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Abstract: This paper, deal with the existence of an entropy solution of quasilinear elliptic unilateral equation In the
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1. Introduction and Basic Assumptions

There are large numbers of papers which treated nonlinear unilateral elliptic problems due to their fundamental
role in describing several phenomena, such as the study of fluid filtration in porous media, constrained heating,
elastoplasticity, optimal control, see [1, 3] for more details.

In the Lebesgue Sobolev spaces , Bénilan in [4] was introduced the idea of entropy solutions adjusted to
Boltzmann conditions. we cite also the works maked by the authors in [5, 6]. which were studied the existence
solutions of this class ( B(t) = |¢[?).

for the Sobolev space with variable exponent we refer the reader to the works [3, 10, 11].

In Orlicz spaces, among the difficulties that can be encountered in this study space is the non-homogeneity
of the functions N (indirect definition of the norm). It is generally difficult to move results in L? to Orlicz
spaces. (see [12, 16]).

On the other hand, An elliptic systems of equations generalizing the following problem

N

=3 (lont@)

i=1

P (@) o)) = g(a),

was treated by Domanska in [18] in the case when 2 is an unbounded domain.
In [17] the authors was solved the same problem under study with N(z,v, Vv) = div(N(v)) and N(v) a
polynomial growth like w9 in LP.

The major goal of this note is to demonstrate some results on the existence of entropy solution for
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boundary value problem as

Zi\; Db (z,v,Vv) + N(z,v,Vv) = g — div ¢(v) in Q
v =0 on 99,

where g € LY(Q), and () € C° (R, RN ) , and several studies of certain elliptical and parabolic problems
which are interested in the results of existence and uniqueness have been carried out by many researchers (see
[7-9, 20-28] ).

The main difficulty in this study cames from the fact that the term Av does not coercive in W, ().
For this reason, we use a penalization term *|v|P*~?v in the problems (11) to show the main result of this note.

The great interest of studying problems of the anisotropic type comes from its application in mathematics,
more precisely in a population dynamics model, in image restoration processes, and electro-rheological fluid flows
(see [13, 14, 29]).

The plan of this note is organized as follows. The section 2 is devoted to definitions and auxiliary
properties of anisotropic Sobolev spaces. The section3 includes the hypothesise on the function b; for which
the problem (8) admit at least one solution in the sense of the definition4.1 and in the final section we prove

our main result.

2. Preliminary

Let Q be a bounded open subset of RV (N > 2) with smooth boundary and, let 1 < py,...,pxy < o0 be N

real numbers,

p+ = max{pla"'va}7p_ :min{plv"'ap]\f} andﬁ: (pla"'apN)~
We denote
0
0; = ,
! 8a:L
We set
p=min {po,p1,p2,...,pn} then p'>1. (1)

The anisotropic Sobolev space W1?(Q) is defined by
Wh(Q) = {ve LF(Q), DwelP(Q), i=12,....,N}

endowed with the norm

N
lollug =3 D%, )
=0

W} P(Q) denotes the closure of C§°(€) in W1#(Q). The space (Wol’ﬁ(Q), HU||175) is a reflexive Banach

space (for more details [30]).

Now, let us give the following key lemma of ,
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Lemma 2.1.
Let Q be a bounded domain in RY,

o if p< N then Wol’p(Q) > LYQ) Vg€ [p,p*[ with 1% =
o if p=N then WyP(Q) —— LI(Q) Vg € [p,+ool,
o if p> N then WyP(Q) —— L=(Q) N CO(Q).

then the embedding bellow are compact

The proof of the preview lemma based on the compact embedding theorem for Sobolev spaces and the fact

that the embedding W,* (Q) < WOI’B(Q) is continuous .

Lemma 2.2.

The space W17 (Q), is the dual of the space Wo'P(Q) with p' = (ply,pl,...,py) and i + - =1. For

1

Pi

each F € W12 (Q) there exists F; € LPi(Q) for i =0,1,..., N, such that F = Fy — Zf\il D'F;.
Then, for all v e Wy'*() we have

N
(Foy=>" / F;Divdz.
i=0 /&

We define a norm on the dual space as

N
|Fll-1 = inf 311,
=0

Definition 2.1.
Let k > 0, the truncation function Ty(-) : R — R, defined by

and
Tol’ﬁ(Q) = {v : Q — R measurable / Ty (v) € Wol’ﬁ(Q) for any k > O} .

