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Abstract: This study focuses on the construction of concave (L, M)-fuzzy neighborhood operators and a systematic
analysis of the separation axiom system in (L, M)-fuzzy convex spaces. First, concave (L, M)-fuzzy neighborhood
operators are formally defined, and a bidirectional induction mechanism between these operators and (L, M)-fuzzy
convex structures is established via (L, M)-fuzzy concave structures. The isomorphism between the category of (L, M)-
fuzzy convex spaces and that of concave (L, M)-fuzzy neighborhood spaces is proved, establishing a theoretical connection
between local neighborhood characterizations and global convex structures. Second, in the study of separation axioms,
the validity of Ss and Ss4 axioms in (L, M)-fuzzy convex spaces is verified, particularly the hereditary property of Ss in
subspaces and, under certain conditions, the preservation of the S; axiom under products are established, enriching the

property system of separation axioms within the framework of fuzzy convexity.
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1. Introduction

Abstract convexity theory [23, 28], a subfield of mathematics, boasts extensive connections with other math-
ematical disciplines and has found applications in diverse research fields, including metric spaces, topological
spaces, graphs, and lattices (see, e.g., [5, 11, 19, 24, 27, 29]). With the development of fuzzy mathematics, fuzzy
set theory has been integrated into numerous mathematical structures—such as fuzzy convergence structures
[6, 12] and fuzzy topology [4, 25, 26, 32].

In the context of generalizing convex structures, Rosa [19] first introduced the concept of fuzzy convex
structures in 1994, sparking subsequent research on this structure by various scholars. In 2009, Maruyama
[10] further generalized convex structures to propose a new type, namely L-convex structures; within this
theoretical framework, Pang [15, 16] later identified several key characteristics of L-convex structures. In 2017,
Shi and Xiu [21] advanced this line of work by introducing a more general form of fuzzifying convex structures,
referred to as (L, M)-fuzzy convex structures, which encompasses the aforementioned two types (i.e., L-convex
structures and M -fuzzifying convex structures) as special cases. To date, researchers have explored fuzzy
convex structures from various perspectives, including bases and subbases, fuzzy hull operators, fuzzy interval
operators, fuzzy interior operators, product and coproduct structures, fuzzy betweenness relations, and fuzzy

remote neighborhood operators (see, e.g., [13, 14, 31, 33-37, 39]).

Separation axioms are fundamental to convex structure theory. Jamison [3] first introduced them in
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this context and proposed a restricted polytope screening characterization using half-space-based screening.
Rosa [18] later extended the definition to L-convex structures. However, prior to our work, separation axioms
had not been defined for (L, M)-fuzzy convex structures. Motivated by this gap, Zhao et al. [38] defined
them for (L, M)-fuzzy convex structures using (L, M)-fuzzy hull operators and r- L-fuzzy biconvex sets from
Sayed et al. [20]. Liang et al. [9] further introduced S; (i = 0,1,2) separation axioms in (L, M)-fuzzy
convex spaces but did not extend them to S3 and S;. Building on this unresolved issue and the lack of a
neighborhood-based characterization, this paper aims to investigate S3 and S4 separation axioms and establish
such a characterization for (L, M)-fuzzy convex spaces.

The organization of this paper is as follows. In Section 2, we review the necessary concepts and
notations. Next, in Section 3, the concept of concave (L, M)-fuzzy neighborhood operators is introduced, and
the relationship between concave (L, M)-fuzzy neighborhood operators and (L, M)-fuzzy concave structures
is investigated. In Section 4, the notions of S3 and S4 separation axioms for (L,M)-fuzzy convex spaces
are defined. The relationships among various separation axioms are discussed, with particular focus on their
hereditary properties in subspaces and the product property of the S separation axiom. Finally, Section 5

summarizes the main research findings and conclusions of this work.

2. Preliminaries
Throughout this paper, let M denote a completely distributive lattice with least and greatest elements denoted
by 0pr and 1,7, respectively. For a,b € M, we say a is wedge below b in M (cf. [17, 30]), denoted a < b, if for
every subset D C M, whenever b < \/ D, there exists some d € D such that a < d. We define g(z) = {y € M |
y < x}. A complete lattice M is completely distributive if and only if for each z € M, x =\/ B(x) =\ *(z),
where 8*(z) = B(z) N J(M) is termed the standard greatest minimal family of z, and J(M) denotes the set
of non-zero coprime elements in M (cf. [30]).

Let Mo,, = M \ {Op}, where 0j is the least element of M. In a completely distributive lattice M,
the implication —: M x M — M (as the right adjoint of the meet operation A) is defined by

a—>b:\/{c€M|a/\c§b}.
Lemma 2.1. [2] Let (M,V,A) be a completely distributive lattice and — the implication operation induced by
A. For all a,b,c € M and families {a;}icr, {biticr C M, the following hold:
(1) (a—=b)>c < aNc<b;
(8) a<b < a—=b=T;
(8) a— (b—c)=(aAb) = c;
(4) (¢ > a)A(a—b) <c—b;
(5) c—>a<(a—=b)— (c—b);
(6) a— N;jcrai = Nijer(a— a;), and thus a — b < a — ¢ whenever b < c;
(7) Vicrai = b= N;cr(ai = b), and thus a — ¢ > b — ¢ whenever a <b.

In this paper, let L denote a completely distributive lattice endowed with an order-reversing involution
717, An element a € L is called coprime if a < bV ¢ implies a < b or a < ¢. The set of non-zero coprime
elements in L is denoted by J(L).
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For a nonempty set X, let LX denote the set of all L-fuzzy subsets of X. The set LX forms a completely
distributive lattice under the point-wise order. The smallest and largest elements in L* are denoted by 0x and
1x, respectively. It can be verified that the set of non-zero coprime elements in LX is {z) |z € X,\ € J(L)},

where ) is a non-zero coprime L-fuzzy subset of X parameterized by A € J(L).

