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Abstract: In this article, provisions are made for sufficient conditions that guaranteed uniform asymptotic stability of
the trivial solution and uniform boundedness of all solutions to a class of third-order non-linear differential equations.
The direct method of Lyapunov is used to establish our results. Numerical examples are given together with the graphical

representation of their solutions by Maple software as a justification for our findings.
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1. Introduction
The main intention of this article is to employ the Lyapunov direct method to address the problem of stability

and boundedness behavior of solutions to the following equation

X" +r(t)W(X, X X" + q()®(X, X)X +nH(X) = P(t, X, X', X"), (1)
or its system form
X =Y,
Y = Z, 2)
7' = —r)W(X,Y)Z - qt)®(X,Y)Y —nH(X) + P(t,X,Y, Z),

where t € RT = [0, 4+00),R = (—00,400), X,Y,Z € R"; H : R" — R" is continuous in its argument displayed
explicitly, and is such that, its n x n Jacobian matrix J,(X) as well as n x n matrices ¥(X,Y) and ®(X,Y)
are symmetric, positive definite and continuous in their respective arguments, P : (R x R™® x R® x R") — R";
r(t) and ¢(t) are continuous functions of ¢, such that for constants qi,r;, 1 < q(t) < q1,1 < r(t) < rq,
¢ () <0,r'(t) <0, n is a positive constant and the prime(’) indicate differentiation with respect to t. To
ensure the existence and uniqueness of solutions of equation (1) or system (2), we assumed in addition to
the continuity condition on ¥, ® H and P, that they satisfied the Lipschitz condition with respect to their

respective arguments, (see, Rao [21]). Equation (1) is a representation of a system of real third-order equation

given by
" n / / ! " n / / / /
€Z; + T(t) Zk:l wik‘(xla T2y yTn, Ly, Tg,--- a‘rn)xk + Q(t) Ek;:i (bik(ﬂ?l,l'g, sy Iy, Xy, Lgy - - 7mn)xk
_ / / / 1 " "
+77h7;(l'1,l’2, cee 7xn) _pi(t7x17x23 ey Ty, Ly Tgy e e azna$17x27 cee 71'.”), (3)
1=1,2,3,...,n, and as usual, the functions ¢;x, ¥k, hi,q, v and p; are continuous.

(©Asia Mathematika, DOI: 10.5281/zenodo.18607561
*Correspondence: adeyanjuaa@funaab.edu.ng/tjyanju2000@yahoo.com


https://orcid.org/0000-0002-9013-6002
https://www.asiamath.org/article/vol9iss3/AM-2512-3001.html

Adetunji Adedotun Adeyanju

Before now, the study of qualitative behavior (stability, boundedness, convergence, periodicity and others)
of solutions to differential equations has been receiving appreciable attention from many notable researchers for
many decades, see the references. The reason for this may be attributed to the fact that, differential equations
are of great applications in many areas of science and technology([9], [14], [22], [23]). In most of the works found
in the literature on the qualitative behavior of solutions of differential equations, the direct method of Lyapunov
was used. This method is highly effective and does not need the foreknowledge of the solutions of the differential
equation being studied. The main idea of the method involves, constructing a positive definite function (called
Lyapunov function), whose derivative with respect to an independent variable ¢ along the solution path of the
differential equation is negative semi-definite. The followings are some of the established results found in the

literature based on the method.

Ultimate boundedness and existence of periodic solutions of the equation
X" +AX"+BX'+ HX)=P(t, X, X', X"),

were considered by Afuwape [6] and Meng [12], where A and B are n X n constant matrices. Later, Afuwape

and Omeike [7], gave sufficient conditions for ultimate boundedness of solutions to
X"+ FX")+GX")+ H(X)=P(t,X,X',X").
Tung [25] provided some criteria for the stability and boundedness of solutions of
X" +¥(X")X" +BX' = P(t), (4)

when P(t) = 0 and P(t) # 0 respectively. Omeike and Afuwape [16] in their work, proved certain result on the
ultimate boundedness of the same equation (4). In 2014, Omeike [17] studied the global asymptotic stability of

the trivial solution and boundedness of all solutions to
X"+ (X)X + (X)X +cX = P(t),

where ¢ is a positive constant. In a recent paper by Abdurasid et al. [2], conditions for ultimate boundedness
of solutions to

X"+ ¥(XNX"+o(X)X'+ HX)=Pt X, X', X",
were established with function H(X) not necessarily differentiable. Qualitative properties of some other equa-

tions have also being studied by means of fixed point theorem(See, [1], [11]).

