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Abstract: In this paper, we introduce, investigate and study two new topological spaces namely weakly [-~-regular
and weakly (-+-normal spaces, by using the concept of operational approach on -open sets. The concept of B-~v-open
sets was introduced, and also we utilized -v-open sets on S-regular and B-normal spaces to study and investigate
these new spaces. Some topological properties of weakly [5-+-regular and weakly B--+-normal spaces were also studied.

Some hereditary properties and preservation theorems are also being obtained.
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1. Introduction and Preliminaries

Topology is the branch of mathematics, whose concepts exist not only in all branches of mathematics, but also
in diverse field outside the realm of mathematics. Several researchers are working on different structures of
topological spaces. That give rise to new spaces and new topological sets and concepts, even it had generalized
the notation of fuzzy sets too. Ogata [4], and Jankovic [3] defined operational approach on sets and researched
new operational approach on sets and obtained its basic properties.We used this notation to study new spaces
namely weakly [---regular and weakly [--v-normal spaces by using the concept of operational approach on
B-open sets. An operation v : SO(X) — P(X) is a mapping satisfying the condition V' C V7 for each
V € BO(X) and § : BO(Y) — P(Y) is a mapping satisfying the condition V' C V¢ for each V € BO(Y). The
operation id : fO(X) — P(X) defined by Vi =V for any set V € BO(X) is called the identity operation on
pO(X) [5].

Throughout the paper, (X, 7) and (Y, o) represent non empty topological spaces on which no separation
axioms are assumed, unless otherwise mentioned. For any subset A of X, Cl(A), Int(A) denote the closure,
and the interior of A, respectively. A subset A of a topological space X is said to be S-open [1] if A C
Cl(Int(CI(A))). The collection of all S-open sets is denoted by SO(X) and the complement of a §-open set
is B-closed [1]. The intersection of all S-closed sets containing A is called S-closure of A and is denoted by
BCI(A) [2] and the union of all B-open sets contained in A is called as [-interior of A and is denoted by
BInt(A) [2].

2. Definitions

Definition 2.1 ([5]). (i) A subset A of X is called S-v-open set if for each point z € A, there exists a
B-open set U of X containing x such that UY C A. The complement of 5-v-open set is called S--y-closed.
The set of all §-+y-open sets of (X, 7) are denoted by SO(X, 7).
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(ii) The B-vy-closure of a subset A of X, with an operation v on SO(X), denoted by 38,CI(A), is defined to
be the intersection of all 3-~-closed sets containing A. The §-~-interior of A is the union of all 5-+-open set
contained in A and it is denoted by 3,Int(A). The 3-v-boundary of a set A is defined as (8,CIl(A)-B,Int(A))
and is denoted by 3,Bd(A).

(iii) A mapping f: (X,7) — (Y, 0) is said to be

(a) B(y,s)-continuous if for each = of X and each (-J-open set V' containing f(x), there exists a (3-y-open

set U such that z € U and f(U) C V.
(b) B(y,s)-closed if for each (-v-closed set A of (X, ), the set f(A) is 3-0-closed in (Y,0).
(¢) B(y,5)-open if for each 3-vy-open set A of (X, 7), the set f(A) is 3-d-open in (Y,0).

(d) B-(v,b)-continuous if for each x € X and each S-open set V containing f(z), there exists a S-open set
U such that z € U and f(UY) C V.

(iv) A space (X, 7) is said to be

(a) B-~-regular if for each x € X and for each [-open set V containing x, there exists a S-open set U
containing x such that U C V.

(b) B-~-T; if for any two distinct points z,y € X, there exists two S-open sets U and V containing z, y
respectively such that y ¢ U and = ¢ V7.

(¢) B-~-Ty if for any two distinct points z,y € X, there exist two §-v-open sets U and containing x, y
respectively such that y ¢ U and = ¢ V.

(d) Let v be an operation on SO(X). Then ~ is said to be S-regular if for each z € X and for every pair of
B-open sets U and V' containing x, there exists a f-open set W such that z € W and WY CUTNV7.