Definition 2.1. [1] A mapping C : LX — M is called an (L, M)-fuzzy closure system on X if it satisfies the

following:
(1) C(0x) =C(Ax) = 1um;
(2) For any nonempty family {B; :i € J} C L*, we have C (\;c; Bi) = Nic;C(Bi).

If C is an (L, M)-fuzzy closure system on X, the pair (X,C) is referred to as an (L, M)-fuzzy closure
space.

Definition 2.2. [14] A closure system C (in the sense of Definition 2.1) is called an (L, M)-fuzzy convex
structure if it satisfies one of the following conditions, where the second is a consequence of the first:

(3) If {B; :i € J} C L¥ is totally ordered, then C (\/,c; Bi) > Nics C(Bi).

(3)* If {B;:ie J} C LY is directed, thenC(\/EJ )>/\EJ (B;).

If C is an (L, M)-fuzzy convex structure on X , the pair (X,C) is referred to as an (L, M)-fuzzy convex
space.

Let (X,Cx) and (Y,Cy) be (L, M)-fuzzy convex spaces, and let g : X — Y be a mapping. We say g is
(L, M)-convexity-preserving ((L, M)-CP, for short) if Cy (S) < Cx (¢ (S)) for all S € LY.

It is straightforward to verify that all (L, M)-fuzzy convex spaces (as objects) and all (L, M)-CP
mappings (as morphisms) form a category, denoted by (L, M)-FC.
Definition 2.3. [21] Let (X,C) be an (L, M)-fuzzy convex space and Y C X a subset. Then (Y,Cl|y) is called
a subspace of (X,C). More precisely, for each A € LY, (C|ly)(A) = \/ {C(B): B € LX,Bly = A} where Bly

denotes the restriction of B to Y.

Definition 2.4. [9] Let (X,C) be an (L, M)-fuzzy convex space and A € LX. The degree H¢(A) to which A
is a biconvex set (half-space, hemispace) is defined by Hc(A) = C(A) AC(A").

Definition 2.5. [13] Let (X,C) be an (L, M)-fuzzy convex space. A mapping B : L* — M is called a base of
(X,C) if it satisfies the following condition: C(A) = \/VéEI =4 Niep B(A;) for all A € L, where \/* denotes

the directed join (i.e., the join of a directed family) in LX.

Definition 2.6. [13] Let (X,C) be an (L, M)-fuzzy convex space. A mapping G : LX — M is called a subbase
of (X,C) if the mapping Bg : L — M defined by Bg(A) = V/\'EIAi:A Nicr G(A;) for all A € L¥ is a base
of (X,C).

Definition 2.7. [21] Let {(X;,C;)}ier be a family of (L, M)-fuzzy convex spaces, X = [[,.;X; and let

il
pi : X — X; be the projection mapping for each i € I. Define a mapping G : LX — M as follows: for each
AeL¥, g(A ):Vzel\/ (=4 Ci(B).

27



Hu Zhao, Run-Mei Shang, Bing-Nan Zhang and Xia Hu

The product (L, M)-fuzzy convex structure C on X is the structure generated by the subbase G.
The resulting (L, M)-fuzzy convex space (X,C) is called the product of {(X;,C;)}ier and is denoted by

(Hie] Xiv Hz‘el Ci)~
From Definition 2.5 to 2.7, the following product expression can be derived.
Theorem 2.1. [18] Let {(X;,C;) : j € J} be a set of (L, M)-fuzzy convex spaces, X = ][] X;, and
jedJ

p;j : X — X, the projection for each j € J. Then, for each A € X,

(Me)w = VAV AV V as)

jeJ kS/KAk:A keK i€/>kAM=Ak i€l j€J pi (Bi)=Ak;
Definition 2.8. [21] Let {(X;,C;)}icr be a family of (L, M)-fuzzy convex spaces, and let (X,C) be the
product of {(X;,C;)}icr. For each ¢ € I, the projection mapping p; : X — X; is an (L, M)-CP function.
Furthermore, C is the coarsest (L, M)-fuzzy convex structure on X such that all projection mappings {p; : i €
I} are (L, M)-CP functions.

Definition 2.9. [9] Let (X,C) be an (L, M)-fuzzy convex space. The degree of Sp-separation in (X,C) is
defined as

So(X,.0)= A V coyv /B

a,beJ(LY) AeL”™ BeL*
aib aﬁA and A>b a<B and sz

Definition 2.10. [8, 9] Let (X,C) be an (L, M)-fuzzy convex space. The degree of Sp-separation in (X,C) is
defined as S1(X,C) = A,csrx)Cla).

When L = {0,1}, the (L, M)-fuzzy convex space (X,C) reduces to an M -fuzzifying convex space, and
the S)-separation in (X, C) simplifies to S1(X,C) = A cx C({z}).
Definition 2.11. [8, 9] Let (X,C) be an (L, M)-fuzzy convex space. The degree of Sy-separation in (X,C) is

defined as S2(X,C) = A\, pesrx) V acrx He(A).
agh afA>b

When L = {0,1}, the (L, M)-fuzzy convex space (X,C) reduces to an M -fuzzifying convex space, and

the Si-separation in (X,C) simplifies to S2(X,C) = A,,, V acox He(4).
zEA, ygA

Definition 2.12. [8] For an M -fuzzifying convex space (X,C), we define the degree to which (X,C) is S3

separated as follows: S3(X,C) = Aycx Niga (C(A) -V HC(B)) .
- z¢BDA

Definition 2.13. [8] For an M -fuzzifying convex space (X,C), we define the degree to which (X,C) is Sy

separated as follows: S4(X,C) = A 4np—g ((C(A) ANC(B)) — o ;/CX\C HC(C’)) .

