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Uni-soft ideals and uni-soft k-ideals of I'-semirings
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Abstract: In this paper, we have studied the ideal theory of I'-semirings using the concept of uni-soft sets. Beside
some of its basis properties, we obtain some characterizations of k-regular and k-intra-regular I'-semirings by means of

uni-soft k-ideals (k-bi-ideals, k-quasi-ideals).
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1. Introduction

Nowadays, we have seen that the classical models sometimes fail to analyze the complexities which arise due
to uncertain data in many fields, requiring mathematical evaluation. In order to overcome a certain type of
difficulties, Molodtsov [18] introduced the concept of soft sets as a new mathematical tool for dealing with
uncertainties. Maji et al. [16] discussed further soft set theory. Ali et al. [2] proposed some new operations
on soft sets. As a continuation, several authors (for example, see [4, 5, 17]) described the application of soft
set theory to decision making problems. Recently, the algebraic structures of soft sets [6, 24] have been studied
increasingly, such as soft groups [20, 27], soft ideals in ordered semigroup [10], uni-soft semigroups [12, 13], soft
rings [1], soft semirings [7, 15, 29, 30], soft near-rings [26, 28] and so on.

Semirings which are regarded as a generalization of rings have been found useful for dealing with problems in
different areas of applied mathematics and information sciences, as the semiring structure provides an algebraic
framework for modeling and investigating the key factors in these problems. We know that ideals of the semiring
[8, 11] play a central role in the structure theory and useful for many purposes and they do not in general coincide
with the usual ring ideals and so many results in ring theory have no analogues in semirings using only ideals.
In [19], Nobusawa introduced the notion of I'-ring as more general than ring. After this, many mathematicians,
for example [9, 14, 21], worked on this subject. As a continuation of this, Rao [22] introduced the concept of
I'-semiring which is a generalization of semiring as well as I'-ring. To make I'-semiring more effective several
authors investigated some of its related properties.

In this paper, we have investigated the ideal theory of I'-semirings [23] based on uni-soft sets and obtain some
related properties. Some basic operations are also investigated. Finally, we describe some characterizations of

regular and intra-regular I'-semirings by means of uni-soft k-ideals(k-bi-ideals, k-quasi-ideals).
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2. Preliminaries
Definition 2.1. [22] Let S and T' be two additive commutative semigroups with zero. Then S is called a

I'-semiring if there exists a mapping S xI' x S = S ( (a,,b) — aabd) satisfying the following conditions:

(i
(ii

(a + b)ac = aac + bac
i) aa(b+ c) = aab+ aac
(iii) a(a+ B)b = aadb + afb

(v) Ogaa =0g = aalg

)
)
)
(iv) aa(bBe) = (aab)Be
)
(vi) aOpb = 0g = b0ra

where a,b,c € S, a,B €', Og is the zero element of S, Or is the zero element of I'.

For simplification we write 0 instead of Og and Or.

Definition 2.2. [22] A left ideal I of I'-semiring S is a nonempty subset of S satisfying the following conditions:

(i) f a,bel then a+bel
(ii) fae I, se S and v €T then sya €l
(iif) T#S.

A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty subset which is both a
left ideal and a right ideal of S.
An ideal I of a I'-semiring is called k-ideal of S, whenever z € [ and x +y € I implies y € [ for y € S.

Definition 2.3. [18] Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the
power set of U. Consider a nonempty set A, A C E. A pair (f, A) is called a soft set over U, where f is a
mapping given by f: A — P(U).

It is clear to see that a soft set is a parameterized family of subsets of the set U. Note that the set of all soft
sets over U will be denoted by S(U).

Definition 2.4. [1] Let (f, A) be a soft set. The set Supp(f, A) = {x € A|f(x) # ¢} is called the support of
the soft set (f, A). The soft set is said to be non-empty if its support is not equal to the empty set.

Definition 2.5. [5] Let f,g € S(U), then

(i) The union of f and g, denoted by fU g, is defined as (f U g)(x) = f(z) Ug(z) for all z € E.

(ii) The V-product of f and g, denoted by fV g, is defined as (f V g)(z,y) = f(x) Ug(y) for all z, y € E.

Definition 2.6. [13] Let A C E, the set of parameters and U be the universe. We denote x4, the uni-soft

characteristic function of A and define as

xalz) =o¢ifzed
=Uifz & A
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3. Uni-soft k-ideals with some operations

Throughout this paper unless otherwise mentioned S denotes the I'-semiring, xs denotes its characteristic

function.

Definition 3.1. Let f be a non-empty soft set of an I'-semiring S (i.e. f(x) # ¢ for some x € S) over U.
Then f is called a uni-soft left ideal [resp. uni-soft right ideal] of S over U if

(i) flz+y) C flx)U fy)
(ii) f(zvy) C f(y) [resp. f(zyy) C f(2)]

forall z,y e S and yeI'.
Note that for uni-soft k-ideal the following additional relation must hold:
For z,a,b € Swithx+a=0b= f(z) C f(a)U f(b).

