radial integral is
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