Definition 2.14. [31] A mapping A: LX — M is an (L, M)-fuzzy concave structure on X if it satisfies:
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(1) AQlx) = A(0x) = 1ar;
(2) For any nonempty family {A;}icr € LY, A(V,c; Ai) = Njep A(4i);

codir
(3) For any co-directed family {A; |i € I} C LY (denoted {A;}icr C L¥), A(Aicr Ai) = Njer A(As).

If Aisan (L, M)-fuzzy concave structure on X, the pair (X,.A) is referred to as an (L, M)-fuzzy concave
space.

Let (X, A) and (Y, B) be (L, M)-fuzzy concave spaces, and let g : X — Y be a mapping. If A(g"(A)) >
B(A) holds for all A € LY, then g is called an (L, M)-fuzzy concavity-preserving function (abbreviated as
(L, M)-CAP).

The category with (L, M)-fuzzy concave spaces as objects and (L, M)-CAPs as morphisms is denoted
by (L, M)-FA.
Theorem 2.2. [31] The categories (L, M)-FC and (L, M)-FA are isomorphic.

In order to clarify the notation used throughout the following deffnitions, theorems and examples, we

provide in Table 1 a comprehensive “Symbols and Definitions” summary.

Table 1. Symbols and Definitions Used in the Text

Notation Meaning/Definition

L Lattice of fuzzy membership degrees

M Lattice of fuzzy values

0,1, Minimum and maximum elements of lattice L

Onr, 1 Minimum and maximum elements of lattice M

J(L), J(M) Sets of non-zero coprime elements in lattices L and M
T Fuzzy point with membership degree A at point x

< a < b means a is wedge below b: VD C M, b<\/D=3de€ D, a<d
B(x), B*() B(z) = {y € M |y < 2}, 8*(z) = Alx) N J(M)

LX Family of L-fuzzy subsets on X

A LX - M (L, M)-fuzzy concave structure

C:LX - M (L, M)-fuzzy convex structure operator

(X,0) (L, M)-fuzzy convex space

He(A) Degree to which A is a bi-convex set: Hc(A) = C(A) AC(A")
N LX x My,, — LX Concave (L, M)-fuzzy neighborhood operator on X
Na: LY x My, — L* Concave (L, M)-fuzzy neighborhood operator on X

Ay LX = M (L, M)-fuzzy concave structure on X

Si(X,C) (1=0,1,2,3,4) S;-separation degree in the (L, M )-fuzzy convex space

3. Concave (L, M)-fuzzy neighborhood operators

In this section, we formalize the concept of concave (L, M)-fuzzy neighborhood operators and investigate their
interplay with (L, M)-fuzzy concave structures.

We commence by defining concave (L, M )-fuzzy neighborhood operators as follows.

Definition 3.1. Let X be a non-empty set. A mapping N : LX x M,,, — L is called a concave (L, M)-

fuzzy neighborhood operator on X if it satisfies the following conditions (where Vo € X, A, B € LX, and
a, be MOM )I
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(1) N(ix,a)(z) = 1r;

(2) N(4,a)(z) < A(z);

(3) If A< B, then N(A,a)(z) < N(B,a)(x);

(4) If a <b, then N'(A,b)(z) < N(4,a)(2);

(5) N(A,a)(z) = VIN(B,a)(x) | B(y) < N (A, a)(y) for all y € X};
)

(6) If {A; | i€ J} C LY is co-directed, then N'(A;c; Aj,a)(x) = \je; N(Aj, a)(2);

5

(7) For {a; :j € J} C My,,, if A(x) =N(A,a;)(z) for all j € J,x € X, then A(z) :N(A7VjeJ a;)(z).

If AV is a concave (L, M)-fuzzy neighborhood operator on X , then the pair (X, N) is called a concave (L, M)-
fuzzy neighborhood space on X . Let (X, Nx) and (Y, Ny) be concave (L, M )-fuzzy neighborhood spaces, and
let g: X — Y be a mapping. If for all z € X, A€ L*, and a € My,,, Ny (4,a)(g(z)) < Nx (97 (4),a)(z),
then ¢ is called a concave (L, M )-fuzzy neighborhood-preserving function (abbreviated as (L, M)-NP). The

category with concave (L, M)-fuzzy neighborhood spaces as objects and (L, M)-NPs as morphisms is denoted
by (L, M)-FN.

First, we induce a concave (L, M)-fuzzy neighborhood operator via an (L, M)-fuzzy concave structure.

Theorem 3.1. Let (X, A) be an (L, M)-fuzzy concave space. Define a mapping N4 : LX x My,, — L* as
follows: for all x € X, A€ LX, and a € My,,,

=\/{B(x) e L| B< A, A(B)>a}, (1)

then N4 is a concave (L, M) -fuzzy neighborhood operator on X .

Proof. Only need to prove that N4 satisfies (1)-(7) of Definition 3.1.
(1) For all a € M,,,, since A(1x) > a, we have Na(lx,a)(xz) =1p.
(2) By the definition of Ny, for all z € X, Na(A,a)(z) =\ {B(z) e L| B< A, A(B)>a} < A(z).
(3) If A< B, then

:\/{C’(x) eL|C<A AC)>a} S\/{C’(z) €eL|C<B, AIC)>a} =Na(B,a)(z).