The motivation for this article comes from [2], [16], [17] and [25] where behavior of solutions of some third-order
differential equations were examined as mentioned earlier. Our goal therefore, is to generalize and improve on
their stability and boundedness results by considering a more general equation (1). It is worth noting that, no

work has been done to the best of our knowledge in the literature regarding equation (1).

Remark 1.1.
If n =1 in equation (1), we have the following scalar differential equation

" )z, a)a” + q(t)d(x, o)z’ + nh(z) = p(t, =, 2', 2"), ()

which to the best of our knowledge has not been considered in the literature. Equation (5) is a generalization of
many scalar differential equations studied in the literature, see ([8], [13], [15], [18], [19], [20], [22], [26]) and

other works cited in their references.
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2. Preliminary Results

In this section, we state some algebraic results required in the proofs of our main results. The proofs of Lemmas
(2.1) and (2.2) can easily be found in ( [3]- [7], [10], [24]).

Lemma 2.1. Let D be a real symmetric positive definite n X n. matriz. Then for any X in R™, we have,
8l X|? < (DX, X) < Ag] X,
where 64 and Ay are the least and the greatest eigenvalues of D, respectively.

Lemma 2.2. Let H(X) be a vector function for which H(0) = 0. Ju(X) (the Jacobian matriz of H(X)),
U(X,Y) and O(X,Y) appearing in (2) be continuous matriz functions and that the Jacobian matrices
J(O(X,Y)Y|X) and J(¥(X,Y)Y|X) of ®(X,Y) and ¥(X,Y) are negative semi-definite. Then,

(i) S BH(X), X)do = (H(X),Y),

(ii) % [HoW(X,0Y)Y,Y)do = (W(X,Y)Y, Z) + [} (¢ J(¥(X,0Y)Y|X)Y,Y)do,
(iii) % [ (0®(X,0Y)Y,Y)do = (®(X,Y)Y, Z) + [, (0J(®(X,0Y)Y|X)Y,Y)do,
(iv) [y laH(0X),X)do = [} [} olagn(07X)X, X)dodr.

3. Stability Result

We state the following theorem for the case P(t,X,Y,Z) = 0.

Theorem 3.1. Suppose in addition to all the basic assumptions imposed on U, &, Jp(X),r(t) and q(t);
H(0) =0 and there exist some positive constants ag, by, co, a1, b1 and c¢1 such that the following conditions
are satisfied for all X, Y € R™:

(i) a0 < N(¥(X,Y)) < aa,
(ii) by < N(@(X,Y)) < by,
(ZZ’L) Co S AZ(J}L(X)) S C1,

where N (U(X,Y)), M(Q(X,Y)), N(Jn(X)) (i = 1,2,3..n) are respectively the eigenvalues of matrices
U(X,Y),®(X,Y) and Jp(X). I,

agbg — 1 > 0, (6)
and
. b1q1 bo(Co + Cl)
< —_— 7
n_mln{ bo 5 Cl(l+bo) ) ( )

then, the zero solution of system (2) is uniformly-asymptotically stable.
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Proof. To prove this theorem, we make use of the differentiable scalar function V(¢) = V(X (t),Y(t), Z(t))

defined as

1
2V (t) = 2n(ap + cl)/o (H(6X),X)do + (1 +b0){Z,Z) + 2n(1 + bo)(H(X),Y) + 2(¢1 + ap){Y, Z)