Remark that, a function (vmeasurable) satisfying T (v) € WO1 d (Q) for all k > 0, does not necessarily

belong to WOM(Q) So, for any v € Tol’ﬁ(ﬂ) we can define the weak gradient of v, by Vuv.

Lemma 2.3.
Let u € Tol’ﬁ(Q), fori=1,... N, there exists a unique measurable function v; : Q@ — R such that

DTy (u) = v; - X{ju|<k} a-e. inQ, for any k >0,
with x4 named the characteristic function of a measurable set A.

The idea of our proof based on the usual method used in [15] for the case of Sobolev spaces. we refer the

reader to [14, 19] for more details.
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3. Essential assumptions

Let Q be a bounded domain of RY(N > 2), we suppose that p = (po,p1,.--

1<p; <oo fori=0,1,...,N.

Let us choosing A : Q — R (measurable function), such that
AT € WP (Q) N L=(Q).

The subset K4( convex ) is given by

Ky= {v € Wol’ﬁ(Q) such that v > A a.e. in Q}

We consider B : WgP(Q) — W17 (), defined by

N
Bv=— Z ' (z,v, Vv),
i=1

,pn) verify the condition

where b; : 2 x R x RY —— R are Carathéodory function verifying the conditions listed below

bi(z,5,6)] < 8 (Rilw) + sl + &

pi

bl(ﬂf,s,f)gz ZCM|£1
for all &€ = (&,...,&n) and & = (&1,...,&y), we have

forany i =1,..., N,

[bi<.’1}, 875) - b’L ($7 875/)] (52 - 57{) >0 for E’L 7é 57{7

pi*l) foranyi=1,..., N, (3)

for a.e. z € Q, and all (s,&) € R x RN, where R;(z) > 0 belongs to LF:(Q) and a, 8 > 0.

According to (4) and using the continuity of b; with respect to &, we obtain

bi(x,s,0) =0.
The term N(z,s, &) be Carathéodory functions such that

N(x7 S? 5)8 Z 07

N

[N (z,,8)| < b(]s]) <0(fﬂ) +> & pi) ;
i=1

with b(-) and 0 < ¢() € L}(9).

We consider the following problem with obstacle modeled by

Bv+ N(z,v,Vv) =g —dive(v) in

v=20 on 0f),
v > A

where
geL'(Q), and ¢()eC’(RRY).
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Remark 3.1. The hypothesise (3) is necessary to ensure that |ai(z,v,Vv)| € LPi)(Q). In the case of
By = — Zi\il Db;(x, Vv), the condition (3) can be written as
Pi1>

Lemma 3.1. [13] Assuming that (3)-(5) hold, and let (vy), oy be a sequence in W3 P(Q) such that v, — v in
Wol’ﬁ(Q) and

N
|bi(x, &) < B <Rz($) + Z 13

/ (|vn|p_2 Up — \U|p7211> (vp, — u) dx
Q

N
+ Z/ (bi (z, v, V) — b; (2,05, Vu)) (D'v,, — D'v) dz — 0,
=179
then v, = v in Wol’ﬁ(Q) .

4. The Existence of an Entropy Solution

Firstly, let us define an entropy solutions for the problem under study (8) as follows.

Definition 4.1. A measurable function v is named entropy solution of the obstacle problem (8) if

Tk(v) S KA,

N .
; /Q bi(z,v, Vu)D'T(v — u)dx + /Q N(z,v, Vu)T (v — u)dx o)

N
< / 9T (v — u)dx + Z/ ©0i(V) DTy (v — u)dx
Q = Ja
with v € Ky NL®(Q).
the aim is to show the following result.

Theorem 4.1. Suppose that (3)-(7) and (9) hold, then the problem (8) admit at least one solution in the sense
of the definition 4.1.

4.1. Proof of the main result

4.1.1. Approximate problem.

Let (gn)pen € W=7 (Q) N LY(Q) such that g, — G in LY(Q) and |g,| < |g| ( gn = Tn(g) ). We consider the

penalized approximation.

N

) 1 —
Z/ bi (z, T, (vy), Vuy) D* (v, —u)dz + — / 0[P vy, (v, — ) da
i=17% nJae
+ / N, (z, v, Vug,) (v, —u) do (11)
Q

N
< / gn (U, —u)dz + Z/ On.i (vn) D (v, — u) du,
Q — Ja
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for any v € K, where
on,i(s) = @i (Tn(s)),

and

Np(z,5,&) = T,(N(z,s,§)),

We can show, similarly as in [2], that there exists at least one weak solution v, € WO1 P (m)(Q) of the
problem (11).