(4) Let a < b. From (2) and (3), we know N4 (Na(A,b),a)(x) < Na(A,b)(x) and Ng(Na(A,b),a)(z) <
N4(A,a)(z). Also, by the definition of N4, for all z € X,

—\/{B@) e L|B< A, AB)>a}= [\/{BeL\BgA, A(B) za}} (2).
Thus, A(Na(A4,0)) = A(V{Be€L|B<A, AB)=>b})>b>a. This implies
Na(Na(A,b), =\/{B(x) € L| B<Nu(Ab), AB) > a} > Na(A,b)(x).
Hence, N4 (Na(A,b),a)(x) = Na(A,b)(x), and therefore N4(A,b)(x) < Na(A,a)().
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(5) On the one hand, suppose for all y € X, B(y) < Na(A,a)(y). Then B < N(A,a), so
A(N4(A,a)) = a, and Ny(Na(4,a),a)(z) =\ {B(z) € L | B<Na(A,a), A(B) >a} > Na(A, a)(z). Thus,
VANA(B,a)(z) | B(y) < NA(A,a)(y) Vy € X} > Na(Na(4,a),a)(x) > Na(A,a)(z). On the other hand, if
B(y) < Na(A,a)(y) Yy € X, then by the definition of N4, B < A. Hence, for all x € X, Na(4,a)(z) >
Na(B,a)(x), so Na(A,a)(x) = V{Na(B,a)(z) | B(y) < Na(4A,a)(y) ¥y € X}.

Combining the above, we conclude N4(A,a)(z) = \/ {Na(B,a)(z) | Bly) < Na(4,a)(y) Vy € X}.

codir codir
(6) Let {A;}jes C LX), Then {Na(Aj,a):je€J} C LX. On the one hand, by (3), for all j € J,
N4 (/\jEJ Aj,a) (z) < Na(Aj,a)(z). Hence,

Na(\ 4j,0) () < )\ Na(4;,0)()

jeJ jeJ
On the other hand, by (2), A;c; Na(4j,a) < Ajc;A;. Also, from the definition of A,

AN\ Na(45,a)) = N\ ANa(4,0) > a.

jeJ jeJ
Thus,

A(/\Ajaa)(x):\/{B( JeL|B< N\ 4;, AB) } |:/\NA ]($)=/\NA(AJ a)(z)

jedJ jeJ jeJ jeJ

Combining the above, we have N4 (A, 4j,a)(x) = \je; Na(4;,a)(z).
(7) Let {a; : j € J} € My,,, and for all j € J, v € X, Na(A,qj)(x) = A(z). Thus, A(A) =
A(N4(A,a;)) > a;, which further implies A(A) > \/,c ;a;. By (4), we have

x) = /\NA(A,aj)(x) > Na(A, \/ a;)(z) = \/{B(;E) eL|B<A, AB)> \/ aj} > A(z).

jeJ jeJ jeJ
Therefore, N4 (4, \ a;)(z) = A(z). O
Next, we induce an (L, M)-fuzzy concave structure via a concave (L, M )-fuzzy neighborhood operator.

Theorem 3.2. Let (X,N) be a concave (L, M) -fuzzy neighborhood space. Define a mapping Ay : L — M
as follows: for all A € L* and a € My,,,

An(A) =\/{a € My, | A= N(4,a)}. (2)

Then An is an (L, M) -fuzzy concave structure on X .

Proof. Only need to prove that Axs satisfies (1)-(3) of Definition 2.14
(1) Since 1y € My,,, by Definition 3.1 (1) and (2), we have N(1x,1y) = 1x, N(0x,1p) = Ox.
Thus, Ax(0x) = An(1x) =1u.
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(2) Let be g* (/\jejAN(Aj)). This implies b < A\, Ax(4;) and b e J(M). Since Ao, Av(4;) <
Ap(A;) forall j € J, the order property of < yields b < Apr(A;) for all j € J. Therefore, there exists a; € My,,
such that A; = N'(A4;,a;) and b < a;. Let ag = A\;c s a;, then b < ag and ag € Mo,, . By Definition 3.1 (3) and
(4), ./\/(\/jeJAj,ao) > N(vjEJ Aj,a;) = N(A;j,a;). Thus, ./\/(\/jeJAj,ao) > VJ-GJN(Aj,aj) =V,es 4;-

On the other hand, by Definition 3.1 (2), (VJGJ Aj, a0) < VjesA;j. Therefore,

N(\ 45,00) = \/ A;.

j€J jeJ

Hence, AN(\/_]EJ ;) = aop > b, which implies AN(\/JGJ i) > Njes An(4;).

dir
(3) Let {A;};e; C LX, and let b € 5*(/\jeJAN(Aj)). This implies b < A, Ax(4;) and
be J(M). So, b < Axr(4;) for all j € J. By the definition of Ay, for each j € J, there exists a; € My,, such

that Aj :N(Aj,aj) and b < aj. Define ag = /\

jes @j- Since b < a; for all j, the meet property of < implies

b < ag, and clearly ag € My,,. Applying Definition 3.1 (4) and (6), we derive

N A 2NN Ajya0) = N N(Aj,00) > \ N(45,05) = N 4;.

jet jet jeJ jeJ jet
It follows that A,c; A; = N(A\,c; 4j,a0), which implies An(A;c; Aj) > ao > b. Hence Ay (Ajcs Aj) >
/\ng A/\/(Aj)-

O

Proposition 3.1. If g: (X, Ax) — (Y, Ay) is an (L, M)-CAP, then g: (X,Na) — (Y,Na,) is an (L,M)-
NP.
Proof. 1f g : (X, Ax) — (Y, Ay) is an (L, M)-CAP, then VA € LY, Ax(g*(A4)) > Ay(A). Thus, for all
reX, Ac LY, a€ My,,,

Ny (A,0)(g9(x)) =\/ {B(g(x)) € L| B< A, Ay(B)>a}
<\/{B )) € L | g~ (B) < g* (4), Ax (9" (B)) > a}
=\/ {9 (B)(@) € L|g“(B) < g~ (4), Ax (¢ (B)) > a}

< \/{C(I) €L|C<g(A), Ax(C) = a} = Nuy (9 (4), a) (2).