1 1

+2(by + 1)q(t) / (0®(X,0Y)Y,Y)do + 2(ag + c1)r(t) / (cU(X,0Y)Y,Y)do,

0 0
where constants ag, bg,c1 and 7 are as defined before. By Lemma (2.2) we have,
1
(H0).HX)) =2 [ (e X)X, HoX))do,
0
1,1
= 2/ / (o Jp (010 X)X, Jp(c X)X)dodo.
0o Jo
Applying Lemma (2.1) in (9) and then integrate from 0 to 1, gives
1,1
2[IX|? < 2/ / (0 dn(10 X)X, Jn(o X)X )dodor < X2
o Jo
Similarly,
1 1 1
2/ <H(UX),X>dJ:2/ / o(Jp(co1 X)X, X)dodo,.
0 0o Jo
By the application of Lemma (2.1) in (11), follows by integrating between 0 and 1, we have
1,1
col X2 < 2/ / o (0o X)X, X)dodor < c1]| X |2
0o Jo

Thus, using (9) and (11) in (8), we obtain

1 _1 C
2V(t) =| agY + Z || 4+n || oY + by 2H(X) ||? +i(a0bo —e)IY 1P +n [ bY + HX) |]?

+2(bo + 1) /0 o (B(X, oY )g(t) — Thon)Y, Y )do
+2(ap + ¢1) /0 o ((U(X,0Y)r(t) — Lag)Y,Y)do+ || crby °Y + b2 Z |2

+ ?T(TJ]/O /0 a{[bo(c1 — Jn(0X)) + (agbg — Jr(6X))]|Jn(co1 X)X, X)dodo,.

(®)

(12)

Clearly, it can be verified by condition (iii) and inequality (6) of the theorem, that the function V(t) as defined

in (8) or (13) is positive definite. Also, by applying the conditions of the theorem to (13), we have

2V (t) > aoY + Z |2+ | Y + by PH(X) |2+ ]| o + H(X) |> + || exdy *Y + b3 Z |

C C
+ D agby — )| X2 + 2 (agbo — 1)V
bo bO

(14)
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Since all the coefficients of the terms present in (14) are all positive, then, there exists a positive constant K3
such that
V) K| X P+ 1Y 12+ 1 Z1P). (15)

Similarly, from (13) we have
1 1 1 1
2V (1) <[l aoY + Z || 40 || Y + by ZH(X) ||? 4 | boY + H(X) || + || e1by 2Y + b2 Z |2
+ [(bo + 1)(brar — bon) + (ao + c1)(arr1 — ag) + c1by (aobo — c1)] ||V || (16)

C
+ blij [bo(e1 — co) + (aobo — co) | [ X |17

Again, all the coefficients of the terms present in (16) are all positive, we can find a positive constant Ko such
that
W) SE(| X P+1Y 2+ 112 )% (17)

Now, suppose that (X,Y, Z) = (X(t),Y(¢), Z(t)) is any solution of system (2) and then differentiate the function
V(t) in (8) with respect to ¢ along the system (2), we get
V(t) = —(1+b0)(Z, ¥(X,Y)r(t)Z) + (e1 + ao)(Z, Z) — (e1 + ao){Y, (X, Y)q(t)Y)

+1(bo + D{Jn(X)Y,Y) +((bo + 1)Z + (1 + a0)Y, P(t, X, Y, Z))

(b + )¢ (1) / L oB(X. oY )Y, Yo + (a0 + e () / WX, oY)V Y Yo
+/1(0J(\IJ(X,UY)Y|X)Y,Y)CZU+/1(0J(<I>(X, oY)Y|X)Y,Y)do.

But since, 1/(t), ¢'(t), J(®(X,0Y)Y|X) and J(¥(X,0Y)Y|X) are semi-negative, then,

V(1) < —(1+bo)(Z, W(X,Y)r(t)Z) + (c1 + a0)(Z, Z) — (c1 + ao)(Y, ®(X, Y)q(t)Y)

18
+n(bo + D{Jo(X)Y,Y) + {((bo+1)Z + (1 + a9)Y, P(t, X, Y, Z)). 18)

Setting P(t,X,Y,Z) =0 in (18) and then use the conditions of Theorem (3.1), Lemma (2.1), and Lemma (2.2),

we obtain
V(t) < —[bo(e1 + co) — can(1 + bo) [ (Y, Y) — (agho — ¢1)(Z, Z)
==0{llY P+ ZI”} <o,

where dp = min{(agbo — ¢1),bo(c1 4+ co) —ean(l+bo)}.
Thus, it is clear that,

V(X,Y,Z) w00 as | X [P+ Y *+Z ]~ oo (19)