Example 3.1. Let U =S5 =27, ={0,1,2,3} and I' = Z5 = {0,1}. Then S forms a T -semiring with respect
to usual addition and multiplication of integers. Define f(1) = f(3) = {0,1,2,3} and f(0) = f(2) = {0,2}.
Then f is a uni-soft ideal of S over U .

Example 3.2. Let U =2%, S=7,=1{0,1,2,3} and T = Zy = {0,1}. Define soft set f of S over U by
f0)={4nn e Z*}, f(1) = f3) ={nn € ZT} and f(2) = {2n|n € Z*}. Then we can easily check that f
is a uni-soft k-ideal of S over U.

Proposition 3.1. Union of a non-empty collection of uni-soft left (resp. right) ideals is also a uni-soft left
(resp. right) ideal of S over U.

Proof. Let {f; :i € I} be a non-empty family of uni-soft left ideals of S over U and z,y € S, y€T.
Then

(U +y) = U file+y)} € UL U LG)
= U Ai@), U Si()} = (U J)() U (U F)w).
Again
(Y fillevy) = U ifileyy)y € U fily) = (U fi) ().
Hence igl fi is a uni- soft left ideal of S.
Similarly we can prove the result for uni-soft right ideal also. O

Theorem 3.1. Let f and g be uni-soft left ideals of an I'-semiring S over U. Then fV g is a uni-soft left
ideal of S xS over U.

Proof. Let (z1,%2), (y1,y2) € S xS and v € I'. Then

V g)(z1 4+ y1,x2 + y2)
(1 +y1) Ug(ze +y2))

(f Vo) (zr,z2) + (y1,92)) = E;
(f(z1+y1)) U (g(@2 + y2))
(f
(f

(z1) U f(y1)) U (g(z2) U g(y2))
Vg)(xr,z2) U(fVg)(y,y2)
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and

(f Vo) ((@1,22)v(y1,92)) = (fV9)(@17Y1, T27Y2)
= (f(z1yy1) U g(wayy2))
= (f(x1vy1)) U (g(w27Y2))
C fly1)Ugly2) = (f Vg)(y1,y2)-

Therefore fV g is a uni-soft left ideal of S x .S over U. O

Theorem 3.2. Let f be a soft set of an 1I'-semiring S over U. Then f is a uni-soft left ideal of S if and
only if fV f is a uni-soft left ideal of S x S over U .

Proof. Assume that f is a uni-soft left ideal of S over U. Then by Theorem 3.1, fV f is a uni-soft left ideal
of S xS over U.
Conversely, suppose that fV f is a uni-soft left ideal of S x S over U. Let z1,x2,y1,y2 € S and v € I'. Then

(@1 +y1, 02 + y2)
N1, 22) + (y1,92))
@, 22) U(fV )y, ye)
(z1)U ()) (f(y1) U f(y2))-

(fxi+y1) U f(w2 +y2)) =

Now, putting 1 =z, 22 =0, y; =y and y2 = 0, in this inequality and noting that f(0) C f(z) for all z € S,
we obtain f(z +y) C f(z) U f(y).
Next, we have

(f Vv @1y, w27y2)
(f Vv H(z1,22)7(y1, y2))
(f Vv )y, y2)
fly1) U f(y2)-

(f(z1yyr) U f(ravy2)) =

Taking 21 =z, y1 =y and yo = 0, we obtain f(zvyy) C f(y).
Hence f is a uni-soft left ideal of S over U. O

Definition 3.2. Let f and g be two soft sets of an I'-semiring S over U. We define composition of f and g

as follows:

fog(z) = NU{ULf(ai), f(ei), 9(bi)g(di) }}]
erZazOllb —ZCZﬂle

i=1
=0, 1f x cannot be expressed as above

where x, z,a;,b;,¢;,d; € S and oy, 8; € T

Theorem 3.3. Let fi, fo be any two uni-soft k-ideals of S over U. Then fiofs is a uni-soft ideal of S over
U.

Proof. Let f1, fo be any two uni-soft k-ideals of S over U and z, y € S and v € I'. Then
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(frof2)(z +y)

= O{Lij{fl(ai)va(bi)v fi(ei), f2(di)}}
z+y+> ajoibi=y ciBid;

- U1 (), filai), fi(yie)s Fr(ysi), fo(2:), fo(@ai), f2(y2i)s f2(yai) }}
zHy+Y o w11ty Y1ic2iy2i=y ©3:BriTai+ Y Y3iB2iyai

c U ﬂ{g{fl(ﬂﬁu)afl(fgi)’ Ja(w2s), fa(was) }}, ﬁ{g{fl(yli%fl(y&')y f2(y2i); f2(yai) } 1}

THY L1 T2 =), T3 f1iTaq Y+ yri2iy2:i=_ y3iB2iYai

= (fiof2)(z) U (fiof2)(y).