Hence, N, (4,a)(g(z)) < Nay (97 (A),a)(x). This indicates g : (X,Nay) = (Y, N4, ) isan (L, M)-NP. O

Proposition 3.2. If g: (X,Nx) — (Y,Ny) is an (L, M)-NP, then g: (X, Any) = Y, Any ) is an (L, M)-
CAP.

Proof. If g: (X,Nx) — (Y,Ny) is an (L, M)-NP, then for all z € X, A€ LX, a € My,,,
Ny (4,a)(g(x)) < Nx (97 (A),a)(2).
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Therefore,
Ay (A) = \[ {a € Mo, | Aly) = Ny (A, a)(x), ¥y € Y}
< \/{a € My, | A(g(w)) = Ny (A, a)(g())}
<\ {a €My, | g°(A) () = Nx (9 (A),a)(2), Vo € X}
=\/{a e Mo, [ g7 (4) = Nx (9" (4),a)} = A (9 (4)).
Hence Ap, (A) < An, (95 (A)). This shows that g : (X, Ax, ) — (Y, Any ) is an (L, M)-CAP. O

From Theorems 3.1 and 3.2, Propositions 3.1 and 3.2, we obtain the following two functors:

(L, M)-FN = (L, M)-FA, (L, M)-FA — (L, M)-FN,
Ay : S (X,N) = (X, Ap), Na: S (X, A) = (X, N4),
f= 1 f=r

Finally, we will prove that Ay and N, are isomorphic functors.

Theorem 3.3. The categories (L, M)-FN and (L, M)-FA are isomorphic.

Proof. It is necessary to prove that Ay o Ny = Iz p.pa and Ny o Ay = Iip, ar)pi, that is, for any (L, M)-
fuzzy concave space (X,.A) and concave (L, M)-fuzzy neighborhood space (X, ), the following conditions are
satisfied:

(1) Any = A;
(2) Nay =N.

For (1), let b € *(An,(A)), then b € J(M) and b < Ax,(A) =V {a € My,, | A=Na(A,a)}. Thus,
there exists ag € Mp,, such that A = N4(A,ap) and b < ag. Therefore, A(A) = AN4(A,a0)) > b. Hence,
Apn, (A) < A(A). Conversely, when A(A) = 0xr, it is easy to see that Ax, (A) > 0y = A(A). If A(A) € My,,,
then from formula (1), we have A(x) > Na(A, A(A))(z) = V{B(z) e L| B< A, A(B)> A(4)} > A(z).

Thus, A = N4(4, A(A)). From the definition of Ay, , we know that Axr, (A) > A(A). The above proof shows
that A, = A.

For (2), let B < A and Ax(B) > a. Then from Definition 3.1 (2), (4),(7) and formula (2), for all
z € X, B(x) 2 N(B,a)(x) = N(B, Axv(B))(z) = N(B,V{a € My, | B=N(B,a)}) () = B(x). Thus,
B(z) = N(B,a)(z) < N(A,a)(x). Therefore, Nu, (A,a) =\/{Be€ L* | B<A, Av(B)>a} <N(4,a).

Conversely, from Definition 3.1 (2) and (5), we have

NN (A a),a)(z) < N(A,a)(z) = \/ {N(B,a)(z) | Bly) <N(A,a)(y), Yy € X} <N (N(A,a),a) ().

Therefore,
Nay(Aja) =\/{BeLX | B<A Ay(B)>a} > \/{BeLX|A>B=N(B,a)} > N(4,a).

The above proof shows that N4,, = N. O
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Corollary 3.1. The categories (L, M)-FC and (L, M)-FN are isomorphic (As shown in Figure 1), established
by mutually inverse functors that preserve algebraic structures. Specifically, the isomorphisms are realized via

the identities Ne = Na. and Cnr = Ca,,, which induce the following chains of equalities:

CNe = CNue = Cae,, = Cac =i New =Ney, =Nag, = Nay =N,

Figure 1. Category isomorphisms among three categories

(L, M)-FA

Theorem 2. Theorem 3.3

(L, M)-FC (L, M)-FN

Corollary 3.1

4. S; and S; separation axioms in (L, M)-fuzzy convex space

In this section, we define the S3 and Sy separation axioms in (L, M)-fuzzifying convex spaces and analyze
their relationships with S; and S;. In particular, we investigate the hereditary property of the S3 axiom in
subspaces and its preservation under product spaces.

Definition 4.1. Let (X,C) be an (L, M)-fuzzy convex space.

(1) The S5 separation axiom for (X,C) is given by

Ss(x,0)0= A A\ |cA— \/ HeB)
AeLX qeJg(LY) BeLX
ag A aZB>A

(2) The Sy separation axiom for (X,C) is given by

Six.c) = N\ |ecnreB) - \/ Hel0)
A,BeLX ceLX
A<B B>C>A

The following theorem establishes that the S3 separation axiom in an (L, M)-fuzzy convex space possess

the hereditary property.