Now, let us consider a set defined by

Q={(X.Y,2): V(X,Y,Z) = 0}.
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By applying the well-known LaSalle’s invariance principle, we note that (X,Y,Z) € @ implies that Y = Z = 0.
But from system (2) and Lemma (2.2), we have H(X) = 0 which implies X = 0. Therefore, X =Y = Z = 0.
This fact shows that the largest invariant set contained in @ is (0,0,0) € . Hence, our conclusion is that the

trivial solution of equation (1) or (2) is uniformly-asymptotically stable when P(¢, XY, Z) =0. O

Example 3.1. We provide the following example as a special case of system (2) with n = 2. In system (2), let

1 )
U(X,Y)= ( 4+ x§1+y§+5 1 ) ), H(X) = < 21 + 0.0001 sin a1 ))

4+ Py xo + 0.0001 sin o
5 1
s+ 7= 0 6
_ 2 1+x _ = _ —t
(I)(X,Y)— < 0 : g+e_(m1+y1)2 ),77 5’ ?"(t)—]_+e )
and
o=1r L
W=t
Thus, the Jacobian matriz Jn(X) of H(X) is,
6/ 1+0.0001cosx; 0
Tn(X) =5 < 0 1+ 0.0001 cos >

It is obvious that U, ®, and Jp, are symmetric and positive definite and by some simple calculations, we obtain
their eigenvalues as follows.

1 1
MUK Y)) =5+ . A(U(X,Y) =34
1( ( )) x%+y%+5 2( ( )) x%+y%+5
O | @i+’ 5 1
A1(¢(X7Y)):§+€ ; >\2(<I>(X,Y)):§+W,
2

AM(Jh(X)) = g(l +0.0001cosxy), and Ax(Jp(X)) = g(l + 0.0001 cos x2).

From the eigenvalues above, we have ag =3, a1 = 5.2, by = 2.5, by = 3.5, ¢g = 1.19988, ¢; = 1.20012.
Also,

1<rt)=1+e"'<2

and
0>7r'(t)=—e"
Similarly,
1<qt) =14 ——= <2
a(t) + 1+t —
and
—2t
0>q¢(t) = ——
=4 ( ) (1 ¥ t2)2
Hence,

apbp —c1 = 7.5 —1.20012 = 6.29988 > 0,
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and,
6 b b
n="2 < min{ 1Q1, 0(00+C1)}
5 bo " c1(1+bo)
7 6
< mind —, ———
= mm{2.5’ 4.20042}
6 _ 6
5 4.20042°
Therefore, all the conditions of Theorem (3.1) are satisfied.
1.5
1 —-:
X3 (z) T
x5 (z) ]
34 (D) 0.5
»5>(z) i
<3 (t) :
zz(t) e} A T = — T 1
- 15 20
: t
—o.s 4]

Figure 1

Figure 1. Shows that the trivial solution of the equation in Example (3.1) is uniformly-asymptotically stable even as
fast as t — 20.

4. Boundedness result
Now, for the case P(t,X,Y,Z) # 0 we have the following theorem.

Theorem 4.1. Suppose in addition to the hypotheses of Theorem (3.1), there exists a non-negative continuous
function e(t), with

I P, X,Y, Z) [|< e(t), (20)

for all t > 0, maxe(t) < oo and e(t) € L'(0,00) (i.e. the space of integrable Lebesque functions). Then, there
exists a positive constant D such that any solution (X (t),Y (t),Z(t)) of system (2) determined by

X(0) = Xo, Y(0) =Yo, Z(0) = Zo,

satisfies

1 X@) <D, Y@ <D, [|2(¢)]< D, (21)

forall t e RT,
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Proof. In proving this theorem, we make use of the Lyapunov function defined in (6). It should be noted that
the estimate (15) and (17) in the proof of Theorem (3.1) are still valid when P(¢,X,Y,Z) # 0. So, from (18),

we have

V(t)

IN

=0o{l Y [I” + 11 Z |*} + ({(a0 + c1)Y + (1 +bo)Z}, P(t, XY, Z))
<(a0+01)Y+ (1+bO)ZaP(t5XaY72)>
oAl Y [+ 121} | Pt XY, 2) |, (22)

IN

IN

where
0y = max{(l + bo); ((l() + Cl)}.