Now assuming fi1, fo are uni-soft right ideals we have

(frofo)(zyy) = m{g{fl(ai)afﬂbi)v fi(ci), f2(di)}}
yy+Y aivibi=y cidid;
m{g{fl(xli)vfl(x?n')a fa(w2ivy), fa(waiyy) }}
TYY+Y T1i T2 YY=yp, ©3: BiTaiVY
MU (1), [i(2si), f2(22i), fo(2ai) 1}

T+Y w1 o=y T3:BiTaq

= (fiof2)(x).

N

N

Similarly, assuming f;, fo are as uni-soft left k-ideals we can show that (fi0fs2)(xyy) C (fiof2)(y).

Hence fiofs is a uni-soft ideal of S over U. O

4. Uni-soft ideals of regular I'-semiring

Definition 4.1. A soft set f of a I'-semiring S over U is called uni-soft bi-ideal if for all x,y € S and o, S € T

we have

(i) flz+y) C flx)Ufly)

(i) flzay) C f(z)U f(y)

(iii) f(zaypBz) C f(z)U f(2)

Definition 4.2. A soft set f of a D-semiring S over U is called uni-soft quasi-ideal if for all z,y € S we have
(i) flz+y) C fla)Ufy)

(ii) ((foxs)U (xsof))(z) C f(x)

Proposition 4.1. Intersection of a non-empty collection of uni-soft bi-ideals of S over U is also a uni-soft
bi-ideal of S over U.

Proof. The proof follows by routine verifications. O

Proposition 4.2. Let {f; : i € I} be a family of uni-soft bi-ideals of S over U such that f; C f; or f; C f;
fori,5 € 1. Then ‘Ulfi s a uni-soft bi-ideal of S over U .
1€

Proof. Straightforward. O

Lemma 4.1. In a I'-semiring, every uni-soft quasi ideal is uni-soft bi-ideal.
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Proof. Let f be a uni-soft quasi ideal of S over U. It is sufficient to prove that f(zayBz) C f(x)U f(z) for

all z, y, z€ .S and «, § €I'. Since f is a uni-soft quasi ideal of S over U, we have

flzayBz) C ((foxs)U (xsop))(zayfz)
= {(foxs)(zayBz) U (xsof)(zayBz)}
U nU(fl@)uf(e) . NUUGIUF)) )

K2

zayBz+ Zaﬁlb = Z 015 d zayfz+ Z(Ll’}/lb = chd d

FO)U f(x )Uf( YU FG: ))(Smce wayﬂ2+070+0*xayﬂz+0)
f(@) U f(2).

[N

Similarly, we can show that f(zay) C f(z)U f(y) for all z,y € S and a € T'.

Example 4.1. Let U = Z, S =T = {0,a,b}. Then S forms a T -semiring with respect to addition and

multiplication defined as:

+(0]albd Olalbd

0[O0|al|bd 0[]0(01|0O
and

alalala a|l0lala

blblalb b|0|ala

Now define soft set f on S over U as: f(0) =4Z, f(a) =2Z, f(b)=Z. Then [ is a uni-soft bi-ideal of S

over U which is not a uni-soft quasi-ideal.
O

Definition 4.3. A T'-semiring S is said to be k-regular if for each € S, there exist a,b € S and «, 3,v,0 € '
such that x + zaafx = zybix.

Definition 4.4. A T'-semiring S is said to be k-intra-regular if for each = € S, there exist z7a¢,a;,bi,b; S
n

S, a4, o4, 3, P1i, B2i, B3 € Ty © € N, the set of natural numbers, such that = + Zaialixagixagia; =
i=1

Zbiﬁuxﬁzixﬂgib;.

i=1
Theorem 4.1. Let S be a k-reqular T'-semiring and x € S. Then

(i) f(z) C (foxsof)(x) for every uni-soft k-bi-ideal f of S over U.

(i) f(z) C (foxsof)(x) for every uni-soft k-quasi-ideal f of S over U.

Proof. Let S be a k-regular I'-semiring and = be any element of S. Suppose f be any uni-soft k-bi-ideal of
S. Since S is k-regular there exist a,b € S and «, 3,v,6 € I" such that = + zaafzr = zybdx. Now
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(foxsof)(z)
= N(U{(foxs)(ai), (foxs)(ei).f(bi), f(di)})
z+ Zazazb = Zczﬂz i

< m{(f0><s)(33aa) (fOXs)(mb) f(@)}

[since x + zaafx = zybiz]

=n{  NU{(flai), fle))l) » NA(f(a), fle)))) 5 f2)}
saat Zazaub = Zczﬂudi zybt Zaia%bi = Zciﬂzidi

=1 i=1 i=1
< n{f (), ( ) f(@)}

[since zaa + zaafraa = xybdraa and zyb + raaBfryb = zybdxyb]
= f(z).