Theorem 4.1. Let (X,C) be an (L, M) -fuzzy convex space, and let (Y,Cl|y) be a subspace of (X,C). Then:
S3(X,C) < S5(Y,Cly).

Proof. Take any a € M satisfying a < Ajcpx A aga (C(A) — Vugp>a ’HC(B)). For each A € LX and

acJ(L*X)
a € J(LX) with a £ A, by the definition of < in M, we have a < C(4) — Vagp>aHe(B). By Lemma 2.1,
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this implies

ancA)< \/ HeB)= \/ (C(B)rCB)). (3)
agB>A agB>A
Now, consider arbitrary D € LY and b€ J(LY) with b £ D. Let V € LX be any extension of D (i.e.,
V|y = D; such extensions exist, e.g., the minimal extension with V(z) = 0 for z ¢ V). Since b € J(LY)
(join-irreducible elements in LY), it is a fuzzy point: b = y, with support y € Y and height A € J(L)

(join-irreducible in L). Define its canonical extension to X as b* € L, where

win A T=yey,
b(“”)‘{o, re X\ (y).

Clearly, b* € J(LX).

We claim b* £ V. Suppose for contradiction that b* < V. Then b*(y) < V(y), so A < V(y). But
Vl]y = D implies V(y) = D(y), so A < D(y), which means b = y» < D. This contradicts b € D, so b* £ V.
Applying inequality (3) with A =V and a = b*, we get

anc(vys \/ (eB)rcB)). (4)
b* B>V
For each B in the supremum above, consider its restriction E = Bly € LY. We verify:
e E>D: Since B >V, restricting to Y gives E = Bly > V|y = D.
e b« E: Since b* £ B, we have b*(y) £ B(y), so A £ B(y) = E(y), which implies b =y, € E.
o Hc(B) < Hey (E): By definition of the restricted convexity operator, C(B) < Cl|y (E) (since B extends
E). And, (B')ly = (Bly) = E', so C(B") <Cl|y(E"). Thus, C(B) NC(B') < Cly(E) ACly (E") = Heyy (E).
By (4), we have

ancvy< \/ Hep (E). (5)
bLE>D

Note that Cly (D) =V, —p C(V). Using the distributivity of A over \/ in complete lattices:
anClyD)=an| \/ cv)| =\ (ancy)).
VlY:D V‘y:D

By (5), each term a A C(V) is bounded above by Vg~ Heyy (E), which is independent of V. Thus,

anCly(D) < \/ Hep (B).
bLE>D

By Lemma 2.1, this implies @ < Cly (D) = Vg psp Heyy (E). Since D € LY and b€ J(LY) with b £ D are

arbitrary, we conclude

o AN (D)= Hep (B)) = Ss(viCly).

DeLY b£D bLE>D
beJ(LY)
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Taking the supremum over all & € M with a < S3(X,C), we obtain S5(X,C) < S3(Y,Cly). O

The following theorem provides the interconnections among the S;, Sy, S3 and S4 separation axioms

within an (L, M)-fuzzy convex space.
Theorem 4.2. Let (X,C) be an (L, M) -fuzzy conver space. Then:
(1) 53(X,C) A S1(X,C) < 53(X,C);
(2) S1(X,C) A S4(X,C) < S5(X,C).

Proof. (1) Take a € M satisfying a < S3(X,C) A S1(X,C). Then

a<sx0= A A (cw— \V He(B).

AELX  agA agB>A
acJ(LX)
and a < 51(X,C) = A,cyx)Cla).
Step 1: From a < S3(X,C), for each A € LX and a € J(LX) with a £ A, by Lemma 2.1, we have
a <C(A) = V,gp>a Hc(B), which implies that a AC(A) <V ,4p> 4 He(B).
Step 2: From a < S1(X,C), for each a € J(LY), we have o < C(a). Consider arbitrary ay,as € J(LY)
with a1 € ag. Since a < S1(X,C), by Step 2 we have o < C(ay), hence a = a A C(ay). Applying Step 1 with

A =a; and a = as (where as £ a; holds by assumption), we derive

a=aANC(a) < \/ He(B).

azf£B>ay

Since a1, as are arbitrary with a; € as, taking the infimum over all such pairs yields

o AV HelB) - s(x.0).
a1,a2€J (LX) a2€B>a1
ayLaz
As o € M with a < S3(X,C) A S1(X,C) is arbitrary, we conclude S3(X,C) A S1(X,C) < S3(X,C).
(2) Let o € M be arbitrary with o < S1(X,C) AS4(X,C). By the property of the wedge-below relation
in completely distributive lattices, this implies o < S1(X,C) and a < S4(X,C). By the definition of S1(X,C),
for all a € J(LX), a < C(a). For S4(X,C), note that

Sux,0)= N\ |cnreB)— \/ He(C)
A,BeL* ceLX
A<B B>C>A

Since o < S4(X,C), for all A,B € L* with A< B, a<C(A)AC(B') =V cerx He(O).
B>C>A

By the adjunction property of lattice implication in completely distributive lattices, this implies:

anc(A)rCB) <\ Hel(C) (6)

cerLX
B>C>A
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for all A < B.
Next, we prove that for all A € LX and a € J(LX) with a £ A, the following holds:

anC(A) < \/ He(B).
BeLX
a¥B>A
To this end, for all a £ A, take b € J(L*) such that b < A’ and b £ a’. By the order-reversing property

of involution. Since A <b', we may apply (6) with B =b', yielding: a AC(A) AC(b) <V cepx He(CO).
Y>C>A

From a < S1(X,C) < C(b) (since b € J(LX)), we have o < C(b), so a AC(A) AC(b) = a AC(A). Thus,

ancd)< \/ Hel(O)

ceLX
b>C>A

We now show \/ oo x He(C) <V gepx He(C). For any C € LY with b > C > A, note b £ d/ =
V>C>A aZC>A

a £ V. Since C <V, it follows that a £ C (for if a < C, then a < V', contradicting a £ b"). Thus C satisfies
a £ C > A, so the inclusion of joins holds.