4.1.2. A priori estimates

Suppose that k& > max (1, |[AT]|), we put v = v, — nTj (v, — A1) € WP (Q) N L=(Q), for n very small we

get v € K, therefore v is an admissible test in (11), this implies

N
Z/ b (z, T, (vn) , V) DT}, (vn - A+) dr + % / |vn|p°_2 vp T (’Un - /1+) dx
=1 2 Q2

+ / Ny (@, 0n, Vo) T (v — A™) dz (12)
Q

N
< / 9n T (v — A7) dz + Z/ Oni () DTy, (v, — AT) da.
Q —Ja
For the term : Zfil Joy @ni (Un) DTy, (v, — A1) daz, we have
N

N
i (U g Vp — + T =

i=1

/ ©n,i (Un) Div,dx
{lvn—AT|<k}
N .
- Z/ ¢n.i (vp) D' AT dx
i=1 {‘”'rL7A+|Sk}

Putting ®,,;(t) = fot on,i(T)dT, then @, ;(0) =0 and ®,,,;(-) € C'(R), then the Green formula implies
that

N N
Pn,i (Un) Dtvndl‘ = / Pn,i (vn) Divn S X{ v, —At|<k dx
Y 2 ), (=150

i=

N
= Z /Q D'®y i (Un * X{jun—a+|<k}) da (14)
=1

N
= Z/ (I)n,i ('Un : X{"uan+|§k;}) -n;do =0,
=100

since v, =0 on 99, with n = (ny,ns,...,ny) is the normal vector on 99.

therefore, we can have
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N N
pus (o) Dt < Y [ (o) DA™ da
; /{IvnA*Kk} ; {lonl<k+la+1}
N
< sup \g07(s)|/ |Di/1+|dxf < Ci
i—1 IsISE+HIAT Q

Using (6), we have

/ Ny, (2,05, Vo) Ty, (vn — A+) dx >0,
Q

Thanks to (13)—(16), we obtain

N
> / by (0, (00) Vo) DTy (0 = A7) d [ o7 0 v, = A7) d
Q

<kz/\f |dx+2/ bi (2, Ty, (vn) , Vo) D' ATdx + Cy

{Jvn—A+|<k}

(15)

(16)

Since k > ||AT|| , then Ty (v, — A1) have the same sign as v, on the set {|v, — AT| >k}, it follows

that

1 _ 1 _
f/ [un P22 v, T (v, — AT) da = —/ lun P22 v, (v, — A1) da
n Jo S —a+ <k}

1 _
+ —/ [vn|P° 2o, T (vn - A+) dx
T J{ v, —At+|>k}

1 ~
/ ol o -1 ol 4% dz,
T J (o —A+|<k} {lon—at|< k}

A\
| —

taking into account (4), we get

; 1
QZ/ anlder—/ |v, [P° da
{|vn—A+|<E} N J{jv,—A+|<k}

N
. 1 _
< E /{ bi (2, Ty (vn) , V) D'vpda + n / |Un|p0 ? VT (vn - AJr) dx
=1 Q

lon —AT|<k}

1 _
+f/ o[ I»Aﬂdxszc/ (£ @)+ fol@)]) do
N J{ v, —A*|<k} Q
N 1
Z/ 1bi (2, T (Vi) , Vvg)| | DPAT| dz + — / v [P | AT | da.
i—1 7 {lvn—AT|<k} {lvn—AT|<E}

By applying Young’s inequality one has

_ 1
/ [vn|P° 1|/1+‘dx§7/ |vn|P° dx + Ca,
{Jon— A+ |<k} 2 J{lon—At|<k}

(19)
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Furthermore, by taking into account of (3) and by using Young’s inequality, one has

N
Z/ |b; (, Ty, (V) , Vo) |Di/1+’ dx
{lvn—AT[<k}

N N
<pB / z) |D'AT|dx + / lon 271 DAY da
Z {|on—A+|<k} | | 122 {lvn —AT|<k} | ’ ‘
+5 / Div,|”"" |D'AT | dx (20)
Z \uﬂ A+|<k} | |
<Cy+e / vp|Bdx + / Di/lJr Pax
Z {on—AT|<K} [on] Ep ! Z {om— A+\<k} |
+Cs / |DAT " dx
Z {on— A+\<k}
By thanking to (17)-(20), we conclude that
Z/ Dv alx—i—i |v,|P° da
45 Jjo.- A+|<k} 20 J{jo,—at1<k} (21)
Ssz—I—Na/ |on |2 dz + Cy(e)
{lvn—At+|<k}
Therefore, there exists C5(k,<) such that
L pi
Dtv, | dx < Cs(k, €). (22)
4 Z/vn A+|<k} |
and since
{r e |va] <k} C vn — AT <k +||AT] )
Thus