Now, by applying condition (20) of Theorem (4.1) and the fact that [|Y]| < 14 ||Y]|? and [|[Z| <1+ ||Z]? to
(22), we obtain

V() < dae®{I Y | + 11 Z 11}
<eM{2+ | Y 2+ Z |7}
= 202e(t) + Sae(O{|| Y > + 1 Z |I*}.

From (15), we have

V(t)

IN

20qe(t) + 02 K1 te(t)V (1)
dse(t) + dge(t)V (t), (23)

A

where &5 = 26, and 8 = 6, K; ' Integrating (23) from 0 to t, we get
t t
V() - V(0) < 55/ e(s)ds+56/ e(s)V (s)ds
0 0
t t
V(t) <V(0)+ (55/ e(s)ds + 66/ e(s)V(s)ds
0 0
¢
V(t) < o7+ 56/ e(s)V (s)ds,
0

with 67 = V(0) + 65 fg e(s)ds.
By applying Gronwall-Bellman inequality [21], we have

V(t) < 6 exp(ds /O e(s)ds) < Dy,

for some positive constant D;. This in turn implies that

1 X(@) [[< Dy, [1Y(#)[[< Dy, || Z(2) [I< D

Thus, the proof of Theorem (4.1) is completes on taking D; = D. O
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Example 4.1. Given that in addition to the Example (3.1), we define

_ 1 2+ x2+;/2+1
P(t,X,Y,Z>1+t2< ).

By some simple calculations, we can show that

Pt,X,Y,Z2) | <
I P x v 7)) < 2
=e(t).
& 10 V10
such that maxe(t) = V10 < oo, and 1\/+:2dt: 5 ﬂ,
0

which means
e(t) € L'(0,00).

Thus, all the conditions of Theorem (4.1) are satisfied.

1.5
x4 (2) 1
x5 (z)
»4 ()
»> (2) O.5
z4 (D)
z>(Z)

Figure 2

Figure 2. Demonstrates the boundedness of all solutions of the equation in Example (4.1) when P(¢, X,Y,Z) #0.

Remark 4.1.
Theorem (3.1) and Theorem (4.1) are still valid for the scalar differential equation (5). Hence, with some simple

modifications, the stability and boundedness problem of equation (5) are easily addressed.

5. Conclusion

In this paper, asymptotic stability of the trivial solution when P(¢, X,Y, Z) = 0 and boundedness of all solutions
when P(t, X,Y,Z) # 0 of a class of third order differential equation are considered. Our results are established
using the direct method of Lyapunov and they improved and generalized many existing results in literature
especially those of ( [17] and [25]). It is evident from Figure 1 and Figure 2 obtained by Maple software, that

the simulated solutions of the examples constructed are stable and bounded respectively. Uniform ultimate
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boundedness of all solutions of equation (1) will be considered in the future research if we are able to come

up with a complete Lyapunov function. Similarly, the presents results can be generalized to delay stochastic

differential equation as well, provided a suitable Lyapunov functional can be constructed.

Conflict of Interest
There is no conflict of interest about this work.
All necessary data have been included in the work.

No funding from anywhere for this work.

[1]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

References

A. Benali, H. Bouzid, M. Houas, Ezistence of solutions for Caputo fractional g-differential equations. Asia Mathe-
matika, 5(1), 143-157, 2021.

A. A. Abdurasid, K. D. Aduloju, M. T. Raji, O. R. Vincent and O. M. Omeike, Ultimate boundedness of solutions
of some system of third-order nonlinear differential equations. Kragujevac J. Mathematics, 49(5), 727-740, 2025.

A. M. A. Abou-El-Ela, and A. 1. Sadek. A stability result for the solutions of a certain system of fourth order
differential equations. Ann. Differen. Equat. 6 (2), 131-141, 1990.

A. A. Adeyanju and C. Tung. Uniform-ultimate boundedness, stability and periodicity of solutions to certain
differential equation of third order. Montes Taurus J. Pure Appl. Math., 6(2), 1-14, 2024.