(e) A subset A of a space X is said to be [-7y-generalized closed (briefly 5-v-g.closed) if 5,Cl(A) C U
whenever A C U and U is -vy-open set in X. The complement of §-7-g.closed set is 3-v-g.open.

Theorem 2.1.
(i) For a topological space (X, 7T) and an operation v on BO(X). The following properties hold [5]:
(a) (X,7) is B-v-Th.
(b) For every point x € X, {x} is a B-v-closed set.
(¢) (X,7) is B-v-Ty.
(ii) The following statements are equivalent
(a) BO(X,7) =BO(X,7)y.

(b) (X, 1) is B-v-regular space.
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(¢) For every x € X and every B-open set U of (X,7) containing x, there exists a B-v-open set W of
(X,7) such that x € W and W C V.

Definition 2.2. Let v be an operation on SO(X). Then ~ is said to S-monotone if for all A, B € SO(X)
and A C B, then AY C B7.

Definition 2.3. A point z € X is said to be -v-limit point of the set A if for each 5-v-open U containing
x, then UN(A—{z}) # . The set of all 5-~-limit points of A is called a 3-+-derived set of A and is denoted

by 5,D(A).

Theorem 2.2. Let A be any subset of a topological space (X,7) and ~ be an operation on BO(X). Then
(i) B,Int(A) = A— B,D(X — 4).

(if) X-ByInt(A) =p,Cl(X — A).

(ii) ByInt(A) =X — p,Cl(X — A).

(iv) B,Cl(A) =X — B Int(X — A).

Proof. (i): If x € A— 3,D(X — A), then = ¢ 5,D(X — A) and so there exists a 3-v-open set U containing

x such that UN (X — A) = . Then € U C A and hence z € 3,Int(A), so A-3,D(X — A) C B,Int(A).

Also if z € B,Int(A), then = ¢ 5,D(X — A) since B,Int(A) is B-v-open and S,Int(A)N (X — A) = . Hence

ByInt(A) = A—,D(X — A).

(ii): X =By Int(A) =X —(A-B, DX -A)=(X-A)UB,DX—-A)=5Cl(X—-A).
(i), (iv). Similar. O
Theorem 2.3. Let v be a -monotone on SO(X). If A is a subset of X, then

1. For every B-v-open set G of X, we have SCl,(A)NG C BCI,(ANG).

2. For every f-v-closed set F' of X, we have fInt,(AUF) C BInt,(A)UF.

Proof. 1. Let € BCL,(A) NG and let U be a -open set containing x. Since x € SCI,(A), implies that
UYN A # . Since G is a -y-open set, there exists a S-open set V containing x such that V7 C G. Thus
UNV)YNA# (asUNV CU and UNV C U) and this implies that UY N (AN G) # as 7 is f-monotone
and hence z € BCL,(ANG). So BCl,(A)NG C BCL(ANG).

2. Similar to 1. ]

Theorem 2.4. A subset A of X is B -g.open if and only if F C B, Int(A) whenever F' C AandF' is (-y-closed
set in X .

Proof. Let A be (3,-g.open and F C A, where F' is (§-y-closed. Since X — A is f3,-g.closed and X — F is
B-~y-open set containing X — A implies 5,CI(X — A) C X — F'. By Theorem 2.2(i), X — 8,Int(A) C X — F.
So F C B,Int(A).

Conversely, suppose that F' is -v-closed and F' C A implies F' C 8,Int(A). Let X — A C U, where
U is f-y-open. Then X — U C A where X — U is f-v-closed. By hypothesis, X — U C g,Int(4). So
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X — B,Int(A) C U. By Theorem 2.2(i), 8,CI(X — A) C U. This implies X — A is (,-g.closed and hence A
is B,-g.open. O

3. Weakly [-v-regular and Weakly [S--+-normal Spaces

Definition 3.1. A space X is said to be weakly 3-v-regular, if for any S-v-closed set A and z ¢ A, there
exist disjoint B--v-open sets U and V such that x € U, AC V.