Z/ | DTy, (vn)

pldx—Z/
<Z/

{lvn =A% |<k+[ ATl

Prde + / T (v,)|P° da:
Q

|v,L|<k}

Plda 4 kPl

|Divn
}

< Co (b, [[47]| )

and we have

1T (vn)lly, < C7 (K

Y NOR

where C7 > 0 does not depend on n. Thus, the sequence (T} (v,)),, is bounded in Wy P(Q)) uniformly in n,

n

then there exists a subsequence still denoted (7% (vn)),,c and a function vy € W, () such that

Ty (vn) — v, weakly in Wol’ﬁ(Q)
Ty (vn) = v strongly in L2(Q)) and a.e in Q.
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Now, using (21) and by applying Poincaré inequality, one has

IVTk (v2)] Z/ | DT}, (v,) | da

Pidz + NQ|

N
g;/Q]DZTk (vn)

4k 4N¢e
< aC THT/@(%)HB‘FCS(@

AN
< 70 C' == |V (va)l], + Cs(e).

Therefore, by choosing & very enough (C’/ 41;[ £ < %) , there exists a constant Cy that does not depend on k

and n, such that

and we arrive at

kmeas {|v,| > k} = / [Ty (vn)| d < / T (vn)| de
Q

{lvn|>k}

< 1l 1Tk (vn)l,

(24)
< O[9I (v,
1
< C'lokgv
which yields.
1
meas {|v,| >k} < Cis— — 0 as k — oo. (25)
k; 2

Now, we will prove that the sequence (v,),, is a Cauchy sequence in measure. Indeed, we have for every
0>0

meas {|vy, — V| > 0} < meas {|v,| > k} + meas {Jvp,| > k}
+meas {|Tk (vn) — Tk (V)] > 6}

suppose that € > 0, in view of (25) we can take k = k(e) large enough such that

<
3

meas {|v,| > k} < and  meas {|un,| > k} < = (26)

w

On the other hand, thanks to (23) we get
Tk (vn) — ni in LE(Q) and a.e.in .

Thus (T (vn)),cn is a Cauchy sequence in measure, and for any & > 0 and d,e > 0, there exists
ng = no(k, d,€) such that



Ouidad AZRAIBI, Badr EL HAJI and Mounir Mekkour

meas {|T (vn) — Tk (V)| > 0} < for all m,n > ngy(k, 9, e). (27)

W m

By using (26) and (27), we conclude that : for all §,& > 0, there exists ng = ng(d,¢)
meas {|v, —vy| >0} <e  for any n,m > ny.

Then (vy),, is a Cauchy sequence in measure, then converges almost everywhere, for a subsequence, to

some measurable function v. By using (23) one has

Ty (vn) = Ti(v)  in WyP(Q) (28)
Tk (vn) = Tk (v) in L2(Q2) and a.e. in Q.
4.1.3. Convergence of the gradient
From now on, we denote by ¢;(n),i = 1,2, ... various real-valued functions of real variables that converge

to 0 as n tends to infinity. For A > k > 0, we define
M:=4k+h and wy:=Tog (vn — T (vn) + Tk (V) — Ti(u)) .

Choosing v = v, — Nwy,, we have v > A for 7 small enough, thus v is an admissible test function in (11), and

we obtain

N

. 1 _
Z/ bi (2, Ty (vs) , Vo) Dzwndx—i—f/ [vn|P° 2 opwndr
=179 Ja

N
+/ N, (an,an)wnd:vS/gnwnd:ﬂ—i—Z/ ©n.i (Vn) Diw,dz.
Q Q — Ja

It is easy to see that w, have the same sign as v,, on the set {|v,| > k} and w, = T} (v,) — Tx(v) on the set