Combining these results gives: a AC(A) </ gcpx He(B). By the definition of lattice implication, this
afB>A

is equivalent to: a < C(A) = \/ gepx He(B). Taking the infimum over all A € LY and a € J(LY) with
agB>A

a £ A, we conclude a < S3(X,C). Since a < S1(X,C) ASy(X,C) was arbitrary, and in completely distributive
lattices every element is the join of its wedge-below elements, it follows that S1(X,C)AS4(X,C) < S3(X,C). O

At the end of this section, we prove that the S3 separation axiom is preserved in product spaces under
specific conditions. It is known that an M -fuzzifying Alexandrov topology is necessarily an M -fuzzifying convex

structure. Thus, we formulate the following theorem:

Theorem 4.3. Let (X,C) be the product of M -fuzzifying convex spaces {(X;,C;)}icr. Suppose that C is

furthermore an M -fuzzifying Alexandrov topology. Then \,c; S3(X;,C;) < S3(X,C).

Proof. Take any a € M with a < A,
lattices, it follows that o < S3(X;,C;) for all ¢ € I. Recall from Definition 2.12 that S3(X;,C;) is the infimum
over A; € 2% and z; ¢ A; of the expression: C;(4;) — V..¢pioa, He,(Bi). By Lemma 2.1(1), for each i € I,

A; €2% and z; ¢ A;, we have:

S3(X;,C;). By the wedge below property in completely distributive

anC(A) <\ He (B (7)

zi¢BiDA;

For all A € 2¥ and =z ¢ A, We aim to show the following inequality: a A C(A4) < \/a:gCDA He(C).
To this end, take 7 € M such that v < a A C(A4), implying v < a and 7 < C(A4). By Definitions 2.5 and
2.6, we have C(A) = VUfe.z c;=aN\jes Bg(Cj). Since v < C(A), there exists a directed family {C}};e; with

U?EJ Cj = A and v < Bg(Cj) for all j € J. By the definition of Bg, for each j € J, there exists {D;}ier;
with (Veq, D¢ = Cj and v < G(Dy) for all ¢ € Tj. By Definition 2.8: G(Dy) = V¢, VP;I(B):Dt Ci(B).
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Thus, for each D, there exist i, € I and B;, € 2%« such that pi_tl(Bit) = D; and v < C;,(B;,). Since
x ¢ A= UjEJ Cj, we have z ¢ Cj; for all j € J. For each j € J, as Cj = (Vyer, Dy, there exists
t; € T; with « ¢ D, . For this t;, there exist i;,, € I and B, € 2% such that Dy, = pi_tj(Bitj)
and v < C;,, (B,»tj). Since = ¢ Dy, we derive Ti,, = Pi, (x) ¢ B, . Given v < a and v < Citj.(Bitj)a
lattice properties give v < a A Citj (Bitj)' Take 8 € M with 8 < 7, then 8 < a A Citj (Bitj)' By (7),

8= V%,j ¢E2B;, chj (E), and by the wedge below property, there exists F € 9% with Ti,, ¢ ED B;,, and

B < He, (E). Define D = J;; {p;tl(E) | EC Xi,,» i, ¢ ED B, B <Hc, (E)}, and for each j € J,
J J "
let DJZH{DE’D|DQCJ}

Step 1: {D;};ecs is directed. Since {C;};cs is directed, for any ji,jo € J, there exists j3 € J with
le,Cjz - Cj3' Let F3 = {D eD | DD Cj3}7 Fi1= {D eD | DD le}. As le - st? we have F3 C Fp,
so (F1 € () Fs (intersections reverse set inclusion). Thus, D;, = (F1 C (| Fs = Dj,. Similarly, D;, C Dj,,
so {D;} is directed.

Step 2: z ¢ U?EJDj D A. For Uj’e,]Dj 2 A: By D; O Cj, we have U?EJDJ- 2 U?eJCj = A. For
x ¢ U;lEJDj: Forany je J, D =(){D €D |DDC;}. Foreach D € D with D D C;, D :pz_ti(E) (for
some k € J) and z;, ¢ E,so x ¢ D. Thus, x ¢ ({D 2 C;} = D;, implying x ¢ U?GJDJ-.

Step 3: "HC(U?EJ D;) > . Each D € D satisfies D = p; '(E) (i € I) and 8 < C;(E)AC;i(X;\ E). Since
p; is an (L, M)-CP function (Definition 2.8): C(D) = C(p; '(E)) > C;(E) > 8. For D; = (\{D €D | D 2 C;},
by Definition 2.1 (2), C(D;) > A{C(D) | D € D,D D C;} > 3. Since {D,} is directed, Definition 2.2 gives:

¢ (U?GJ Dj) > NjesC(D;j) = B, and

Cc(X\|JDj)=c((X\Dy) > \cCX\Dy).