Following are the examples which implies that weakly [-v-regular spaces are independent of regular

spaces and conversely:

Example 3.1. (i) Consider X = {a,b,c} with discrete topology 7 on X . For a non empty set A, we define
an operation v on SO(X) by

a = A if A={a,b} or {b,c}
X if otherwise

Then, the space X is reqular but not weakly (-~ -regular.
(ii) Consider X = {a,b,c} with topology 7 = {, X, {a},{b},{a,b},{b,c}}. For a non empty set A, we define
an operation v on BO(X) by

a - {A if A= {a} or {b,c}
X if otherwise.
Then X is (-~ -reqular but not reqular.
We now give some results on weakly (-7-regular spaces:
Theorem 3.1. Consider the following statements on a space X .
1. X is weakly (-~ -regular,
2. Forany B-v-open set U in X and x € U, thereis a B-v-open set V containing x such that BCL,(V) CU.

3. For every point x € X and every B-v-nbhd N of x, there exists a [3-closed set B such that x € B C N.

Proof. (1)=(2). Let U be a 3-v-open set and € U. Then X — U is a -~y-closed set such that z ¢ X —U.
By weak B-~-regularity of X, there are [-7v-open sets V and G such that x € V, X —U C G and
VNG = 0. Clearly, X — G is a f8-v-closed set contained in U. Then V C X — G C U. This gives
that BCL,(V) C X — G CU. Consequently, x € V and pCl, (V) CU.

(2)=(3). Let x € X be any element and N be any §-v-nbhd of x. By definition, there exists a [§-vy-open
set U such that € U C N. By (2), there is a 3-v-open set V containing z such that 3CIL, (V) C U.
Then z € SCIL,(V) € N and since SCIl,(V) is [-closed set by. Thus for each x € X, the set N forms a
B-v-neighbourhood consisting of B-closed set of X . This proves (3).

In general, (3)=>(1) does not hold as can be seen from Example 3.1(i). O
Theorem 3.2. The following properties are equivalent for a topological space (X,T) with an operation v on

pOX,T).
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(1) X is weakly -~ -regular.

(2) For each x € X and each B-v-open set U containing x, there exists a [3-v-open set V such that
zeV CBC(V)CU.

(3) For each -7y-closed subset F' of X, F =nN{B,Cl(V): F CVandV € BO(X,T),}.

(4) For each subset A of X and each U € BO(X,7) with ANU # |, there exists V € SO(X,T) such that
ANV # and B,CLV)CU.

(5) For each non empty subset A of X and each B-v-closed set F of X such that ANF = | there exist
V,W € BO(X,T)y such that ANV #, FCW and WNV = .

(6) For each (-v-closed set F' and x ¢ F, there exists U € BO(X,T)y and an [ -g.open set V such that
zeU, FCV andUNV = .

(7) For each A C X and each B-v-closed set F' with ANF =, there exists U € fO(X,T) and a B -g.open
set V such that ANU # , FCV and UNV = .

(8) For each (-y-closed set F' of X, F =n{B,Cl(V): FCV and V is a y-g.open}.

Proof. (1)=(2). Let « ¢ X — U, where U is a f-vy-open set containing x. Then by (1), there exists
G,V € BO(X,7), such that X —U C G, z € V and GNV = . Therefore V C X — G and so
zreVICBO(V)CX-GCU.

(2)=(3). Let X — F be any 8 — y-open set containing x. Then by (2), there exists a 8 — v-open set U
containing x such that t e U C 8,CI(U) C X —F. So FC X —-3,Cl(U)=V,V € O(X,7)y and VNU = .
Then by, « ¢ 5,Cl(V'). Hence, we obtain that F D N{S,CI(V): F CV and V € BO(X,T),}.

(3)=(4). Let U € BO(X,T)y with x € UNA. Then z ¢ X —U and hence by (3), there exists a 3 —y-open set
W such that X —U C W and « ¢ B,Cl(W). We put V = X — 3,CIl(W), which is a  —~-open set containing
x and hence VN A# . Now VC X —W andso 3,Cl(V)C X -WCU.

(4)=(5). Let F bea B —~-closed set.Then X — F is a 8 —y-open set and (X — F)N A # . Then, there exists
V € BO(X,T) such that ANV # and B,CI(V) C X — F. If we put W =X —3,Cl(V), then F C W and
wnv=.