{|lvn| <k}, also we have D'w,, =0 on {|v,| > M} then,

N
Z/ bi (2, Tar (V) , VT (vn)) Diw,dx
{lvn|<M}

i=1

1 _
+= P2 v (T (0n) — T (v)) daz + / Ny (2, v, Vo) wpdz (29)
T J{|vn|<k} {vn|<k}
< / |gn (2)| dx + On,i (Ta (vy)) Diw,dzx.
Q {lvn|<M}

The first term on the left-hand side of (29) is obtaining by

10
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N
/ bi (x, T (vn) , Vs (vr)) Diw,dx
« Jijoni<any
N . .
_ / bi (2, T (n) , VT (v0)) (DT (vn) — DiTi(v)) dat
{lonl <k}

+ Z/ (z,Tar (v3), VT () D'wyda

k<|vn\<M}

= Z/Q (bi (IE,Tk (Un) , VT, (’Un)) —b; (zka (Un) ,VTk-(’U)))

, , (30)
x (D'Ty, (vn) — DTy (v)) da
N
3 / b (2, T (v) , VT (0)) (DT (0) — DiTi(v)) da
+ Z/ bi (2, T (vn) , VTk (v)) D' Ty (v)dx
i—1 7 {lvn|>k}
+ Z/ (2, Tar (vn), Vs (vn)) Diwpde.
k<\vn|<M}
Lebesgue’s dominated convergence theorem implies that Ty (vy,) — Tk (v) in LPi(Q), therefore
bi (2, Th, (vn) , VI (v)) = b; (2, Ti(v), VIs(v))  in  LP(Q),
and since DT}, (v,,) converges to DT}, (v) weakly in LPi(Q), we obtain
N . .
n) = Z/ bi (@, Ty, (vn) , VIi(v)) (D*Ty; (vn) — D'Ty,(v)) dz — 0 as n — oo. (31)
Now, by (4) and using the continuity of a(z,s,£) we obtain a(x,s,0) = 0, therefore,
/ a; (2, Ty, (v) , VT (vn)) DTy (v)dz = / a; (z, Ty (v,),0) DTy (v)dx = 0. (32)
{lvn[>k} {lvn|>k}

Finally, taking z, = v, — Th (vs) + Tk (vn) — Tk(v), then

N
/ bi (x, T (v) , VT (vy)) Diw,dx
{lvn|>k}

N

_ / bi (2, Tat () s VTt () D' (0n — T (v) + T () — Ti(v)) dar
i—=1 Y {lvn|>EIn{]zn| <2k}
N

> - Z /{vn|>k} [b; (2, Tar (vn) , Vg (v))] |D1Tk(v)| dx

We have (b; (2, Ta (vn), VI (Un))),en 18 bounded in LPi(Q), then there exists ¥; € LPi(€) such that

11
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bi (@, Tar (vn) , VT (vp)) = 9 in LPi(Q). Therefore,

N

ga(n) = / bi (x, T (vn) , VT (vy)) DT, (v)dzx
i=1 {lvn|>k}
N
— 9;D"Ty,(v)dx = 0,
i—=1 7 {lul>k}

thus

N
/ b (z, Tas (vn) , VT (0n)) Diwnda > e5(n).
{lvn|>k}

i=1

According to (30)-(33), we conclude that

N
Z/Q (bi (, T, (vn) , VT (v3)) — b; (, Ty (v3) , VTk(v))) (D' T (vy,) — DTy (v)) da
=1 N

< ; /Q bi (2, Toy (vn) , VTas (v)) D'wnda + e3(n).

For the second term on the left-hand side of (29), using (50) we have

/{Ivnlﬁk}

Using (29) and (34)-(35), we obtain

1 Po—2
E4(7’L) = E

2k
Un
n

N
Z/Q (bi (2, Tk (vn) , VTk (vp)) — bi (2, Ty, (vn) , VT (v))) (DiT;C (vn) — DT (v)) da

+ Ny (2, Ty, (vn) , VT (vy)) wpdz
{lonl<k}

gml;ugn<x>owwn\dxg+

N
> / @n.i (Tas (v4)) Diwndz 4 5(n).
{lonl<M}

i=1

We have g, — ¢ in L'(Q) and w,, — Tox (u — Ty (v)) weak-* in L>°(Q), then

/ Jnwndr = / 9Tox (u—Th(v)) dz + g6(n).
Q Q
Now, by choosing n very large, we obtain
[ ni (Tar (00)) Dl = [ 1 (Tar () D
Q Q

since D'w,, — DTy, (u — Ty (v)) in LPi(Q), then

/ ©n.i (Tar (V) Diw,dx = / i (T (v)) DTy, (u — Ty (v)) dx + e7(n).
Q Q

O (T (v) — Ti(v)) dx | < —/ lun|P° " dz — 0 as n — oo.
{lvn <k}

(33)