JjeJ jeJ jeJ

For each j € J, X\ D; = U{X\D | D € D,D D C;}, where D = p;(E) and 8 < Ci(X; \ E)
(by Hec,(E)’s definition). Since p; is an (L, M)-CP function, we have C(X \ D) = C(p; "(X; \ E)) >
Ci(X; \ E) > 8, and by C being an Alexandrov topology: C(X \ D;) > AC(X \ D) > . Combining these:
He(Ujes Ds) = C(Uje, Dj) AC(X\Uje, Dj) > BAB = B. Thus, V054 He(C) > B (since U, D; is
a valid set C satisfying ¢ C O A). Given that 8 < v and v < a A C(A) for arbitrary ,v, we obtain
aAC(A) <V, ¢c54 He(C). Taking the infimum over all A € 2% with z ¢ A, and by the definition of S3(X,C),

we obtain a < S3(X,C). Since a < A,-; S3(X;,C;) is arbitrary, we conclude: A._;S3(X;,C;) < S3(X,C). O

i€l iel

The following example demonstrates that there exists a case satisfying the conditions of Theorem 4.3.

Example 4.1. Let Y = X = {z} be a singleton set, let M = L = {0r,a,b, 15} be a diamond-type lattice
(As shown in Figure 2). Then LX = {0x,a,b,1x} and L**X = {0xxx,a,b,1xxx}. Define two mappings
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C1,Co: LX — M as follows:

~—

1 f A = =1
Cl(A)z{ L, if Ox,=1x, Ca(A

_ 1z, ZfA:0X71X7
b, fA=ab, -

a, if A=a,b.

Both Cy and Cy satisfy all axioms of (L, M) -fuzzy convex structures. For all A € LX*X  we have (C; xCq)(A) =
1p,. Clearly, C1 x Cy constitutes an (L, M) -fuzzy Alexandrov topology on X xX Y .

Figure 2. Diamond Lattice L = {0z, a,b,11}
1y,
a b
Or,

Remark 4.1. In (L, M)-fuzzy convex spaces, the properties of Sz and Sy are analogous to regularity and
normality in (L, M) -fuzzy topology (cf. [7]). It is well-known that in topology, regularity possesses the product
property, while normality does not (e.g., the product of two lower limit topological spaces on R is not a normal
space). Within the framework of (L, M) -fuzzy convex structures discussed in this section, Ss does not necessarily

satisfy the product property, which can be attributed to the following two aspects:

(1) The degree to which set A is a biconvex set, Hc(A), namely, A is influenced by both C(A) and C(A').

(2) The order relation xx < \/..; B; does not generally imply the ezistence of some j € J such that xy <

jeJ
B; when {Bj}jcs is a directed set. However, this implication holds when J is a finite set.

5. Conclusion
This study systematically investigates concave (L, M)-fuzzy neighborhood operators and separation axioms in

(L, M)-fuzzy convex spaces, with the key conclusions summarized as follows:

1. Regarding concave (L, M)-fuzzy neighborhood operators: This study proposes the formal definition of
concave (L, M)-fuzzy neighborhood operators. Furthermore, by means of (L, M)-fuzzy concave structures,
a bidirectional construction mechanism between concave (L, M )-fuzzy neighborhood operators and (L, M)-
fuzzy convex structures is established. This mechanism provides a new method for characterizing the

category of (L, M)-fuzzy convex spaces and enriches the theoretical tools for the analysis of (L, M)-fuzzy
convex spaces.

2. Regarding separation axioms in (L, M)-fuzzy convex spaces: The S5 and S4 separation axioms are defined
for (L, M)-fuzzy convex spaces. On this basis, this study explores the properties of the S35 axiom and verifies
its hereditary property in subspaces. It is also confirmed that the S3 axiom is invariant under product
operations, but this invariance is not universal and is restricted by specific constraints.
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3. Specific constraints for the invariance of the S5 axiom under product operations: Three aspects of conditions

are clarified:

(a) Product structure requirement: The product (L, M)-fuzzy convex structure [];.;C; must further

form an (L, M)-fuzzy Alexandrov topology (i.e., closed under arbitrary intersections);

(b) Index set restriction: When the index set J is finite, the product property of the S3 axiom always
holds; when the index set is infinite, additional conditions are required to ensure the properties of

directed unions.

4. Research limitation and theoretical implication: A notable limitation of this study is that the product
property of the S3 axiom does not hold unconditionally, and its application scope is restricted by the
aforementioned conditions. This finding reveals an important difference in the properties of separation
axioms between (L, M)-fuzzy convex spaces and classical topological spaces, providing a new perspective

for understanding the structural characteristics of (L, M)-fuzzy convex spaces.

Fuzzy convex structures, especially Alexandrov fuzzy topology as their special subclass, serve as the
core supporting tools of fuzzy rough set theory, and thus hold irreplaceable key value in both theoretical
construction and practical application within the field of decision-making. From a theoretical perspective,
fuzzy convex structures, by virtue of their essential convexity, establish a rigorous mathematical foundation
for the set-based analysis of decision-making schemes, enabling precise clarification of the ordered correlations
and optimization directions among various schemes. In contrast, Alexandrov fuzzy topology, as a special form
of fuzzy convex structures, further relies on its accurate characterization of open and closed sets in fuzzy
topological spaces to transform complex decision-making scenarios into measurable and derivable topological
models, thereby effectively resolving the various challenges caused by information fuzziness and variable coupling
during the decision-making process. In practical applications, relying on the basic framework of fuzzy convex
structures and the distinctive advantages of Alexandrov fuzzy topology, the synergistic application of the two
can provide precise analytical tools for key decision-making links such as risk assessment, path optimization
and resource allocation. It helps decision-makers quickly lock in the optimal solution domain amid a wide range
of alternative schemes, significantly enhancing the scientificity and effectiveness of decision-making. Future
research will focus on the following direction: exploring applications of concave (L, M)-fuzzy neighborhood

operators in fuzzy optimization and vector spaces.
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