(5)=(1). Let F be any [-v-closed set not containing x. Then, there exists W,V € BO(X, 1), such that
FCWandxeV and WNV =.

(1)=(6). Clear.

(6)=(7). For a € A, a ¢ F and hence by (6), there exists U € fO(X,T), and a f-g.open set V such that
ac€U, FCVand UNV =. So, ANU # .

(7)=(1). Let « ¢ F, where F is §-vy-closed. Since {z} N F = by (7), there exists U € fO(X, ), and an
By-g.open set W such that x € U, F C W and UNW = . Now put V = g,Int(WW). By Theorem 2.4 of
By-g.open sets, we get F'CV and VNU = .

(3)=(8). We have FF C N{B,Cl(V) : F CV and V isa f,-gopen} C N{B,CI(V) : F CV and V is a
By-open} = F'.
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(8)=(1). Let F be a §-~y-closed set in X not containing x. Then by (8), there exists a (3.,-g.open set W such
that F C W and 2 € X — B,CI(V). Since F is 8 — y-closed and W is §,-g.open, then F' C 8,Int(W). Let
V=03,nt(W). Then FCV,2ecU=X-3,Cl(V) and UNV = . O

The following theorem shows that weakly [---regularity is a hereditary property.

Theorem 3.3. Let v be an operation on BO(X) and let (H,BO(X)v|H) be a subspace of (X, 7). If X is
weakly -+ -reqular, then H is weakly -~ -reqular.

Proof. Suppose that A is 5-+y-closed set in H and y € H such that y ¢ A. Then there exists a 3-y-open set
U in X such that H — A = U N H. This implies that A = BN H, where B = X — U is -~-closed set in

X . Then y ¢ B. Since X is weakly 8-v-regular, there exist disjoint S-+-open sets U and V in X such that
yeU, BCV. Then UNH and VN H are disjoint 5-v-open sets in H containing y and A, respectively. [

Theorem 3.4. Let (X,7) be a topological space and let v be a B-regular operation on BO(X). Then X is
weakly [-v-regular operation if and only if for each x € X and a is f-7y-closed set A such that x ¢ A, there
exists B-y-open sets U and V in X such that € U and ACV and B,CHU)NB,CUV) = .

Proof. Let x € X and A be a 3-v-closed set such that @ ¢ A. Then by Theorem 3.1, there is a 3--y-open set
W such that z € W, 8,Cl(W) C X — A. Again by Theorem 3.1, there exists a §-vy-open set U containing
x such that 5,Cl(U) C W. Let V =X — ,Cl(W). Then 8,Cl(U) CW C B,Cl(W) C X — A implies that
ACX—-p,Cl(W)=V. Also, 5,CL{U)NB,CUV) = B,CLU)NB,CUX—-p,CLW) C WNB,CUX—-B,CL(W)) C
B, CI(W NX — B,CUW)) = ,Cl() = (by Theorem 2.3). Thus U and V are required 3-v-open sets in X .

This proves the necessity. Converse is obvious. O

Definition 3.2. A space X is said to be weakly [-+-normal, if for any disjoint a 3-~y-closed sets A and B
of X, there exist S-+v-open sets U and V such that ACU, BCV and UNV =.

Following are the examples which implies that weakly (-7v-normal spaces are independent of normal

spaces and conversely:

Example 3.2.

(i) Consider X = {a,b,c} with topology 7 = {, X, {a},{b},{a,b},{a,c}} on X. For a non empty set A, we
define an operation v on SO(X) by

a = A if A={a,b} or{a,c}
X if otherwise
Then the space X is normal but not weakly (-~ -normal.

(ii) Consider X = {a,b,c} with topology T = {, X,{a}, {a,b},{a,c}} on X. For a non empty set A, we define
an operation v on BO(X) by

A — A if A={a,b}
X if otherwise.

Then X is not normal but it is weakly [3-7-normal.
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Next, we give some characterizations of weakly [--+-normal spaces.