Ouidad AZRAIBI, Badr EL HAJI and Mounir Mekkour

Thanks to (7), we get

/ Now (2, T (00) s VT (00) wnder
{lvnlfk}

N
< by / (c(x) + ST DT () ”) | da
{lvn|<k} Z ‘ ‘

i=1

< by c(x) |wn| dz
{|vn|<K}

b,
Y [ T (00) VT (0) = b 0T (00 VT ()
% (DT}, (vn) — DT} () |wn| dz

N
+ % Z . bi (z, Tk (vn) , VT (v)) - (D*Ty, (vn) — DTy (v)) |wn | da

N
b ,
+ Ek > / a; (z, Ty (vn) , VT () - DT (v) |wy | dz.
i=1 7%
Since Ty (vy) — T (v) = 0 weak-+ in L>(2), then

/ c(x) |wp| dx = / c(x) | Tk (vn) — T (v)| dez — 0.
{lvn|<k} {lvnl<k}
According to (36)-(41), one has
b, o
— 2 | i@, T (vn) , VT (va)) = bi (2, T (vn) , VT (v)))
=179

x (DT (vy) — D'Ti(v)) |wy| dx

> / N, (m,vn,an) Wndx +/ gnT2k (U'_Th(v))dx
{lvnl<k} Q
N .
+ Z/ i (Tar (v)) D'y (uw — Ty (v)) dz + e5(n).
i=17%
Moreover, we have

/gnTgk(u—Th(v))daj—>O as  h— oo.
Q

(43)

For the second term on the right-hand side of (42), we choose W,(t) = fot @i(T)dr then ¥,;(0) = 0 and

U, € C1(R). by analogy to (14), we show that

/%UMWD%Mwamm:/
Q

Q

i (T4 1(v)) D Topyp(v)dz — /Q i (Tn(v)) D'Ty(v)de = 0. (44)

Now, we take v = v, — nTay (v, — Th (v,)) for n small enough, we can say that the function v is an

admissible test in (8), we get

13
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N
) 1 _
Z/ bi (2, Ty, (vg) , Vo) DTy, (v, — Th, (vp)) daz + H/ [un P22 v Tog, (vn — Th (vp)) da
=179 Q
+ / N(z,v, Vu)Tak (v, — T}, (vy,)) dz
@ N
= / InTok (v, — T (vy)) dz + Z/ On,i (V) D*Toy, (v, — Ty, (vy,)) de.
Q = Ja
We have

/ On.i (Vn) DTy, (v, —Th (vp))de =0 fori=1,...,N
Q

According to (4),(6),(8) and by applying Young’s inequality, one has

- Z/ ivn|pi dr < / gnTQk (Un =Ty (Un)) dx.
h<\un\<2k+h} Q

Thus

N
o DiylP

— dr < — % lim inf / Div,
2 i_zl/{h<|u|§2k+h]‘ 2 n-soo Z [h<|vn|<2k+h] |

< lim nTor (vn — Th (vn)) do
Q

n— oo

= [ 0T (u = Th0)

o
“dx

By letting h — 400 in (47), we have

P de = 0.

lim sup/ ‘Diu
h—oo J{h<|u|<2k+h}

Thanks to (43)-(43),and by letting h,n — 400 in (42), we have

N
Z/Q (bi (x, Tk (vn) , VTk (vp)) — bi (2, Ty (vn) , VT (v))) (DiT;C (vn) — D'Tj,(v)) dz — 0,

and since Ty (v,) = Tk(v) in LPo(Q), therefore

N
Z/ (bi (2, T (vn) , VT (00)) — bi (2, T () , VT (0))) (DT (vn) — DiTi(v)) der
+/ (|T1c ()72 T (00) — | T (v)]P0 2 Tk(v)) (T (vn) — Ti(v))dx — 0 as n — oo
)
By using Lemma 3.1 and (19), we obtain