This implies that f(z) C (foxsof)(x).
(i) = (it) is straightforward from Lemma 4.1. O

Theorem 4.2. Let S be a k-reqular T -semiring and x € S. Then

(i) (fUg)(z) C (fogof)(x) for every uni-soft k-bi-ideal f and every uni-soft k-ideal g of S over U .
(i) (fUg)(z) C (fogof)(x) for every uni-soft k-quasi-ideal f and every uni-soft k-ideal g of S over U .
Proof. Assume that S is a k-regular I'-semiring. Let f and g be any uni-soft k-bi-ideal and uni-soft k-ideal of

S over U, respectively and x be any element of S. Since S is k-regular, there exist a,b € S and «, 3,7, € T’
such that x 4+ zaafx = xybdx. Then

(fogof)(x)
= O(Lﬁ{(fOQ)(ai) (fog)(ei), f(bi), f(di)})

E-‘rzazazb —chﬁz 7
C ﬂ{(fog)(ma) (fog)(rwb) f(z)}

[since x 4+ zaafz = zybdx]

= N{N(H(f (i), f(e), 9(bi), 9(di))}), N(UL(F (@i, f(ei) 9(bi), 9(di))}), f ()}
maa+za2a1b —Zczﬂz i 1”Yb+zaz’)/zb —Zczéd

C U{U{f(= ) (aﬂma) (b5ma)} U{f(z), (aﬁmb) (553775)} f(@)}
[since zaa + xaafraa = xybdxaa and xyb + xaafryb = xybdxyb]
C flz)Ugle) = (fUg)(@).
(i)=(ii) is straightforward from Lemma 4.1. O
Theorem 4.3. Let S is both k-reqular and k-intra-regular I'-semiring and x € S. Then
(i) f(x)= (fof)(x) for every uni-soft k-bi-ideal f of S over U.
(ii) f(x) = (fof)(x) for every uni-soft k-quasi-ideal f of S over U.
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Proof. Suppose S is both k-regular and k-intra-regular I'-semiring. Let x € S and f be any uni-soft k-bi-ideal
of S over U. Since S is both k-regular and k-intra-regular there exist a;, b;,c;,d; € S, ay4, o, 34, Qaq, Q54

n

n
Bui Bais Bair Bair Bsi € T, i € N such that z + Y wonaiaiveszasbiose = Y 1B1iciB2iwBsirfadiBsi

i=1 i=1
Therefore
(fof)(@) = nl{f(a), flei), F(bi)s f(di)}]
-+ Z G,ZOlzb = Z Czﬁzdz
i=1
[g{f(xauaioézlm), flzagbiasiz), f(xBriciBir), f(2B1idiBsiw)}]
v Y BO10; 00030 0uibiosit = Y 1 B1iciBait Byt BaidiBi
i=1 i=1
C f(=).

Now (fof)(x) C (foxs)(xz) C f(x). Hence f(x) = (fof)(x) for every uni-soft k-bi-ideal f of S.
(1) = (i7) is straightforward from the Lemma 4.1. O

Theorem 4.4. Let S is both k-regular and k-intra-reqular T -semiring and © € S. Then
(i)
(ii)
(iv)

fug)(z
fug)(z
fug)(x
)

fug)(x

fog)(x) for all uni-soft k-bi-ideals f and g of S over U.

N

)(@)
fog)(x) for every uni-soft k-bi-ideals f and every uni-soft k-quasi-ideal g of S over U.
)(@)
)(@)

(
(
(fog)(zx) for every uni-soft k-quasi-ideals f and every uni-soft k-bi-ideal g of S over U.
(

N

( ) €
( )
( )
( ) €

fog)(x) for all uni-soft k-quasi-ideals f and g of S over U.

Proof. Assume that S is both k-regular and k-intra-regular I'-semiring. Let x € S and f, g be any
uni-soft k-bi-ideals of S over U. Since S is both k-regular and k-intra-regular there exist a;,b;,c;,d; €

S, o, 9, 34, Q44,555 Bras Poiy B3, Bais P € TN, ¢ € N such that x + E TO1A00; T3 L0y b5 C
i—1
n

> xBriciBaiwBsixfaidiBsix . Therefore

i=1

(fog)(z)
ﬁ[U{f(al) f(ei), g(bs), g(di)}]

o+ Z a;oub; = Z ciBid;

C ﬂ[U{f(xalzalQQl ) g(xou;biasx), f(xPiicifeuix), g(xfaidiBsix}]

C flx)ug(z) = (fUg)(z).
(1) = (i1) = (iv) and (i) = (¥1%) = (iv) are obvious from Lemma 4.1. O
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