Theorem 3.5. Let (X,7) be a topological space and let v be a operation on SO(X). Then X is weakly
B -v-normal if and only if for any 5-7-closed set A and a 5-7-open set U containing A, there is a B-v-open
set V' such that ACV C B,Cl(V)CU.

Proof. Since U is a -vy-open set containing A, then X — U is S-y-closed and AN (X —U) = . Since X is
weakly [--vy-normal, there exists S-v-open sets V and V; such that ACV, X —U CV; and VNV =.
Hence, ACV CB,CU(V)C B,CU(X —V1) =X -V CU or ACVCBE,CU(V)CU.

Consequently, let A and B be the two disjoint S-vy-closed sets in X. Then A C X — B where X — B
is B-v-open in X. By hypothesis, there is a 3-vy-open set V' such that A CV C 3,C1(V) C X — B, implies
that B C X — 8,Cl(V) and V N (X — ,Cl(V)) = . Consequently, A CV, BC X — 3,Cl(V). This proves
that X is weakly (-+-normal. O

Theorem 3.6. For a topological space (X, T) with an operation v on BO(X,T), the following statements are

equivalent:

(1) X is weakly j8-~-normal.

(2) For each pair of disjoint B-v-closed sets A, B of X, there exist disjoint B -g.open sets U and V such
that ACU and BCV.

(3) For each (-v-closed set A and any [-v-open set V containing A, there exists an (. -g.open set U such
that ACU C B,Cl(U) C V.

(4) For each B-v-closed set A and any B -g.open set B containing A, there exists a (B -g.open set U such
that A C U C BCIU) C B, Int(B).

(5) For each B-v-closed set A and any [-g.open set B containing A, there exists a B-vy-open set G such
that A C G C B,CI(G) C ByInt(B).

(6) For each B -g.closed set A and any (-7 -open set B containing A, there exists a 3-v-open set U such
that 8,Cl(A) CU C 5,Cl(U) C B.

(7) For each B-g.closed set A and any B-v-open set B containing A, there exists a B -g.open set G such
that 8,CIl(A) C G C B,Cl(G) C B.

Proof. (1)=(2). Follows from the fact that every 5-+-open set is f--g.open.

(2)=(3). Let A be a S-~y-closed subset and let V be an open [3-vy-open set containing A. Since A and
X\V are disjoint -7-closed subsets of X, there exist 3,-g.open sets U and W of X such that A C U and
X\V CW and UNW = . By Theorem 2.4, we get X\V C B,Int(W). Since U N B,Int(W) = , we have
B,CUU) N ByInt(W) = and hence 3,C1(U) C X\B,Int(W) C V. Therefore, we obtain A C U C 5,Cl(U) C
V.

(3)=(1). Let A and B be the disjoint 5---closed subsets of X . Since X\B is an -vy-open set containing A,
there exists a 3,-g.open set G such that A C G C 3,CI(G) € X\B. By Theorem 2.4, we have A C ,Int(G).
Put U = 8,Int(G) and V = X\B3,CIl(G). Then U and V are disjoint [5-~-open sets such that A C U and
B C V. Therefore X is weakly [-+-normal.
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It is obvious that (5)=-(4) (4)=(3) and (6)=(7)=(3).

(5)=(3). Let A be any (-v-closed in X and let B be a §-vy-open set such that A C B. Since every [B-7-
open set is (3,-g.open, there exist a 3-vy-open set G such that A C G C ,CI(G) C ,Int(B). Hence we have
ACGC B’yCl(G) C B,ant(B) CB.

(3)=(5). Let A be B-v-closed in X and let B be a (,-g.open set such that A C B. Using Theorem 2.4,
there exist [(,-g.open set such that A C 3,Int(B) = V, say. Then applying (3), we get [,-g.open set set
U such that A = 3,CI(A) C U C B,Cl(U) C V. Again, using the same proposition, we get A C 3, Int(U)
and hence put U = fInt(G), then U is S-open and A C B,Int(U) C U C p,Cl(V) C V, which implies
A C BInt(U) C U C B,CU(B,Int(U)) C B,CLU) C V, that is, A C G C B,CUG) C B, Int(B), where
G = By Int(U).