Ty (vn) = Ti(v)  strongly in Wol’ﬁ(Q),
Div, — D'u a.e. inQfori=1,...,N.
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4.1.4. The equi-integrability

i) The equi-integrability of (% [un |72 vn)
n

For passing to the limit in the approximate equation, we prove that

1 _
= 0[P v, —> 0 strongly in L'(Q). (50)
n

By using Vitali’s Theorem, we show that (% [vn|? =2 vn) is uniformly equiintegrable. Indeed, taking
n

v =vp —nT1 (v, — Th (vy)) as a test function in (11) for 1 small enough. Using (4), (6) and Young’s inequality,

we obtain
N . 1
QZ/ !Dzvn e + = / |vn\p°72 v Ty (v, — Th (vy,)) dz
i=1 Y {h<|vn|<h+1} T J{h<]vn |}
< |gn| dz,
{h<|vnl}
Thus

1 _ 1 _
f/ lun [Pt da < f/ [on P02 0, Ty (Vg — Th, (vy)) d
n {h""lg‘vn‘} n {h<|vn‘}

< / || dex,
{h<|vnl}

Let n > 0 be fixed, then there exists h(n) > 1 such that

have

1 _
f/ onlP° e < 2, (51)
" () <[onl} 2
then, for any measurable subset E C €2, one has
1 _ 1 - 1 _
f/ lon P2 da < —/ Ty ()] 1dx+—/ lon |0~ daz, (52)
nJe nJe T J{h(m)<|val}

We can easily remark that there exists 8(n) > 0 such that, for all £ C Q with meas (F) < 8(n), we

1

po—1 n
Now, according to (51),(52) and (53), one has
1 Po—
ﬁ/ lun|P° " dz < n for all E such that meas(E) < 8(n). (54)
E

We deduce that (% v |? 0=32 vn) is uniformly equi-integrable, and since
n

1

- |Un|;00—2
n

v, — 0 a.e in Q.

15
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By applying Vitali’s Theorem, we obtain the convergence (50) .

ii) The equi-integrability of (N, (z,v,, Vv,)),
We show that
Ny, (05, Vo) = N(z,v, Vo). (55)

Thanks to Vitali’s theorem, we prove that (N, (z,v,, Vv,)), are uniformly equi-integrable. We set

n

D(s) = 2 /OS d(|7])dr.

(07

By choosing T} (vn, — T (vy)) €2(¥2D) as a test function in (11), we have

N
Z/ b’L (l’, Un, VUn) DZTl (Un - Th (’Un)) eD(‘U'nl)dl»
=1 Q

N
2 ' )
Ty Z/ bi (2, vn, V) D'yd (Joa]) [T1 (05 — Th (vs))| 210D da
=179

+/ Ny, (2,00, Vo) T1 (v — T (vn)) Do) g
Q
N
= / gnTl ('Un - Th ('Un)) eD(‘Un‘)d;[; —+ Z/ Pni (vn) Dle (Un . Th (’Un)) eD(lvnl)dx
“ i=179

N
2 ) _
237 [ s (00) Do ) ITs (0 = T )] P07
i=1

Thanking to (4), (8), and by applying the divergence lemma we obtain,

N
O‘Z/ bi (2, Vn, V) DivgeP 10D dy
—1 /¢

h<|va|<h+1}

N
+ 22/ |Divn Di d ([va]) |Th (vn — Th (vi))] eDUvnl) g
i=1 Y {r<|vnl} 56)

+ Nn ($7Unavvn) Tl (’Un *Th (’Un))eD(I'Un‘)dx
{h<|")n|}

N
< / gl + / D',
{h<|vnl|} ; {h<|vn|}

Di

Ty (v — Th, (va))| d (Jvn]) P D da.

Thus
N o _
Z/ d (|vn]) |D*vn P da +/ |N,, (2,0, Vo )| de < eP(°) / |fldx.
i=1 Y {h+1<|val} {h+1<]vnl} {h<|vnl}
furthermore, for all n > 0, there exists h(n) > 1 such that
N .
>/ d(fon]) D" do - [ [Ny (2,00, Vo) do < 2. (57)
i1t <tonl} {h(m)<lonl} 2

16
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Now, we put

bu(yy = max{b(s) : [s| < h(n)} and  dy(, = max{d(s) : |s| < h(n)},

for any measurable subset E C (), we obtain

N .
> [t D,
i=17E
N . , N ' |
< dn ) /E | D' Ty (va) [** dee + by /E <c(a:) + 37 DT (un)!p’) dx
=1 =1
N
D3 I i
1=1

h(m)<|vnl}

Pde + / [Ny, (z, v, Vop,)| da
B

P dx—i—/ |N,, (z, vp, V)| dz.
{r(m)<lvnl}

From (49), there exists 7(n) > 0 such that, for any meas (E) < 7(n) one has

N3

N N
iy Y /E | D Ty (vn)]"* daz + i /E (C(w) + > [D' Ty Wﬂ”) dx <
=1

i=1

Finally, by thanking to (57), (58) and (59), we obtain

N
;/Ed(vnmplvn

Thanks to (8), we can get and (N, (z, vy, Vvy,)),, is uniformly equi-integrable, and since

Ny, (x,vp, Vv,) = N(z,v,Vv) a.e. in Q.