A. A. Adeyanju, On uniform-ultimate boundedness and periodicity results of solutions to certain second or-
der mon-linear vector differential equations, Proyecciones Journal of Mathematics, 42(3), 757-773, 2023. doi.
10.22199/issn.0717-6279-5421

A. U. Afuwape. Ultimate boundedness results for a certain system of third-order non-linear differential equations.
J. Math. Anal. Appl. 97, 140-150, 1983.

A. U. Afuwape, and M. O. Omeike. Further ultimate boundedness of solutions of some system of third order nonlinear
ordinary differential equations. Acta Univ. Palacki. Olomuc., Fac. rer. nat., Mathematica. 43, 7-20, 2004.

E. N. Chukwu. On the boundedness of solutions of third order differential equations. Ann. Mat. Pura Appl. 104(4)
(1975), 123-149. https://doi.org/10.1007/BF02417013

H. Deng, F. Chen, Z. Zhu, and Z. Li. Dynamic behaviors of Lotka-Volterra predator-prey model incorporating
predator cannibalism. Adv. Diff. Equa., 359, 1-17, 2019.

J. O. C. Ezeilo. n— dimensional extensions of boundedness and stability theorems for some third order differential
equations. J. Math. Anal. Appl. 18, 395-416, 1967.

M. Houas. Existence and stability results for hybrid fractional g-differential pantograph equations. Asia Mathematika.
5 (2), 20-35, 2021.

F. W. Meng. Ultimate boundedness results for a certain system of third order nonlinear differential equations. J.
Math. Anal. Appl. 177, 496-509, 1993.

B. Mehri and D. Shadman. Boundedness of solutions of certain third order differential equations. Math. Inequal.

Appl.2(4), 545-549, 1999. http://dx.doi.org/10.7153 /mia-02-45.

A. L. Olutimo, O. M. Akinmoladun, and I. D. Omoko. D. Stability and boundedness analysis of Lotka-Volterra
prey-predator model with prey refuge and predator cannibalism. Journ. Compt. and Model. 12, 5-18, 2022.
https://doi.org/10.47260/jcomod /1212.

A. L. Olutimo and F. Akinwole. Stability and boundedness of solutions of certain non=autonomous third order
nonlinear differential equations. J. Appl. Math and Phys. 4, 149-155, 2016.

10



[16]

[17]

[18]

[19]

Adetunji Adedotun Adeyanju

M. O. Omeike, and A. U. Afuwape. New results on the ultimate boundedness of solutions of certain third-order
vector differential equations. Acta Univ. Palacki. Olomuc., Fac. rer. nat., Mathematica. 49(1), 55-61, 2010.

M. O. Omeike. Stability and boundedness of nonlinear vector differential equations of third order. Archivum Math-
ematicum. 50, 101-106, 2014.

M. O. Omeike. New results on the asymptotic behavior of a third order non-linear differential equations. Diff.
Equations and Applications, vol. 2 no. 1, 39-51, 2010.

M. O. Omeike. Further results on the global stability of the third order non-linear differential equations. Nonlinear
Analysis, vol. 67, 3394-3400, 2007.

C. Qian Asymptotic behavior of a third order non-linear differential equations. J. Math. Anal. Appl., 284(1), 191-205,
2003.

M. R. M. Rao. Ordinary Differential Equations. Affiliated East West Private Limited, London. 1980.

R. Reissing, G. Sansone, and R. Conti. Nonlinear Differential Equations of Higher Order. Noordhoff International
Publishing, Leyden, The Netherlands (1974).

A. Rodriguez, and J. Collado. Periodic solution in non-homogeneous Hill equation. Nonlinear Dynamics and System
Theory. 20(1), 78-91, 2022.

A. 1. Sadek. On the stability of a nonhomogeneous vector differential equation of the fourth-order. Appl. Math.
Comp. 150, 279-289, 2004.

C. Tung. On the stability and boundedness of solutions of monlinear vector differential equations of third-order.
Nonlinear Anal. 70, 2232-2236, 2009.

C. Tung. Uniform ultimate boundedness of solutions of third order nonlinear differential equations. Kuwait J. Sci.
32(1), 39-48, 2005.

11



	Introduction
	 Preliminary Results
	 Stability Result
	 Boundedness result
	Conclusion