(3)=(7). Let A be a f,-g-closed set of X and let B be a -7-open set such that A C B. Then 5,CIl(A) C B
as A is B,-g-closed set. Therefore by (3), there exists a §,-g.open set U such that Cl(4) CU C 8,Cl(U) C B.

(7)=(6). Let A be a (,-g.closed set of X and let B be a §-7v-open set such that A C B. Then there exists
a (y-g.open set G such that 3,CI(A) C G C 3,CI(G) C B. Since G is 3,-g.open set then by Theorem 2.4,
B4CIl(A) C B,Int(G). If U = B,Int(G). Proof follows. O

Theorem 3.7. Every weakly (B -v-normal, B-v-T1 space is weakly [3-7y-reqular

Proof. Suppose that A is B-v-closed set such that x ¢ A. Since X is §-v-T; space, then by Theorem 2.1,
{z} is B-7y-closed in X . Also, since X is weakly J-+-normal, there exist S-vy-open sets U and V such that
{z} CU, ACVand UNV=orazeclU, ACV and UNV =. So X is weakly [-7-regular. O

Theorem 3.8. Let v be an operation on SO(X) and (A,BO(X)v|A) be a subspace of a topological space
(X,7). If A is B-v-closed and X is weakly [-v-normal, then A is weakly -+ -normal.

Proof. Let Ay and Ay be the disjoint S-v-closed sets of A. Then there are §--y-closed sets By and By in X
such that Ay = BiNA and Ay = BoNA. Since A is B-~-closed in X, then A; and As are -v-closed in X .
As X is weakly f-v-normal, there exists there exist S--y-open sets U; and Us such that Ay C Uy, Ay C U,
and U NUy = . But A1 C ANU;y, Ay C ANUy where ANUy, ANU;y are disjoint B-+y-open sets in A. Hence
A is weakly (B-+y-normal. O

Theorem 3.9. Suppose that f : (X,7) — (Y,0) is a bijective By, 5)-continuous and B s)-closed. If X is
weakly 3 -v-normal, then Y is 3-v-normal.

Proof. Suppose A; and B; be the two disjoint [-d-closed subsets of Y. Then by ﬁ(%é) -continuity of f,
A= f"YA)), B= f~1(B;) are disjoint 3-7-closed subsets of X. Since X is weakly [-+v-normal, so for any
disjoint a [-~y-closed sets A and B of X, there exist S-7v-open sets U and V such that AC U, BCV and
UNV =. Since f is fB(,,s)-closed, then f(X —U) and f(X —V) are disjoint 3-J-closed subsets of Y. Then

Up=Y - f(X-U) and U =Y — f(X — V) are disjoint 3-J-open subsets of Y containing 4; and B,

respectively. Hence Y is [-+-normal. O
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Theorem 3.10. Let v be a B-regular operation on SO(X). Then X is weakly B-~-normal if and only if for
each disjoint B -v-closed sets A and B of X, there exists B-v-open sets U and V in X such that A C U,
BCV and B,CLU)NB,CUV) = .

Proof. The sufficiency is clear. Let A and B be any two disjoint §-+-closed sets in X . Then X — B is §--
open and A C X — B. Then by Theorem 3.5, there is a §-v-open set C such that A C C C 5,CIl(C) C X —B.
Since A C C, again by Theorem 3.5, there is a a [§-v-open set U such that 3,Cl(U) C C. Consequently,
ACUCBCIHU) C C and 5,CI(C) € X — B implies that B C X — 3,CI(C). Put V = X — ,CIl(C).
Then V is a 3-y-open set containing B and moreover 3,CI(U)NB,CI(V) = B,ClL(U)NB,CU(X - 3,CI(C)) C
Cnp,ClUX — B,ClLC)) C CnBCUX — B,CLC)) C B,CLHC N X-B,CUC)) = p,Cl() = by Theorem 2.3.
Thus U and V are the required [---open sets in X . This proofs the necessity. O

Remark 3.1. The concept of weakly B--regular and weakly [-~-normal spaces can further be extended to

new topological spaces, as mentioned in [6], [7].
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