By using Vitali’s theorem, we deduce the convergence (55).

4.1.5. Passing to the limit

P da +/ |Np (@, 05, Vo, )|dz <n for all meas(E) < 7(n).
E

(58)

Let v € Ky N L>®(Q), by choosing v, — 0T} (vn, — u) as a test function in (11), with 1 smal enough, we get

N
Z/ bi (z, T, (vn) , Vup) DTy, (v, — u) da + / Ny, (2,05, VUg) Tj (v, — u) dx
=179 Q@

N
1 _ )
+ E/ lon P22 0, T (v, — u) da < / gnTy (v, — u) dx + E / ©n,i (V) DTy, (v, — u) dx.
Q Q — Jo

Now, let M =k + ||v]|oo then {|v, —v| <k} C{|v,| < M}, and we have

/ b; (x, Ty, (v), Vuy) D'Ty, (vp, — u) dx

Q

= / bi (I, TM (Un) ,VTM (Un)) (DiTM (Un) — Div) X{|vn7v\§k}dx
Q

Q

+ / bi (x, T (vp), Vo) (D’TM (vp) — Div) X{Jon—v|<k}dT.
Q

= / (b; (x, Trr (0n) s VTar (v)) — b (2, Tag (vp) , VV)) (DiTM (vpn) — Div) X{|vn —v|<k}dT

(61)

17
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It’s clear that
nh_)n;@/ bi (x, T (vy), V) (D’TM (vn) — Div) X{|vp—v|<k}dT

= /;b,- (2, Tn(v), Vo) (D'Tar(v) — D) x{|u — v| < k}da.

By using Fatou’s Lemma, one has

N
lirr_1>inf Z/ bi (2, T, (vn) , Vu,) DTy, (v, — u) da
n—oo i—1 Q

2 ; /Q (b; (z, Tar (v), VTar(v)) — by (2, Tar(v), Vo)) (D' Tar (v) — D) Xfju—v|<iyda

N
+ lim Z/ b; (x, Tas (vp) , V) (DiTM (vn) — Diu) X{ o —v|<k}dT (62)
=1 Q2

N
Z/ a; (2, Tar(v), VT (v)) (DiTM(v) - Div) X{|u—v|<k}dT
= Ja
1 N |
= Z/ ai(z,v,Vo)D'Ty(u — v)dx.
=179
Since T (v, —u) = Tk(u —v) weak —* in L*(Q) and in view of (50) we conclude that
1 Po—2
— | |vnl U Tk (Vp, — u) dz — 0, (63)
nJja
and
/ Ny (@, 05, V) T (v, — u) da — / N(z,v,Vu)Ty (v, — u) dx, (64)
Q Q
also, since g, tends to f in L'(Q) then

/ gnTx (v, — u) dz —> / 9T (u —v)dx. (65)
Q Q
Also, we have ¢, ; (vn) = @i (Ta (vn)) in {|v, —v| <k} for n > M, and since Ty (v, —u) = Tp(u—v)
in W;?(Q), then
/ On.i (Vn) DTy, (v, — u) dz — / ©i(v) DTy, (u — v)dz, (66)
Q Q

By combining (61)-(66), we deduce the proof of Theorem 4.1 .

Example 4.1.
Let (1) =0, and N(-) =0 we take,

i—2
pi 811

8.’Ei

v
8:@-

bi(x,v,VU)zl for i=1,...,N.

18
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It is clear that the functions b;(x,v, Vv) wverify (3)-(5).

Thanks to the Theorem 4.1, the anisotropic elliptic problem

—2
v Di

N o o .
=i oz < Ly a;},-) =g inf,
v=20 on 09)

has at least an entropy solution, i.e. the function v verify Ty(v) € WYP(Q) and

v
(9l‘i

P2 Gy 0Ty (v — u)
axi 8951

dz < / 9T (v — u)dz,
Q

>

for any positive function u € WP(Q) N L>(1).
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